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ABSTRACT. Let {p;}32; denote the set of prime numbers in increasing
order, let Qn C N denote the set of positive integers with no prime
factor larger than py and let Py denote the probability measure on Qn
which gives to each n € Q2 a probability proportional to % This mea-
sure is in fact the distribution of the random integer In € Qn defined
by In = H;V:1 p;{pj , where {X),,}72, are independent random variables

and X, is distributed as Geom(1 — pi) We show that lljgg;\l[ under
J

Pn converges weakly to the Dickman distribution. As a corollary, we
recover a classical result from multiplicative number theory—Mertens’
formula. Let Dpat(A) denote the natural density of A C N, if it exists,
and let Diogindep(A) = limn 00 PN(A N Qn) denote the density of A
arising from {Pn}{—1, if it exists. We show that the two densities co-
incide on a natural algebra of subsets of N. We also show that they do
not agree on the sets of n’-smooth numbers {n e N:pt(n) < n%}7
s > 1, where p™ (n) denotes the largest prime divisor of n. This last con-
sideration concerns distributions involving the Dickman function. We
also consider the sets of n*-rough numbers {neN:p(n) > né},
s > 1, where p~(n) denotes the smallest prime divisor of n. We show
that the probabilities of these sets, under the uniform distribution on
[N] ={1,..., N} and under the Py-distribution on Qy, have the same
asymptotic decay profile as functions of s, although their rates are nec-
essarily different. This profile involves the Buchstab function. We also

prove a new representation for the Buchstab function.
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1. INTRODUCTION AND STATEMENT OF RESULTS

For a subset A C N, the natural density Dp.i(A) of A is defined by
Dpat(A) = impy 00 %, whenever this limit exists, where [N] = {1,..., N}.
The natural density is additive, but not o-additive, and therefore not a
measure. For each prime p and each n € N, define the nonnegative inte-
ger B,(n), the p-adic order of n, by B,(n) = m, if p™ | n and p™*! ¢ n.
Let 0,(n) = max(1, Bp(n)) denote the indicator function of the set of pos-
itive integers divisible by p. It is clear that for each m € N, the nat-

ural density of the set {n € N : §,(n) > m} of natural numbers divis-

ible by p™ is (%)m More generally, it is easy to see that for [ € N,

l

J=1
{neN:By(n)>myj=1,...,1}1is Hé-:l(pij)mj. That is, the distribu-
3:1, defined on the probability space [N]

{mj}é-:l C N and distinct primes {p;} the natural density of the set
tion of the random vector {4, }
with the uniform distribution, converges weakly as N — oo to the ran-

dom vector {Y, }é':l with independent components distributed according to

the Bernoulli distributions {Ber(p%) é-:l, and the distribution of the random
vector {3, }é':l converges weakly as N — oo to the random vector { X, é’:l

with independent components distributed according to the geometric distri-
butions Geom(1 — i) (P(Xp, =m) = (i)m(l - pij), m =0,1,...). This
fact is the starting point of probabilistic number theory.

Denote the primes in increasing order by {p;}32;. In the sequel, we
will assume that the random variables { X, }52, {¥},}52; with distributions
as above are defined as independent random variables on some probability
space, and we will use the generic notation P to denote probabilities corre-
sponding to these random variables.

A real-valued function f defined on N is called a real arithmetic function.
It is called additive if f(nm) = f(n) + f(m), whenever (m,n) = 1. If
in addition, f(p™) = f(p), for all primes p and all m > 2, then it is called
strongly additive. Classical examples of additive arithmetic functions are, for

$(n)

example, log ==, where ¢ is the Euler totient function, w(n), the number of

distinct prime divisors of n, (n), the number of prime divisors of n counting
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multiplicities and log o(n), where o is the sum-of-divisors function. The first
two of these functions are strongly additive while the last two are not.

If f is additive, then f(1) = 0. Writing n € N as n = H;’ilpfpj e
have for f additive, f(n) = Z;’;l f (pfpj (n)), and for f strongly additive,

Op. (n
fn) =372, f(Pjp]( )) = 521 f(pj)dp;(n). Equivalently, for each N € N,

we have for f additive,

, we

N
(1.1) ) =3 £™), me [N,
j=1
and for f strongly additive,
N
(1.2) f(n) =" f(pj)8p,(n), n € [N].
j=1

In light of the above discussion, it is natural to compare (1.1) to
N X

(1.3) Xv=Y fp;"),
j=1

and to compare (1.2) to

N
(14) v =S fo) Yy,
j=1

Now Yy converges in distribution as N — oo if and only if it converges
almost surely, and the almost sure convergence of Vy is characterized by
the Kolmogorov three series theorem [8]. Since EY} = EY;% = p%-v it fol-
lows from that theorem that )Vas converges almost surely if and only if the
following three series converge: 1. Zj:\f(pmgl %’j_j); 2. Zj:\f(pj)\gl %fj); 3.
Zj:\f(pj)bl pij. Since P(X,, > 2) = pi?, it follows from the Borel-Cantelli
lemma that Z;L 1y X, >2} is almost surely finite; thus the very same cri-
terion also determines whether X converges almost surely. The Erdos-
Wintner theorem [11] states that for additive f, the converges of these three
series is a necessary and sufficient condition for the convergence in distri-
bution as N — oo of the random variable f(n) in (1.1) on the probability
space [N] with the uniform distribution. In the same spirit, the Kac-Erdos

theorem [12] states that if f is strongly additive and bounded, then a central



4 ROSS G. PINSKY

limit theorem holds as N — oo for f(n) on the probability space [IN] with
the uniform distribution, if the conditions of the Feller-Lindeberg central
limit theorem [8] hold for Yy. An appropriate corresponding result can be
stated for additive f and or unbounded f. There is also a weak law of
large numbers result, which in the case of f = w goes by the name of the
Hardy-Ramanujan theorem [14]. It should be noted that the original proof
of Hardy and Ramanujan was quite complicated and not at all probabilis-
tic; however, the later and much simpler proof of Turan [24] has a strong
probabilistic flavor. For a concise and very readable probabilistic approach
to these results, see Billingsley [3]; for a more encyclopedic probabilistic ap-
proach, see Elliott [9, 10]; for a less probabilistic approach, see Tenenbaum
[23].

Turan’s paper with the proof of the Hardy-Ramanujan theorem, as well
as the Erdos-Wintner theorem and several papers leading up to it, all ap-
peared in the 1930’s, and the Kac-Erdos theorem appeared in 1940. Large
deviations for independent and non-identically distributed random variables
have been readily available since the 1970’s, thus this author certainly finds
it quite surprising that until very recently no one extended the parallel be-
tween (1.2) and (1.4), or (1.1) and (1.3), to study the large deviations of
(1.2) or (1.1)! See [16, 17].

Another density that is sometimes used in number theory is the logarith-

mic density, Dyog, which is defined by

(1.5) Dig(4) = lim —— 3" %

for A C N, whenever this limit exists. Using summation by parts, it is
easy to show that if Dy.¢(A) exists, then Dj,g(A) exists and coincides with
Dyat(A) [23]. (On the other hand, there are sets without natural density for
which the logarithmic density exists. The most prominent of these are the
sets {Bg})_, associated with Benford’s law, where By is the set of positive
integers whose first digit is d. One has Diog(By) = logj(1+ 3).) Thus, also
on the probability space [IN] with the probability measure which gives to

each integer n a measure proportional to %, the distribution of the random
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vector {3, }321 converges weakly as N — oo to the random vector { X, 221

with independent components distributed according to the geometric distri-
butions Geom(1 — p%)

Motivated by the background described above, in this paper we consider
a sequence of probability measures on N which may be thought of as a syn-
thesis between the the logarithmic density D),z and the concept of approxi-
mating the natural density via a sequence of independent random variables.

Let us denote by
Oy ={neN:pjfn,j >N}

the set of positive integers with no prime divisor larger than py. By the

Euler product formula,
]-- = —_ = 1 —_ — )
(16) ov=Y o =Tla--)

Let Py denote the probability measure on €y for which the probability of

n is proportional to %; namely,

(1.7) Py({n}) = ClNi ne Q.

The connection between Py and the logarithmic density is clear; the con-
nection between Py and a sequence of independent random variables comes
from the following proposition. Define a random positive integer Iy € Qn
by

N
Iy = H p; ki,
j=1
Proposition 1. The distribution of In is Py; that is,
PN({n}) = P(IN = n), n € Qy.

Proof. Let n = vazl p?j € Qn. We have

N

N
Pty =) = [[ P, =) = L)1 ) = o0 = Pu({n)).

j=1 j=1
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Let Diog_indep denote the asymptotic density obtained from Py:

_ 1 1
Diogindep(4) = Jim Pu(AN) = Jim 70 D,
n N

for A C N, whenever the limit exists. Note that the weight functions used
in calculating the asymptotic densities Diogindep and Djoe have the same
profile, but the sequences of subsets of N over which the limits are taken,
namely {Qn}3_; and {[N]}¥_,, are different. As already noted, when
Dpat(A) exists, so does Diog(A) and they coincide. We will show below
in Proposition 3 that the densities Diggindep and Dy, coincide on many
natural subsets of N. However we will also show below in Theorem 2 that
they disagree on certain important, fundamental subsets of N.

For k > 2, a positive integer n is called k-free if p* {1 n, for all primes p.
When k& = 2, one uses the term square-free. Let S denote the set of all

k-free positive integers. Let
o) — ayn s,

Note that Q%) is a finite set; it has k" elements. The measure Py behaves

nicely under conditioning on Sj. For k > 2, define the measure P](\;g ) by
k
P () = Pu( - |S0).

Let {X]gf)};?‘;l be independent random variables with X,gf) distributed as
Xp, conditioned on {X, < k}. (Assume that these new random variables
are defined on the same space as the {X),, };’il so that we can still use P for

probabilities.) Let
N

Iy = Hpj-(z('?.
j=1
Proposition 2. The distribution of IJ(\If) 18 P](f).
Proof.
P (n}) = Pu(n}lS) = PUy = nl Xy, < k, j € [N]) = PUY = n),

where the second equality follows from Proposition 1. O
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Remark. The measure P](\,2 ) was considered by Cellarosi and Sinai in [6].
See also the remark after Theorem 1 below.
We will prove the following result, which identifies a certain natural alge-

bra of subsets of N on which Djog.indep and Dy, coincide.

Proposition 3. The densities Djog.indep and Dyqs coincide on the algebra

of subsets of N generated by the inverse images of {Bpj}jﬁl and the sets
{Sk}n,-

We will show that under the measure Py as well as under the measure

(k)

logn with n € Qp in the case of Py and n € Qy

P](f ), the random variable Tog N

in the case of P](f ), converges in distribution as N — oo to the distribution

whose density is e Vp(z), x € [0,00), where v is Euler’s constant, and p is
the Dickman function, which we now describe. The Dickman function is the

unique continuous function satisfying
pla) =1, z € (0,1],
and satisfying the differential-delay equation
xp () +plx —1) =0, z > 1.

By analyzing the Laplace transform of p, a rather short proof shows that
Jo° p(z)dx = €7; thus e 7 p(z) is indeed a probability density on [0, 00). We

will call this distribution the Dickman distribution. The distribution decays

very rapidly; indeed, it is not hard to show that p(s) < ﬁ For an

analysis of the Dickman function, see for example, [23] or [18].

Theorem 1. Under both Py and P](f), k > 2, the random variable 11(;)51%

converges weakly to the Dickman distribution.

Remark. For P](\,2 ), Theorem 1 was first proved by Cellarosi and Sinai [6].
Their proof involved calculating characteristic functions and was quite te-
dious and long. Our short proof uses Laplace transforms and the asymptotic
growth rate of the primes given by the Prime Number Theorem (henceforth

PNT). After this paper was written, one of the authors of [13] pointed out
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to the present author that their paper also gives a simpler proof of the result

in [6].

Using Theorem 1 we can recover a classical result from multiplicative
number theory; namely,

Mertens’ formula.
1 X 1
(1.8) Cn = E —:H(l——)*lwe“’logN, as N — oc.
n . Pj
J=1

(Traditionally the formula is written as [[, (1 — %)*1 ~ €Ylog N, where
the product is over all primes less than or equal to N. To show that the two
are equivalent only requires the fact that py = o(N'T¢), for any € > 0.) A
nice, alternative form of the formula is
1
ZTLEQN n o1
~N 1 ¢
Zn:l n
Here is the derivation of Mertens’ formula from Theorem 1. From the def-
inition of Py, we have Py(i%% < 1) = é SNV L Thus, from Theorem

log N n=1n"

1, we have limy_, & 27]1\;1% = fol e Yp(z)dr = e”7. Now (1.8) follows

from this and the fact that ZnN:1 % ~log N.

A direct proof that Cn ~ clog N, for some ¢, follows readily with the help
of Mertens’ second theorem (see (1.15)). The proof that the constant is e”
is quite nontrivial. Of course, our proof of Mertens’ formula via Theorem
1 uses the fact that fooo p(z)dr = €7, but as noted, this result is obtained
readily by analyzing the Laplace transform of p.

Why does the Dickman function arise? Our proof of Theorem 1 does not
shed light on this question. However, in section 3 we present a proof of
the fact that if the limiting distribution of llggg}\zf under Py exists, then it
must be the Dickman distribution. We believe that this is of independent

interest, as it provides some intuition as to why the Dickman function arises.
For more results in this spirit, see [21], which studies generalized Dickman

distributions.

The Dickman function arises in probabilistic number theory in the context

of so-called smooth numbers; that is, numbers all of whose prime divisors
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are “small.” Let U(z,y) denote the number of positive integers less than
or equal to x with no prime divisors greater than y. Numbers with no
prime divisors greater than y are called y-smooth numbers. Then for s > 1,
\I'(N,Ni) ~ Np(s), as N — oo. This result was first proved by Dickman
in 1930 [7], whence the name of the function, with later refinements by
de Bruijn [4]. (In particular, there are rather precise error terms.) See

also [18] or [23]. Let p*(n) denote the largest prime divisor of n. Then
log N

logp* (n)

space [N] with the uniform distribution converges weakly in distribution as

Dickman’s result states that the random variable on the probability

N — oo to the distribution whose distribution function is 1 — p(s), s > 1,

and whose density is —p/(s) = £6=1 s> 1. Since llc‘))ggﬁ on the probability

S

space [N] with the uniform distribution converges weakly in distribution

to 1 as N — o0, an equivalent statement of Dickman’s result is that the

log n
log p*(n)
distribution converges weakly in distribution as N — oo to the distribution

random variable on the probability space [N] with the uniform
whose distribution function is 1 — p(s), s > 1, For later use, we state this as
follows in terms of the natural density:

(1.9)

Duas({n € N: p*(n) < nt}) = Dyus(fn € N: 87

Togp+(n) > s}h) =p(s), s> 1.

We will call {n € N:pT(n) < n%} the set of s -smooth numbers.

The standard number-theoretic proof of Dickman’s result is via induc-
tion. It can be checked that this inductive proof also works to obtain a
corresponding result for k-free integers. Thus,

(1.10)

1
Doat({n € N: p*(n) < n3}|Sk) = Dpas({n e N: —2"

= >3sVS) =
Tog p () = s}HSk) = p(s),
for s > 1 and k > 2.

Proposition 3 shows that Dya¢ and Digg-indep coincide on a certain natural
algebra of sets. We will prove that they disagree on the sets appearing in
(1.9) or (1.10); namely on the sets of ns-smooth numbers, s > 1, and on

the intersection of such a set with the set of k-free numbers, Si, k > 2.
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Theorem 2. Under both Py and P\") the random variable dogn__ o

N log pT(n)
verges weakly as N — oo to D 4+ 1, where D has the Dickman distribution;
that 1is,

(1.11)

1 logn
Diog-inde N:p" < i = Diogoinde N:———— > =
log-indep({n € N1 pT(n) <ns}) log-indep({n € logp+(n)—8})
e'y/ p(z)dz, s >1;
s—1
1 logn
Diog-inde N:pt < i Sk) = Divg-inde N:——A—— > Si) =
log-indep({n € N1 p™(n) < n5}Sk) = Diog-indep({n € oz ™ (1) > s}|Sk)

e“’/ p(x)dz, s> 1,k > 2.
s—1

Remark. Recalling that whenever the natural density exists, the logarith-
mic one does too and they are equal, it follows from (1.9) that Di,z({n €
N : pt(n) < n%}) = p(s). Since, as we've noted, the weights used in
calculating the densities Djos and Digg.indep have the same profile, but the
sequences of subsets of N over which the limits are taken, namely {[N]}3_,
and {Qn}3_,, are different, and since the integers in [N] and in Qy are
constructed from the same set {pj};-\f:1 of primes, and [N] C Qu, intuition
suggests that

(1.12) p(s) <e /001 p(x)dz, s> 1,

that is, that under Djog_indep, n+-smooth numbers are more likely than under
Dhnat. And indeed this is the case. Letting H(s) = e [ p(z)dz — p(s),
we have H(1) = H(co) = 0. Differentiating H, and using the differential-
delay equation satisfied by p, one has H'(s) = —e p(s — 1) — p/(s) =
p(s—1)(2 —e™7). Thus, H'(s) vanishes only at s = 7. Differentiating again
and again using the differential-delay equation, one finds that H”(e7) < 0;
thus, H(s) > 0, for s > 1, proving (1.12).

We now consider integers all of whose prime divisors are “large.” Let
®(x,y) denote the number of positive integers less than or equal to z all of

whose prime divisors are greater than or equal to y. Numbers with no prime
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divisors less than y are called y-rough numbers. The Buchstab function w(s),

defined for s > 1, is the unique continuous function satisfying
1
ws)=-,1<s<2,
S
and satisfying the differential-delay equation

(sw(s)) =w(s—1), s > 2.

In 1937, Buchstab proved [5] that for s > 1, CIJ(N,N%) ~ Alf(fg](\f) as N — oo;
whence the name of the function. See also [18] or [23]. Let p~(n) denote

the smallest prime divisor of n. Then Buchstab’s result states that

{ne N :p~(m) > N*)| _ Hn €N o < s su(s)
(1.13) N B N log N’

for s > 1, as N — oo.

1. N
eIV e > 1)

Sinc o = N7, it follows that (1.13) is equivalent to

{n € [N]:p~(m) =n)| _ Hn e IN]: 8 < sHl (s
(1.14) N N N log N’

for s > 1, as N — oc.

One has limg_, w(s) = €77, and the rate of convergence is super-exponential
[23]. We will call {n € [N]:p~(n) > n%} the set of n%—mugh numbers. (We

note that the probability that the shortest cycle of a uniformly random

sw(s)

permutation of [N] is larger or equal to % decays asymptotically as =

[11-)
Note that (1.14) also holds for s = 1, since in this case (1.14) reduces to
HS\Z,V) bglN; that is, it reduces to the PNT. Buchstab assumed the PNT in

—_—t

proving (1.13).

What is the asymptotic probability of a prime number under the sequence
of measures used to construct the logarithmic density D),; and under the
sequence { Py }37_; used to construct the density Diog-indep! Mertens’ second
theorem states that

1 1
1.1 — =loglog N + My + O(——=
P>
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where the summation is over primes p, and where M, is called the Meissel-
Mertens constant [19]. By the PNT, py ~ N log N, thus by Mertens’ second

theorem,
|
(1.16) Z — ~ loglog(N log N) ~ loglog N.
j=1
From (1.15) we conclude that for the sequence of measures used to construct

the logarithmic density Dlog, the probability of a prime is

log log N
1.17 .
( ) logN Z log N
Since
1 X1
Py({n € Qn : n is prime}) = — —,
Cn =g

from (1.16) and Mertens formula given in (1.8), we conclude that for the
sequence { Py }%_; use to construct the density Diog-indep, the probability of
a prime satisfies

e 7loglog N
logN
From (1.17) and (1.18) it is clear that (1.14) cannot hold when the se-

(1.18) Prn({n € Qu : n is prime}) ~

quence of uniform measures on [N], N = 1,2, ..., appearing on the left hand
side there is replaced either by the sequence of measures used to calculate
the logarithmic density Djos or by the sequence {Py}3_; used to calculate

the density Digg.indep. However, letting

1
L p=(n) 2 ns,
as(n) = ;

0, otherwise,
and Ag(t) Z as(j), t > 1, a summation by parts gives

N

1 as(n)  As(N) N Aq(t)

1.1 — = = dt.
(119) O I el A

n<Nip~(n)>n’s

By (1.14), AST(” ~ 2208) g ¢ oo; thus from (1.19) we have

logt
L Z l loglog N sw(s)
log N n OB e N

1
n<N:p~(n)>ns
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That is, modulo the change necessitated by comparing (1.17) to the PNT,
Buchstab’s result on n%—rough numbers for the uniform measure in (1.14)
carries over to the measures used in the construction of the logarithmic
density.

Modulo the change necessitated by comparing (1.18) to the PNT, does
Buchstab’s result on ni—rough numbers also carry over to the measures
{Pn}%—; used in the construction of the density Diog-indep? Since (1.9) and
(1.11) show that the positive densities with respect Dyay and Digg-indep Of
the 75 -smooth sets {neN:pt(n) < n%} do not coincide, it is interesting

to discover that the answer is indeed affirmative.

Theorem 3. For s> 1,
(1.20)

Py({n€[N]:p (n) > n%}) — Py logn

logp~(n)

sw(s)

log N’

< s)~ (e "loglog N)
as N — oo.

Recalling the definition of the Buchstab function, note that V(s) = sw(s)

is the unique continuous function satisfying V(s) = 1, 1 < s < 2, and
Vi(s) = Vgs__ll), for s > 2. In the proof of Theorem 3, we actually show that

(1.20) holds with sw(s) on the right hand side replaced by

[s]
v(s) = Z Ar(s),
L=1

where
Ai(s) =1, s> 1,
s—1
d
Mao) = [ g5~ 1), s> 2
(1.21) 1 U1l
s—1 uL,1—1 uz2—1 L-1 d .
Ap(s) = / I15%, s>L=>3.
L—1 JL-2 1 1 Ui

Now A% (s) = 5 AL_1(s — 1), for s > L > 2, while of course A}(s) = 0.

Thus, v(s) =1, for 1 < s <2 and v/(s) = v(ssjll), for s > 2. This proves the

following result.
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Proposition 4.

u21L1

ur, — 1—1 d
(1.22) sw(s) = 1+log(s— 1+Z/ / / ﬂ,sz&

The representation of the Buchstab function w in (1.22) seems to be new.
It is simpler than the following known representation [1, 15]:
[s]

1 dy;

= 1+Z 1o, T] 2.
! 1-— + Yo+ F+yr_q) 4 .

i< (y1+yz+J +yr—1)<1) (Y1 +y2 Yr-1) =1 Yj

5 —

Since limg oo w(s) = €77, we also obtain what seems to be yet another

representation of Euler’s constant:
N
1 uy—1— 1
e 7= lim —
s

We conclude this introduction with some additional comments regarding

Dickman’s classical theorem that W(N, N %) ~ Np(s), or it slightly refined

ug—1 L—1 )
du

wj
j=1 7

version (1.9). The Dickman distribution is the distribution with density
e 7p(x). As is known, and as follows from the work in section 3, if D is a
random variable with the Dickman distribution, then

dist

(1.23) D'="D'U+U, U Unlf([() 1)), D’ st D, U and D' independent.

Now equivalent to (1.9) is the statement that % on [N] with the uni-
form distribution converges weakly in distribution as N — oo to the dis-
tribution whose distribution function is p(%), s € [0,1]. The corresponding
density function is then %ég) = 1p(2 —1). In the spirit of (1.23), it has

been shown that if D denotes a random variable with this distribution, then

D ' max(1 - U, DU), U =" Unif([0,1]), U and D independent.

In light of the comparison between (1.23) and the above equation, this dis-
tribution has been dubbed the maz-Dickman distribution [20]. This distri-
bution is the first coordinate of the Poisson-Dirichlet distribution on the
infinite simplex {z = (z1,22,...) : ; > 0,> .2, 2; = 1}. The Poisson-

Dirichlet distribution can be defined as the decreasing order statistics of the
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GEM distribution, where the GEM distribution is the “stick-breaking” dis-
tribution: let {U,}5°; be IID uniform variables on [0,1]; let Y7 = Uy, and
let Yy, = U, [['2}(1 = U,), n > 2; then (Y1, Ya,...) has the GEM distribu-
tion. The n-dimensional density function for the distribution of the first n
coordinates of the Poisson-Dirichlet distribution is given by

1 1—81—-—35p
f(n)(817327"'7sn) - p( !

Sl...sn STL

),

n
for0<s, <---<s1<1and Zsj<1.
j=1
Let pj(n) denote the jth largest distinct prime divisor of n, with p;'(n) =1
if n has fewer than j distinct prime divisors. In 1972 Billingsley [2] gave a

probabilistic proof of the fact that loén (log py (n),log p3 (n),...) on [N] with

the uniform distribution converges weakly in distribution as N — oo to the
Poission-Dirichlet distribution. However, he did not identify it as such as the
the theory of the Poisson-Dirichlet distribution had not yet been developed.
(We note that the random vector consisting of the lengths of the cycles of a
uniformly random permutation of [N], arranged in decreasing order, when
normalized by dividing their lengths by N, also converges as N — oo to the
Poisson-Dirichlet distribution [1].)

The rest of the paper is organized as follows. We prove Proposition 3

in section 2. In section 3 we prove that if the limiting distribution of llggg]f,

under Py exists, then it must be the Dickman distribution. The proofs of

Theorems 1-3 are given successively in sections 4-6 below.

2. PROOF OF PROPOSITION 3

For the proof of the proposition we need the following result which is
obviously known; however, as we were unable to find it in a number theory

text, we supply a proof in the appendix.

Proposition 5. For1 <[ <k,

Dya({By, =1} NSk () = G
Dnat(Sk:) B 1_(1%)k '

(2.1) Dinat(By; > 1|Sk) =
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Remark. When k£ =2 and [ = 1, (2.1) becomes

Drat(Bp; = 1]52) = ﬁpj. That is, among square-free numbers, the natural
density of those divisible by the prime p; is pj%.

Proof of Proposition 3. In light of Proposition 1, it follows immediately that
for I < N, the random vector {f,, }§:1 under Py has the distribution of
{Xp, }é-:l under P, this latter distribution being the weak limit as N — oo of
the distribution of {f3,, }2':1 on [N] with the uniform distribution. From this
it follows that Diog-indep and Dy, coincide on the algebra of sets generated
by the inverse images of the {8, }32;.

It is well-known that Dy (Sk) = ﬁ, where ((s) = Y02, L is the

Riemann zeta function [22]. On the other hand, by Proposition 1 we have

N

N
Pn(Sk) = P(X,, <k,j€[N])= HP(Xj <k)= H(l - pl,?),
j=1 J=1 J

and so by the Euler product formula we conclude that

N
. ] 1 1
Dlog-indep(Sk) = A}gnoo Pn(Sk) = ]\}gnoog(l - 27?) = @

Thus, the two densities coincide on the algebra generated by {Sj}72,.
Also, for j < N, k> 2 and [ < k, we have
PW By, > 1) = Py(By, > 1ISk) = P(X,, > U|Xp, < kyi=1,...,N) =
k=1 i

SRR () - ()
k—1 i - _ (L

ZiZO (%) (1 - i) 1 (pj)k

1\1 1 \k
Dlog-indcp({ﬁpj Zl}msk) _ (E) _(E)
Dlog—indep(sk) - 1_(%)19

Proposition 5, we conclude that the two densities indeed coincide on the

P(X,, > 1|X,, < k) =

Thus, Dlog-indep(ﬁpj > Z|Sk) =

. Recalling

algebra generated by the inverse images of {f, }32; and the sets {Sk}72,.
O
3. IF THE LIMITING DISTRIBUTION EXISTS, IT MUST BE DICKMAN

In this section we present a proof of the following theorem, independent

of our proof of Theorem 1,
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Theorem 4. If the limiting distribution of {3 log” under Py exists, then it

must be the Dickman distribution.
Proof. Let
Jy = max{j € [N]: X,,, # 0},

with max () = 0. By Proposition 1, the distribution of 113511\? under Py is

equal to the distribution of

1 O gy, 1 AL
0g

Dy=—— Zij logp; = ( T Z p; logpj+
(3.1) log N — log N logJ

log p j+
X, , N

I log N

where, of course, the sum on the right hand side above is interpreted as
equal to 0 if J]t < 1, and where we define p9 = 1. Our assumption
is that {Dn}%_; converges weakly to some distribution. Since P(Jy <

§) = H%:jﬂ(l — i), we have Ji — oo as. as N — oo. Also, by

the independence of {X }32;, we have ZJ 1 X Jlogpil{JY = Jjo} st
Zjo lX ;logp;. Thus, mzj:l p; logpj converges weakly to the
same distribution. Using no more than the weak form of Merten’s for-
mula (namely, Hj.vzl(l — p%-)_l ~ clog N, for some c) for the asymptotic
equivalence below, we have for 0 < z < 1,

log J; N 1. logN*®
32) P <z)=P(Jt < N% = 1— =)~ —
(32) PR3 <o) =PU§ <N j{gﬂf )™ oW

Using only the fact that p; = o(j(179), for any e > 0, it follows that (3.2)

logp

gt +
also holds with N replaced by ]JVN . Note that Xp + conditioned on
{J% = jo} is dlstrlbuted as Xp,, conditioned on {Xp, 2 1}. A trivial

calculation shows that the conditional distribution of X, ., conditioned on

Xp; > 1, converges weakly to 1 as j — oo. From the above facts and (3.1)
it follows that if D denotes a random variable distributed according to the
limiting distribution of {Dx}3_;, then

dist dist

DY DU +U, U™ Unif([0,1]), D' = D, U and D’ independent.
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From this, it is a calculus exercise to show that D has a continuous density
f, that f is equal to some constant ¢ on (0,1], and that f satisfies the
differential-delay equation satisfied by the Dickman function p on z > 1.
(See, for example, [21].) Thus f = cp. Since f is a density and since
Jo° plz)dx = €7, it follows that the density of D is e 7p. O

4. PROOF OF THEOREM 1

We first prove the theorem for Py. Let En denote the expectation with

respect to Py. Using Proposition 1, we have

N

N
logn 1 1 log p;
E = EX, 1 e .
NlogN log N Jz:; pi 08 Pj log N jz:;pj -1

Mertens’ first theorem [19] states that >_ 1051’ ~ log N, where the sum

is over all primes less than or equal to N. Thus, using nothing more than

the trivial bound py < N*, for some k, it follows that {Ex lfgg}\l,}]ovozl is

bounded, and therefore that the distributions of the nonnegative random

variables {fggg}\‘, 13- under {Py}%_; are tight. In the next paragraph we
will prove that their Laplace transforms converge to exp(— 01 1_?751 dz).

This proves that the distributions converge weakly. By the argument in the
paragraph containing (3.1), it then follows that the limiting distribution is
the Dickman distribution. Alternatively, the above function is known to be
the Laplace transform of the Dickman distribution [18, 23].

By Proposition 1, we have for ¢t > 0,

(4.1)
logn t U il tlogp;
_ N _ J
For s > 0,
(4.2)
S 1 1. 1 1
Eexp(—sXp,) =Y e M )f1-—)=(1-—)—s5=—7—=
=0 pj pj pi 11— > 1+ =1
J
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From (4.1) and (4.2) we have

log p;

exp(—thgN)).

pj—1

(4.3) log En exp(—t ogn Z log (1

Now x — % <log(l+z) <z, for z > 0, and by the bounded convergence

. i N (1mexp(—t i) th
theorem, limpy_,oo ijl (T) = 0; thus,
N log p;
logn 1 — exp(—t27)
4.4 lim log E¥ —t =— i A
(4.4) m_log B exp(—ty ) Nféoj_l b —1

N) 1 N N . .
Let x§ ) = 12?]?\3, and A( ) = x§+i g ), By the PNT, p; ~ jlogj, as

j — 00; thus

(4.5)
1
(j+1)log(j + 1) 1., log(l+7) 1 logp;
logp;+1—logp; ~ log - : =log ((1+-)(14+——F—)) ~ = ~ ——.
AR jlog j (=07 D~ 5~ 7,
Consequently,
log p.
(4.6) AN Olgij, uniformly as j, N — oo.
pjlog
Note also that
(N) _ : N) _
(4.7) ]\}gnooazl =0, A}gnooscN =1

We rewrite the summand on the right hand side of (4.4) as

tlog pj ) N log p; )

i 1 — exp( 1ogN _ Z 1 - eXP(*tlogN log p; _
, log p; (pj —1)log N
j=1 7j=1 log N
(4.8)
N 1 — exp(— (N)) 1 .
2 i
= (N) (pj — 1) logN
From (4.6)-(4.8) along with (4.4) we conclude that
logn Ll —ete
4.9 lim F —t = — —dx).
(4.9) NS N exp( logN) exp( /0 z 7)

This completes the proof of the theorem for Py .
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(k)

We now turn to Py”. Let E](\];) denote the expectation with respect to

P](\f). By Proposition 2,
(4.10)
(k) logn e N tlogp
k - — _ (k) ) = _ J x (k)
EN’ exp( tlogN) = Fexp( log N Zij logp;) = HEexp( Tog N Xp7).
J=1 j=1
For s > 0,
il 1—% L—o 1= (5"
(4.11) FEexp(— e 11?” - = f” 2 i
1=0 -GN =G =5

Comparing the equality between the first and third expressions in (4.2) with
(4.11), we have

(4.12)
1- () ()50 - e
Eexp(—sXp,) = (1—1— s - (i)k )Eexp(—sXp].).

Eexp(—sXI(f)) = 7171]19
! 1-(57)

J

Thus, from (4.1), (4.10) and (4.12) we have

(4.13)
kt 1 i
HOexp( 1) _p 3 (Rt —e
ex ex
N XP log N N exp(— logN 1—(L)k
Jj=1 Pj
By the bounded convergence theorem,
N ()M (1 - exp(— )
(4.14) lim ) R ) — 0.
N—r00 4= 1-— (—)k
j=1 Pj
Thus, from (4.9), (4.13) and (4.14), we conclude that
logn 1] —et®
lim B =exp(— [ ————du).
Jim By exp(— tlogN) exp( /0 . dx)
U

5. PROOF OF THEOREM 2

(k)

We prove the theorem for Py; the proof for Py~ is done analogously. For

definiteness and convenience, we define logk;%" )\n 1 =0. Let

Jy = max{j € [N]: X,,, # 0},
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logn
? logpt(n)

distribution to lig];]fi} Zé\le Xy, logp;. On {J3 # 0}, we write
N

with max () defined to be 0. By Proposition 1 under Py is equal in

JE=1

T 05D, ]z: logpj—kXpJ?\;.

Z ;logpj =

logp + o

As noted in the paragraph containing (3.1), J]'G — 00 a.s. as N — oo. Also,

+
by the independence of {Xp, }32;, we have Z‘Ig logp]|{JN = Jo} =

2]0 ! Xp, log p;. Thus, it follows from Theorem 1 that ; J+ Z j:l Xp, logp;
N
converges weakly to the Dickman distribution. By the PNT, Pyt~ J]‘\*} log J]'G;

+_
thus also log;ﬁ Zjﬁ 1 ! Xp, logp; a.s. converges weakly to the Dickman dis-
N

tribution.
Note that X, 5 conditioned on {Jy = jo} is distributed as Xp,, condi-
tioned on {X, Pjo 2 1}. A trivial calculation shows that Xp,, conditioned on

{ijo > 1} converges weakly to 1 as jo — oo; thus, Xp,,, converges weakly

logn

to 1. Consequently, Toz pF (1)

O

under Py converges weakly to D+1 as N — oc.

6. PROOF OF THEOREM 3

As noted after the statement of the theorem, we will prove (1.20) with
sw(s) replaced by E[Ls]zl Ar(s), where Ar is as in (1.21). That is, we will
prove that

logn [S] 1 AL(s)

(6.1) PN(W <s) ~ (e 7loglog N) s> 1.

logN T
We will first prove (6.1) for s € [1,2], then for s € [2,3], and then for

s € [3,4]. After treating these three particular cases, an inductive argument

for the general case of s € [L, L + 1] will be explained succinctly.

. . log
For definiteness and convenience, we define W

logn > 1, for n > 2. Let
logp~(n)

ln=1 = 0. Of course,

Jy =min{j € [N]: X,,, # 0},
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with min () defined to be 0. Note that by (1.8),

677
“logN’

1, _
By Proposition 1, logk;g_?n) under Py is equal in distribution to l({)‘;’;’) ik Z;V: 1 Xp, logp;.
IN

logn

(6.2) P(ilogp*(n)

<1)=P(Jy=0)=Cy"

Thus, we have
(6.3)

Py(L < —280
(L < log p~(n)

logn

<s)=
N N
ZP(Llogpa < Zij logp; < slogpalJy = a)P(J]Q =a), for L € N,

a=1 j=a
and

197 1
(6.4) P(Jy=a)=—]JQ-—)
Paiy P

Under the conditioning {.J; = a}, the random variables { X, };V:a are still
independent, and for j > a, X, is distributed as before, namely according
to Geom(1— [%j); however X,,, is now distributed as a Geom(1 — p%) random
variable conditioned to be positive.

Consider first L = 1 and s € [1,2]. For s # 2, the inequality logp, <
Z;.V:a Xp, logp; < slogp, in (6.3) under the conditional probability P( - |Jy =
a) will hold if and only if X;,, =1 and X, =0, fora+1 < j < N. For
s = 2 it will hold if and only if X, is equal to either 1 or 2 and X, =0,
for a+1 < j < N. Thus, we have

N
P(logpa < Zij logp; < slogpa|Jy = a) =
j=a
N 1 .
[, (1= p—j), s € [1,2);
M- 3+ LI, 0- 1), s=2
From (6.2)-(6.5), along with (1.8) and (1.16) and the fact that A;(s) =1 for

s € [1,2], we obtain

logn
log p~(n)

N
1 A
_s)NCﬁlzp—N(e_'YloglogN) 1(}9\;

(6.6) Pn( log

, s€l,2].
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Now consider L = 2 and s € [2,3]. Let

Jan(s) = max{j : p; < p5'}.

(Note that Jg1(s) > a, for s > 2.) Then for s € [2,3), the inequality
2logp, < Zé\;a Xp; logp; < slogp, in (6.3) under the conditional proba-
bility P( - |Jy = a) will hold if and only if either X, = 2 and X,,, = 0
fora+1<j < N,or X, =1, X;, =1 for exactly one j satisfying
a+1<j < Ju1(s) AN, and X, = 0 for all other j satisfyinga+1 < j < N.

Thus, we have

N
P(2logpa < Zij logp; < slogpa|lJy = a) =
j=a
(6.7) N ®) Ny
1
- 1_7 1_77862737
LSRR W | (RFARELE

where, of course, the sum on the right hand side above is interpreted as 0
if Jo1(s) = a. For the case s = 3, there is also the possibility of X,, = 3
and X, =0fora+1<j<N. The P(-|Jy = a)—probability of this is

2 Hj a(l——) Thus, with s = 3, (6.7) has the additional term 2 H (1=
p%) on the right hand side. However, this term does not contribute to the
leading order asymptotics. From (6.3), (6.4) and (6.7), we obtain

(6.8)
a 1 S)/\N

logn
Py(2< —=—— Z Z Z ), s €[2,3).
logp () prl U B Nl
Since p, ~ aloga as a — oo, it follows that
(6.9) Ja1(s)log Ju1(s) ~ (aloga)*™', as a — co.

Taking the logarithm of each side in (6.9), we obtain

|
(6.10) lim 108 Ja1(5)

=s—1.
a—oo  loga
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Using Mertens’ second theorem in the form (1.15) along with the fact that

p;j ~ jlog j, we have

(6.11)
Ja

1(6) log Jo,1(8)

Z — ~ loglog (Ja,1(s) log Ja,1(s)) —loglog(aloga) ~ log “oga as a — 00,
l=a+1

and thus, by (6.10),

Ja,l(s)
6.12 lim — =log(s—1).
(6.12) Jim. l%;l . (s—1)

Now choose any b € (0, %) Then (N®log Nb)* < N for all large N. By
(6.9),

(6.13) Ja1(s) < N, for a < N® and sufficiently large N.

By Mertens’ second theorem in the form (1.16), we have

N 1 N? 1
(6.14) Zp— :ZP——FO(l) ~ loglog N.
a=1%1% a=1%%

From (6.12)-(6.14), we obtain

Ja,1( NP Ja,1 8)
(6.15) Z Z — ~ Z Z — ~ (loglog N) log(s — 1).
pa l=a+1 4= a+1

Recalling the asymptotic behavior of Cy, recalling from (1.21) that As(s) =
log(s — 1) for s > 2, and using (6.8) and (6.15), we conclude that

As(s)
log N’

logn
logp~(n)

(6.16) Py(2 < < s) ~ (e "loglog N) € 12,3,

where the inclusion of the right endpoint s = 3 follows from the remarks
made after (6.7). From (6.6) with s = 2 and (6.16), along with the fact that
A1 (s) =1, we obtain

logn

A1 (s) + Aa(s)
log p~(n)

1 P
(6.17)  Px( v

< s) ~ (e "loglog N) , s €[2,3].

Now consider L = 3 and s € [3,4]. In fact we will work with s € [3,4) since
the case s = 4 is slightly different but leads to the same asymptotics, similar

to the remarks after (6.7). Then the inequality 3log p, < Z;V:a Xp, logp; <
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slog pq in (6.3) under the conditional probability P( - |Jy = a) will hold if
and only if one of the following four situations obtains:

(6.18)
(1) Xp, =3;Xp, =0, fora+1<j<N.

(2) Xp, = 2; X, =1 for exactly one j satisfying a +1 < j < Jy1(s — 1) A N;
Xp, = 0 for all other j satisfying a+1 <j < N.

(3) Xp, = 1; X, =1 for exactly one j satisfying J,,1(3) < j < Ja1(s) A N;

Xp;, =0 for all other j satisfyinga+1<j < N.

(4) Xp, = 1; there exist ji, jo, satisfyinga+1<j; <jo <N and pj pj, < pih
such that le = X]'2 = 1, if jl 7& j2 and le =2 if jl :jg;

Xp; =0 for all other j satisfyinga+1<j5<N.

Because > oo, 1% < 00, the probabilities from situations (1) and (2) in (6.18)

do not contribute to the leading order asymptotics of Py (3 < bécl)ffzn) < s),
just as in the case L = 2 and s € [2, 3), the probability from the case X,,, = 2
did not contribute to the leading order asymptotics there. (The contribution
there from the case X, = 2 is the term C) LSV Lin (6.8).)

The analysis of the contribution from situation (3) in (6.18) follows the

a=1 p2

same line of analysis as above when L = 2 and s € [2, 3) for the case X, =1,
Xp, = 1 for exactly one j satisfying a +1 < j < Ju1(s) AN, and X, =0
for all other j satisfying a4+ 1 < j < N. The difference is that there one had
Xp, = 1for exactly one j satisfying a+1 < j < J,,1(s)AN, while here one has
Xp; = 1 for exactly one j satisfying J,1(3) < j < Ja,1(s)AN. Thus, whereas

Ja,1(8)AN 1
the corresponding contribution there was the term Za 1pa I al 11
in (6.8), the contribution here will be 25:1 /p% 2]:’1}‘1(81)(/;])\;1 z%z' Similar to
(6.11), we have ZJ‘”(S Aj)\jrl o ~ log %, and from (6.10) we have
limg—voo }gi jz Ig ; = 7. Thus, similar to (6.15), we obtain
(6.19)
N 1 Ja,l(s)/\N 1 Nb 1 Ja,l(s) 1
Z— Z —NZ— Z — ~ (loglog N)(log(s — 1) — log 2).
— 1pal Jo1(3)+1 bi - 1pal Ja1(3)+1 b
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And finally, similar to (6.16), the contribution to Py (3 < logh;% < s) from

situation (3), which we denote by ps(s), satisfies
Aa(s) — Aa(3)

2 ~ (e77loglog N
(6200 pals) ~ (7 loglog N) ST

, s € [3,4],

where the inclusion of the right endpoint s = 4 follows from the remarks
made at the beginning of the treatment of the case s € [3,4].
We know analyze the contribution from situation (4) in (6.18). From

(6.3) and (6.4), the contribution to Py (3 < logl‘;g, < s) from situation (4),

which we will denote by p4(s), is

N1 1
(6.21) pa(s) = Cy Z; >
a=114%

at1<i << Pi1Pi2
s—1
Pj1 Pjy <Pa

Define
N . Pyt _ .9 s—1
Ja(s,51) = max{j : pj < =*—},  Ju2(s) = max{j:p; <p;}.
J1
Then
N 1 Ja,Q(S)/\N 1 Ja(s,jj)/\N 1
D Sl DI N S
o=t Po g =i P oy P

Since pj ~ jlogj, it follows that J, 2(s)log Ju2(s) ~ (alog a)5;21, as a —
oo. Taking the logarithm of both sides above, it follows that log J, 2(s) ~

%loga as a — co. Thus

2
a
s—1

s—3

(6.23) Ja2(8) ~ %(log a) 2 , as a — o0.

Consider now J,(s,71), for a+1 < j; < J,2(s). Similarly as in the above

paragraph, it follows that J,(s, j1)log Ju(s,71) ~ %

Since ji < Jaz2(s), it follows from (6.23) that j; = o(a®"1). Thus, taking

, as ji,a — oo.

the logarithm of both sides above, we have
(6.24) log Ju(s,71) ~ (s —1)loga —log ji, as ji,a — oo.

Therefore,

as—l (log a)s—l

jilogji((s —1)loga — log j1)

(6.25) Ja(s,51) ~ , as j1,a — oo.
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In light of (6.23) and (6.25), we can choose b € (0, 1), depending on s, such
that Jo(s,j1) < N and J,2(s) < N, for all a < N? and all sufficiently large
N. Thus, from (6.14) and (6.22) , we have, similar to the first asymptotic

equivalence in (6.15),

Nb Ja,2 5) 1 Ja(sdl
020 DO
=177 ji=a+1 P Je=j1 pp

By (1.16) and (6.24), we have

(6.27)
Ja(57j1) . .
1 1 — 1)1 —1 1
1 1o ogJa('f,Jl) ~ log (s—1) 080~ 18 J1 _ 1,0 (5 1) 1080 _qy
“— Dj, log j1 log j1 log ji
J2=J1
as ji,a — oQ.
Using (6.27), (6.23) and the fact that p; ~ jlogj as j — oo, we have
Ja,Q(S) 1 Ja(s,41) 1 Ja,2(3) 1 loga
Do D~ > (- 1)~
j1=a+l p.]l j2:j1 p.]? j1=a+1 jl gjl gjl
Jaz(s) 1 1
(6.28) / log ((5 — )2 — 1)da ~
a xlogx log x

a? 1 loga
log ((s -1) - 1)dm, as a — 0o,
a log x

where the final asymptotic equivalence follows from the iterated logarith-

mic growth rate of the indefinite integral of the integrand appearing in the

equation. Making the substitution

s—1

Tr=a "2

reveals that the second integral in (6.28) is in fact independent of a. We

obtain
£yt |
a 1 1 S—
/ log ((s — 1) oga 1)dz = / —log(ug — 1)
(6.29) o zlogx log x 9 U9
s—1 uz—1 dus d
/ / T2 Ag(s).
ur U
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From (6.28) and (6.29), we conclude that

Ja72(5) 1 Ja(87jl) 1
(6.30) lim Y — > — = Ay(s).
e ji=a+1 P Je=j1 Pj2
Thus, recalling the asymptotic behavior of Cy, from (6.30), (6.26) and (6.14)
we conclude that

As(s)

~ (e
(6.31) pa(s) ~ (e loglogN)logN

, s €[3,4],

where the inclusion of the right endpoint s = 4 follows from the remarks
made at the beginning of the treatment of the case s € [3,4]. From (6.20)
and (6.31), we conclude that

(6.32)

Py(3< —2
( log p~(n)

(AQ(S) — A2(3)) + Ag(s)
log N

1
°8n < s) ~ (e77loglog N)

, s €[3,4].

From (6.17) with s = 3 and (6.32), and recalling that A;(s) = 1, we have

Ai(s) + Aa(s) + Asz(s)
log N

logn
logp~(n)

N ( <s)~ (e Vloglog N) , s €[3,4].

We now consider the general case that s € [L, L + 1]. By induction, we
have

logn Esz]l Ay(s)

— = < 35)~ (e 7loglog N s < L.
Togp () = )~ ( glog N)

6.33 P,
( ) n logN = —

Making a list similar to (6.18), and analyzing the situations as was done

there, one concludes that the situations with X,,, > 2 do not contribute to

the leading order asymptotics of Py (L < logh;gfzn) < s), while the situations
with X,,, = 1 do contribute. When X,, = 1, we obtain L — 1 situations,
with all but one of them of the form already treated in the case of L—1. (In
(6.18), where L = 3, there were 2 such situations—labeled there (3) and (4),
and one of them, namely (3), was of the form already treated for L = 2.)
Thus, by induction and by the argument used to show that the contribution

from situation (3) in (6.18) is as it appears in (6.20), these terms will give
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asymptotic contributions

(6.34)
(e~ oglog N) 2118 = A (L)

AL_l(S) — AL_l(L)
log N T ’

., (e77loglog N
7(6 Ogog ) logN

We now look at the new situation that arises; namely the one in which
Xp, = 1 and there exist ji,...,jr—1 satisfyinga+1<j; <---<jr_1 <N
and [[25! pj, < p5~?, such that for j € {a+1,..., N}, X, is equal to the
number of times j appears among the {j;}-7'. From (6.3) and (6.4), the
contribution to Py (L < loé(;% < s) from this situation, similar to (6.21)
in the case L = 3, is

(6.35) Cy' > kS > HLll

a=1 aa+1<]1< <ip_<n Lli=1 Pji
[ vy, <ot
An analysis analogous to that implemented between (6.21) and (6.30) gives
(6.36)

ur—1—1 ug—
m Y / / /
amree Z 1 p.h L-

a+1<]1< -<ir— 1<N
L—
Hl 1 phﬁpa

L—1
1 du

'J =Ar(s).

From (6.35) and (6.36) it follows that the contribution to the leading order
L(s)

asymptotics of Py (L < logf(’n) < s) from this situation is (e~ log log N) o N -
We conclude from this and (6.34) that
(6.37)
logn _ Ar(s) + 05" (Ai(s) — Ay(L))
Py(L<——— <3~ Tloglog N — L, L+1].
(L=< logp=(n) — 8)~ (e7"loglog N) log N » 8 € L, L+]

From (6.33) with s = L and from (6.37), we conclude that

logn . S Auls)
Py(L——=— < s) ~ (e 7 loglog N)=EL_222 L,L+1].
N ( Togp—(n) = s) ~ (e 7loglog N) g N se[L,L+1]
This completes the proof of (6.1). O

7. APPENDIX: PROOF OF PROPOSITION 5

For notational convenience, we will work with p instead of p;. The proof is

via the inclusion-exclusion principle along with the fact that Dyat (Sg) = ﬁ,
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where Sj, denotes the k-free integers, as was noted with a reference in the

proof of Proposition 3. Recall that 1 <1 < k. We have

N _
In=|{n:pln,n < N,ne€ Sp} =|{ni:m < [E],nl € Sk,p* i} =

N N _
{n1:ng < [17]7711 € Skt —{n1:m < [17]77“ € Sk p" i} = Ing — Ino-
Similarly,

N
Ing =[{n2:n2 < [ﬁ]a@ € Sy, p' fna}| =

J,n2 € Sk, p'Ino} = Ing — Ina,

’U?T‘ 2

N
[{ng 1 ng < [F]anz € Skt = {n2 :n2 <
and
N k-l
Ing=|{n3:ng < [W]»n:a € Sk, p" fns}t| =
N N _
[{ns :ng < [W],nﬁ; € Skt —H{nz:n3 < [WLW, € Sp,p"na}| = Ins — Ing.

So up to this point, we have

Iy =INg—In3+IN5 — INg.

. I . I
Now limpy o0 ]]\<f1 = I%Dnat(sk) = plcl(k)a limpy 00 ]]\\[f?) = #Dnat(sk) =
1 . Ins 1 o 1 . . .
PR0] and imy o 57> = WDnat(Sk) = TEE) Continuing this process

of inclusion-exclusion, we have

o x
Iy = Z IN 4m4+1 — Z IN a4m+3,
m=0

m=0

where for each N only a finite number of the summands above are non-zero.

Now
. INamyr 1 B
A}gnoo N _pmk“C(k/‘)’m_O’l"”’
and
. INamys 1 _
A}gnoo N _p(m+1)’f§(k)7m_0’1"'”
From this we conclude that
0o o) 1 1
1 1 1 1 1 o7~ %
Dyat (B, > 1, Sk) = — = P
O 2 094) = Gay 2 st = Gy 2 R ) 1
a_ 1
Thus, Dyat(Bp > 1|Sk) = 2—4° O

?r""

P
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