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Abstract

In this paper we study mutual absolute continuity, finiteness of relative entropy and
the possibility of their equivalence for probability measures on C([0, 00); R?) induced
by diffusion processes. We also determine explicit events which distinguish between

two mutually singular measures in certain one-dimensional cases.

1. Introduction and Statement of Results
Consider the diffusion operator,

defined on R?, where a(z) = {a;;(x)}¢,_; is locally Holder continuous and pos-
itive definite, on R? and {b;}&, is locally Hélder continuous on RY. We will
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assume that the martingale problem for L, is well-posed—that is, that the dif-
fusion process corresponding to L, ; does not explode. The unique solution to the
martingale problem for L,; will be denoted by {P?*},ga, where z denotes the
value of the corresponding diffusion process at time 0. Of course, P*® is a prob-
ability measure on C([0,00), R?), the space of continuous trajectories X = X (t)
from [0, c0) to R? with the topology of uniform convergence on bounded time in-
tervals, and it is supported on paths satisfying X (0) = z. Denote the restriction
of P¥* to C([0,t],RY) by ng;’tb. It follows from the Girsanov formula that P;f;’f

and P;’tb are mutually absolutely continuous and that
P!

dpij,}<x<->> = exp( [ @ (h=DX ()X () =5 [ (b b=0)(X(5)ds).

where X (t fo

Given two probablhty measures v and p, recall that the relative entropy
H(v;p) of v with respect to p is defined by H(v;u) = [ ZV log d”d,u < oo, if
v is absolutely continuous with respect to p, and is defined to be oo otherwise.
A straightforward calculation reveals that

H(PY): Pty = ;]E“b/o (b—b,a " (b—b))(X(s))ds.

x;t

It follows from this that if one restricts to the class of bounded drifts, then the
relative entropy is always finite. Thus, for bounded drifts, mutual absolute con-
tinuity and finiteness of the relative entropies are equivalent when the measures
are restricted to C([0, ], R?).

There has been a lot of work concerning questions of absolute continuity for
various types of stochastic processes on finite time intervals; see for example [5]
and [6]. However, in the case of an infinite time horizon, it seems that very little
work has been done. In this paper, we study mutual absolute continuity, finite-
ness of the relative entropy and the possibility of their equivalence for probability
measures P and P2 on C([0, 00), R%). If one observes a diffusion process X (t),
0 <t < 00, and wants to test the hypothesis that the process corresponds to PJ?’B
against the hypothesis that it corresponds to P%?, then observing one realization
of the process on the infinite time interval will almost surely allow for the iden-
tification of the process if and only if the two measures are mutually singular.
For certain pairs of mutually singular measures corresponding to one dimensional
diffusions, we will determine explicit events which distinguish between the mea-
sures. The particular interest in entropy in this context comes from Stein’s lemma
applied to the Neyman-Pearson hypothesis testing. Let F; = 0(X(s),0 < s <)
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and let A, € F; be an acceptable region for the hypothesis P;j”a when observing
the process up to time ¢. Let the probabilities of error be ay = P(A¢) and
B, = P*(A;). For e € (0,1), let 85 = infa,er, a,<e B Then Stein’s lemma [1]
states that lim, o lim;_. L log B = —H(P%, P*Y).

As usual, pLlv will denote that p and v are mutually singular, p < v will
denote that pu is absolutely continuous with respect to v, and u ~ v will denote
that p and v are mutually absolutely continuous. We begin with the following

basic criteria.
Theorem 1
1. Pg’bJ_Pg’b if and only if
[ b0 - O = 0 s 1P or s, 122
ii. Pb < Pt if and only if
/Ooo<l3 —b,a” (b~ ))(X(s))ds < 0o a.s. [P2Y);

. 1. - [ R
H(PSY: o) = Rz / (b= b a=t(b — b)) (X (s))ds. (1.1)
0

We note three useful corollaries of Theorem 1 whose proofs will be given in

section 2.

Corollary 1. If Pj’i’ < ngb(ng%ngb) for some x € RY, then the same holds
true for all x € RY.

Corollary 2. If the invariant o-fields for the diffusion processes corresponding
to Loy and L, ; are trivial, then either P& ~ P®® or P& 1 peb.

Corollary 3. Assume that the diffusion process corresponding to either L, or
L, is recurrent. Then P3* LPH.

Remark. Although Corollary 3 might seem “obvious”, we note that even in the
positive recurrent case, for dimension d > 2 the result does not follow immediately
from ergodic considerations because there are infinitely many drifts corresponding

to each invariant probablity measure [8].

In light of Corollary 3, in the sequel we will work only with transient diffusion
processes. The transient diffusion process corresponding to L, possesses a posi-
tive Green’s functions, which will be denoted by G*®(x,y). Recall that G**(x,y)



satisfies B2 [ f(X(s))ds = [pa G**(x,y) f(y)dy, for f >0, and the expression
above is finite for all compactly supported f. Thus, it follows from (1.1) that
HEe P =5 [ b b= @E . (12
Whereas (1.2) gives a reasonably simple analytic formula for the relative en-
tropy, in general there is no known analytic formula for the absolutely continu-
ity /singularity dichotomy; that is, there is no analytic formula which is equiv-
alent to condition (i) or (ii) of Theorem 1. (The exception to this, is in the
one-dimensional case, as will be seen in Theorem 4 below.) Recalling that on
finite time intervals, mutual absolute continuity and finiteness of the relative
entropies were equivalent for the class of bounded drifts, we ask whether one
can specify a nice class of diffusions for which mutual absolute continuity and
finiteness of the relative entropies are equivalent? For such a class of diffusions,
(1.2) would then give an analytic characterization of mutual absolute continu-
ity. Before continuing, we note an example from a completely different context
where such a phenomenom occurs. Let {P,}22 ; and {Q,}5°, be independent se-
quences of Bernoulli measures on {0,1}, and let P =112 | P, and @ = II72,Q,,.
If one restricts to the class of measures for which there exists an ¢ > 0 such
that € < P,(0),@,(0) < 1 —¢, for all n, then mutual absolute continuity of P
and () is equivalent to the finiteness of the relative entropies—the condition is
>0 (Pa(0) — Q,(0))? < co. Without this restriction, the finiteness of the above
sum still characterizes finite relative entropy, but it is possible to have mutual
absolute continuity even if this sum is infinite (see [3, exercises 4.3.7 and 4.3.9]).
Returning to our context, we will see that such an equivalence indeed holds for

the class of Fuchsian diffusions, which we now define.

Definition 1. The operator Ly, = 3 szzl ey (x)#;mj +30, bi(x)a%i on R? is
called Fuchsian if there exist constants K, K5 > 0 such that

LK |v]? < ZZ]’:I aij(z)vv; < Kalv|?, for z € RY

ii. |b(z)| < 1f|2x‘ for x € R%.

We will prove the following theorem.

Theorem 2. Assume the L, and L,; are Fuchsian. Then either
i. Pob1 P
or
ii. P ~ P% and sup,cga H (P, P < o0, SUD,crd H(Pob; Pob) < 0.

Remark. The total variation norm dry for probability measures p and v on
(2, A) is defined by dry (i, v) = supyeq |(A) — v(A)|. The relative entropy
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provides an upper bound on the total variation norm through the inequality
dpy (p,v) < (2min(H (ju;v), H(v; )2 [2, exercise 6.2.17] Thus for example, if
H(Pabth pab)y < oo, then it follows from (1.1) and the above inequality that
dpy (Pob, PRbtedt) < ¢(2H(P®0tbr: pab))s  In particular, P+ converges in
total variation norm to P%% as ¢ — 0, which allows one to conclude that P&b*e1_
probabilities of events involving the entire infinite time interval of a path con-
verge to the corresponding P%’-probability. Without the finite relative entropy,
one only knows that P®*T1 converges weakly to P2 which doesn’t give any
information for events that depend on the entire infinite time interval. From
Theorem 2 it follows that if P%* and P®**% are mutually absolutely continuous
measures coming from Fuchsian diffusions, then as € — 0, P%**<%1 converges in

the total variation norm to P®®.

Using Theorem 1, we can give a very simple criterion for the mutual absolute
continuity or the mutual singularity of Wiener measure and the measure in-
duced by another Fuchsian diffusion. The Green’s function for Brownian motion
(L = 3A) is given by G(z,y) = caly —z|*~%, for d > 3, where ¢, is an appropriate
positive constant. Thus, the following corollary is an immediate consequence of
Theorem 1, Corollary 1 and (1.2).

Corollary 4. Let W, (= P1°) denote d-dimensional Wiener measure on paths

starting from x € RY, d >3, and let b satisfy |b(z)| < %val’ for some K > 0.
i If fr ‘Lj(f,)gdy < 00, then PLP ~ W, and

SUp,epa H(Wa; PPY), sup,epa H(P) W) < o0;
i If [ ‘5(5_)'2@ = 00, then P 1 W), .

We now show that the Fuchsian condition in Theorem 2 and Corollary 4 is
sharp by showing that for any prescribed growth rate that is larger than Fuchsian,
one can find a drift b growing no faster than this prescribed rate and for which
the above dichotomy does not hold for W, and PL?.

Theorem 3. Let p be a positive, nondecreasing function on [0,00) satisfying

im0 p(t) = 00. Then there exists a drift vector b such that
|z[[b(2)]

i. SUD,cpd o) < 905
ii. W, < P1Y;
and

iti. HW,; PHP) = oo.

In the one-dimensional case, we can give an explict analytic criterion for abso-

lute continuity. We will assume without loss of generality that lim;_, X (¢) = oo, a.s. [P®?].
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Indeed, the measure in the general case is just a convex combination of the mea-
sures obtained by conditioning on {lim; ., X (t) = oo} and on {lim;_,,, X (t) = —o0}.
Each of these conditioned diffusions corresponds to an h-transformed operator of
the same form as the original one and thus belongs to the class of diffusions under
study. Under the above assumption, the invariant o-field is always trivial, so by
Corollary 2 it follows that the mutual absolute continuity/singularity dichotomy

is in effect.
Theorem 4. Let d = 1 and assume that {lim; .o, X (t) = oo} a.s. [P**] and a.s. [Pg’i’].
i. If

/Ooo dz exp(—2 /OZ é(u)dU) /OZ " (b ;Qb)z(y) exp(2 /Oy é(u)du) -

a a

a,b a,I;,
then P& ~ P&,

ii. If
[e's) z z AP Y

|z e [ 2w [Cay gt [ 2 - .

0 0o @ 0 a 0o @
then P 1 Pab.
Furthermore,

R oo z z I 1\2 Yy
et pet) = [Tz o2 [ [ a P e [ 2w,
T o @ —00 a o @

(1.3)

Remark 1. It can be shown that the Green’s function for L,; is given by
G(x,y) = ﬁ f:;)y dz exp(—2 f; Y(u)du). Changing the order of integration
in (1.3) shows that that (1.3) agrees with (1.2). Note also that since the condi-
tions P%* ~ P%* and P® | P%* are symetric with respect to the two measures,
it follows that the convergence or divergence of the integral in (i) and (ii) is not

affected by interchanging the roles of b and b.

Remark 2. Since the lower limit in the inside integral is 0 in parts (i) and (ii)
of Theorem 4 while it is —oo in (1.3), it is possible to have P* ~ P%® but
H (P P%%) = o0; see example 2 below.

Here are two examples to illustrate Theorem 4.
Example 1. Let b and b be continuous functions vanishing identically on (—00, 0]

and satisfying for x > 2:

kE—1
)= e

b(z) = b(z) + Lﬁ, where ¢, € R and n > —1.
x"log” x

[~

where [ € [-1,1) and k > 1, or [ =1 and k > 2;



Fhen 141 141 1
+ or n = i and > —.

PM ~ le’i’ if and only if n > 5

Otherwise P11 PLb,

Proof. The dichotomy follows from Theorem 4. It suffices to prove the claim for
n= % as the other cases follow easily from Theorem 1 by comparison. We claim

that for some C' > 0, the integrand in parts (i) and (ii) of Theorem 4 satisfies

exp(=2 [ Zwda) [ dy =12 ) expiz | ~

a zlog? 2

, as z — 0Q.

(1.4)

From this it follows that (i) holds if § > 3 and (ii) holds if § < 3. To show

(1.4), one writes zlog® zexp(—2 [, 2(u)du) [ dy (b=b)® (y) exp(2 [ 2(u)du) in

a2

the form

Zd M xp(2 [V L (u)d . n . . .
fz,lylog_“iﬁ z(iz:(f; f?g“(gil;;) and applies L’Hopital’s rule. The calculation is left to

the reader. O

Example 2.

(a) Let b =1 and let b be a continuous function satisfying b(z) = 1, for > 1,
and b(z) = 0, for < 0. Since the condition (b — b)(X(t)) = 0, for suffi-
ciently large ¢, holds a.s. [P}*] and a.s. [P;’B], it follows from Theorem 1
that P1* ~ Pt Using (1.3) one can shows easily that H(P.*; P1%) < oo,
but that H(P: P1) = co. Alternatively, note from (1.1) that the equal-
ity H(PM: P1?) = oo follows from the fact that given two distinct points
x,y € R, the expected hitting time of y by a Brownian motion starting from

x is infinite.
(b) Now let
cosr, x <0

1, x>0

b(x) =

and let b be as in part (a). By reasoning similar to part (a), one can show
that P} ~ P and that H(PX*; PM) = H(PM; P1b) = oo.

In the case that Pg’bJ_P;’B, how does one find an event that distinguishes
between the two measures in the sense that P**(A) = 1 and P**(A) = 07 Here
is a construction that leads to a distinguishing event in the general d-dimensional

case. For the sake of simplicity, assume that a, b and b are bounded. The Radon-
ab
x;t

: .. dpYt . ) : . )
Nikodym derivative pad 1S @ nonnegative P**-martingale with expectation equal

x;t




a,b
P’

to 1. Thus, by the martingale convergence theorem and Fatou’s lemma, —pe
x;t

converges a.s. [P%Y]. Let A = {lim; Zi—{ig = oo}. Of course, P**(A) = 0;
however from the Lebesgue decomposition t};eorem one finds that P;}’Z’(A) =1if
P;j’ 1L P%* ([3, Theorem 4.3.3]). Although the event A distinguishes between the
two measures, it is not very illuminating—the event doesn’t allow for any intuitive
understanding about the supports of the two measures because it involves the long
time behavior of a term with a stochastic integral which is difficult to analyze.
Returning to the one dimensional case with the assumption that lim;_,., X (t) = oo

a.s., we will find “illuminating” distinguishing sets for three increasingly-difficult-

to-distinguish cases. We begin with the following simple case.

Proposition 1. Let a > 0 be bounded and continuous, and for v > 0 and

Il € (—1,1), let b, be continuous, vanish identically on (—o00,0] and satisfy

L 1#0
b(z) =4 4 for x > 1. Then
v, =0
X1+l t a
tlim ®) = (1+1), as. [PS"].
X1+l(t)

Thus, letting A, = {lim;_, = (L +1)v}, it follows that

t

1, ifl =11 and v = v
PEN (A ) = U =
0, otherunse.

Proposition 1 does not cover the case | = 1, which is much more delicate.
Thus, consider now the case @ = 1 and b(z) = £}, for > 0, with k& > 2. As
k—1

2z

is well-known, the measure Pg} "2 with x > 0, corresponds to a transient Bessel

process on (0, 00) which never reaches 0. In particular, if & is integral, then the

process is the absolute value of a k-dimensional Brownian motion. The law of the

iterated logarithm states that limsup, . —=2U — =1 as. [W,] (= [P19)).
(2tloglogt)2

This result continues to hold when k£ > 2 is nonintegral. Since the growth rate is

the same for all values of k, a simple result in the spirit of Proposition 2 is not

possible for Bessel processes.

Proposition 2. For p > 0, let A? be the event that after hitting ((n + 1)!)? for
the first time, a path downcrosses the interval [(n!)?, ((n + 1)!)?] before hitting
((n+2))?. Then for k > 2,

k=1 0, 1
PYE (Af j.0) = I



Remark. Proposition 2 shows that one can distinguish between different Bessel
processes by keeping track of the amount of backtracking they do. A different
result related to the problem of finding distinguishing events for Bessel processes
can be found in [9, exercise X-3. 20]' If X(t) is a d-dimensional Brownian motion,

then limy oo 157 [H1X(s)|2ds = a.s..

d2’

The above two propositions allowed us to find distinguishing sets for two
mutually singular measures in certain cases when the two drifts b, b are such that
b— b and b are on the same order as © — oo. If the order of b — b is smaller
than that of b, the task of distinguishing between the two measures becomes
more delicate. We now consider such a case—namely, Example 1 above when
l=n=1¢>0and g € (0, %] This last requirement guarantees that the
processes are mutually singular. We have

b and b are continuous, vanish identically on z < 0, and satisfy

E—1
b(x) = R for > 2, where k > 1; (1.5)
T
. k—1 c 1
b(x) = + 7—, for x> 2, where k >1, ¢>1and 3 € (0, ;]
2 xlog’ x 2

One can check that the method of Proposition 2 fails here: for each value of
p, either both processes almost surely perform infinitely many downcrossings or
both processes almost surely perform only finitely many downcrossings.

Instead of just checking whether or not an infinite number of downcrossings
are performed, we will count the number of downcrossings. Let N denote
the number of downcrossings a path makes of the interval [(n!)?, ((n + 1)!)]
after hitting ((n + 1)!)? for the first time and before hitting ((n + 2)!)?. Let
n[()p) () = min{n > 1: ((n + 1)!)? > x}. It is easy to show that under P}* and

under Pl’i) the random variables {NT(L’) )}°° are independent and distributed

0 (w)
according to geometric distributions: PX*(NY) = j) = (% (5))i (1 — pi’ (b)) and

PRUNY = j) = (p (b)) (1 = pi’ (b)), for j =0, 1, .., where
((n+2)!)

f((n+1)| —2 fo (s)
((n+2)1)

f(n:)p —2 [ B(s)d

(A proof of these facts will be given in the proof of Proposition 3.)

p¥(B) = (1.6)

Proposition 3. Consider the measures PY* and P) b, where b and b are given
by (1.5), with



Forp >0, let N denote the number of downcrossings of the interval [(n!)?, ((n+
)N?] made by a path after it hits ((n + 1)) for the first time and before it hits
((n+ 2) )7, and let p (b) and p (b) be as in (1.6). Then p (b) < pi(b), so
0< p?p)iz; < 1. Fiz

1—28

k—2

and let no(z) = min{n > 1: ((n+ 1)!) = > x}. Then

N
o0 1— (P)(z)) (P)(l;) " B 0, a.s. [ng,b]
H (1 B (p)(b)> (p%p)(b) - —_— [PJCI’B]. (1.7)

n=ng(z)

p:

Remark 1. Unfortunately, this method works only for 5 € (0, %] and not for the

entire interval (0, 3] where P}* and P are mutually singular.

L . . : i (b)
Remark 2. The intuition behind (1.7) is as follows. Since ﬁ,)(b) € (0,1), i
Pn

follows that the smaller the {N } are, the larger the expressmn on the left hand
side of (1.7) is. Note that since b is larger than b, the {N\"} tend to be larger
under P than under P!,

We prove Theorem 1 and Corollaries 1-3 in section 2, Theorems 2 and 3 in

section 3, Theorem 4 in section 4, and Propositions 1-3 in section 5.

2. Proofs of Theorem 1 and Corollaries 1-3

We will need two lemmas for the proof of Theorem 1.

Lemma 1. Let (M,Y) be a measurable space and {Y,}n>0 a filtration, satisfying
0(UnsoWn) = V. Let P and Q be probability measures on (M,Y) such that
Qly, < Ply, for alln € N. Then

1. Q < P iff limsup,, ., dply" < 00, a.s. [Q);
2. Q L P iff limsup, ., dgi;" =00, a.s. [Q] iff lim,_ Zg{y" =0, a.s. [P];
3. IfQ< P,

H(Q; P) = lim H(Qly,; Ply.)-
Proof. The Lebesgue decomposition of () with respect to P is given by Q) = Q¢+

Q+ , where Q¢ < P and Qt L P. This decomposition is unique. Since
Qly, < Ply, for all n € N, then (see, for example, [3, Theorem 4.3.3])

Q(A) = /Ag&dg:zndp (2.1)

Q' (4) = Q(flimsup dﬁi:z:

=oo}()A4), A€ . (2.2)
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Therefore 1 and 2 follow immediately from (2.1) and (2.2).

For the last assertion, note that it is easy to see that

_dQly,

e
Z, =E [dP’yn]_den’ a.s. [P].

Clearly, {Z,} is a P-uniformly integrable martingale. Since {),} generate ),

: d
lim,, oo Z, = d—g,

fore, by Fatou’s lemma

a.s. [P]. The function zlogz is bounded from below. There-

1, 42 _
dP dP
However, Jensen’s inequality for conditional expectation implies
aQ, iQ
dP dpP
therefore H(Q; P) > H(Qly,; Ply,), completing the proof. O

lim inf #(Qly,; Ply,) = lim inf EF'Z, log Z,, > E” H(Q; P).

EX[ Vo] > Zplog Z,,, a.s. [Ply,],

Lemma 2 (Exercise IV-3.26 [9]). Let M (t) be a continuous local-martingale
with respect to (Q, F;). (M)(t) is the quadratic variation process associated with
M(t), and (M)(co) = lim; o (M) (). If

(o) =esp (3100 - ;000

then
{lim E(M) (1) = 0} = {(M)(c0) = o0}, a.5.

Proof. Since £(M)(t) is a non-negative continuous local martingale, it follows
immediately from Fatou’s lemma for conditional expectation that in fact £(M)(t)

is a supermartingale. Hence it converges almost surely. As

£(M) = E(5)? exp(— (M),

{{M)(00) = 00} € {lim E(M)(1) = 0}, as.

The reverse inclusion is achieved similarly from the identity
E(=M) = E(M)~" exp((M)). O

Proof of Theorem 1. Fix x € R% Let B, = {y € R : |y| < n} and let
T, = inf{t > 0 : X(t) ¢ B,}. We will denote by P&’ (P! ) the restriction
of P®b (P®%) to F,, . Let



From [7, Theorem 1.5.1], for fixed n, M (7, A t) is a P**-martingale, and

t

(M)(t) = / (b—b.a(b— b)) (X (s))ds

0

is the associated quadratic variation process.

. . b b
By the Girsanov transformation, P, . ~ Per an, and

; ~1
dP;-fn/\n dpggfn/\n 1 ab
o = = = , a.s. [P,
dPac;,Tn/\n dPg;fn/\n 5(—M) (Tn A n)
which implies
o dp | ;
{limsup da—b" =oo} = {lim E(—M)(r, An) =0}, as. [Py
n—0o0 m;y‘rn/\n oo

According to Lemma 2, this condition is equivalent to the statement

AP ;
{hm sup %/\n = OO} = {<M>(OO) = OO}, a.s. [P;’b].
n—00 1‘;77',1/\77,

Using this along with Lemma 1 proves parts (i) and (ii) of the theorem.

For part (iii), similarly to (2.3) we let

— ~ -~

M (1) = / (@B — B)(X(s)), dX(s)) — / (@' (B — b), B)(X (s))ds.

Then M (T Am) is a Pf’i’—martingale, and it follows that

a,b
dPLB;Tn/\TL

H(PZ P2 ) = Elo
( T

T;Tn /AN T T TR AN

_ Eeb (H(Tn An) +% /0 b (- b))(X(s))ds)

~ B /0 "B b0 (5 — b)) (X (s))ds.

Letting n — oo, it follows from the monotone convergence theorem and Lemma

1 that (1.1) holds.

Proof of Corollary 1. Let x,y € R, let D C R be a bounded domain containing
x andy and with smooth a boundary, a let 7p = inf{t > 0: X(¢) & D}. Asis well

12



know, both P,(X(7p) € -) and P, (X (7p) € -) are mutually absolutely continuous

with respect to Lebesgue measure on 0D. Thus, since
™ R .
/ (b—b,a ' (b—1b))(X(s))ds < 00 a.s. [P*"] and a.s. [P*7],
0

it follows from the strong Markov property and Theorem 1-i that

~ ~ TD ~

a,b a,b a,b a,b 7 —1/7 _ a,b a,b

Pob L pob o pod ) pub o /0 (—b, a= (b)) (X (5))ds = 00 a.5. [P*] or a.s. [P*],
for almost all z € dD. Similarly, it follows that

N . ™D R .
Pt < Pt s Pt < Pt e / (b—b,a " (b—1))(X(s))ds < 00 a.s. [P™],
0

z

for almost all z € 9D. O

Proof of Corollary 2. The event
/ (b—b,a" " (b—b))(X(s))ds = o0
0

is invariant. Thus, if the invariant o-field is trivial for both P%* and Pa‘f’i’, then
then either the above event or its complement occurs a.s. [P®*] and a.s. [P®?].

The dichotomy in the corollary now follows from Theorem 1-i and ii. m

Proof of Corollary 3. Let o € R? and r > 0 be such that

A~ A~

(b—b,a"(b—1b)) > € >0 on B,(xg). Define stopping times as follows:

gy = ll’lf{t Z 0: X(t) € BT/Q(JZ'())}
T, = inf{t>0:X(o,+1t) & B.(x0)}
Op = 010 @Tna
where ©,w(-) = w(t + -) is the standard shift operator. The Hélder continuity

conditions imposed on the coefficients a and b imply the existence of a unique

solution to
(L—€)u=0 in B,(xp),

u=1 on 0B, (zo).

By the Feynman-Kac formula and the bounded convergence theorem,

u(zr) = Eg’bexp(—erl)

> B2 exp (— /On@— b,a (b — b))(X(s))ds) , © € Byja(x).
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By the strong maximum principle, [7, Theorem 3.2.6],

sup  u(x)=1-14, for some § € (0,1).
z€ 8B,,/2(aco)
Let -
v(z) = E*? exp (—/ (b—b,a " (b— b))(X(s))ds) ,zeD.
0

We will show that v = 0. From this it will follow that
fooo@— b,a~'(b—b))(X(s))ds = oo a.s. [P*¥], and then by Theorem 1-i, we have
pxb | pab,

For N € N| successive applications of the strong Markov property show that

v(x) < Ei’bﬁexp (— /Tn@— bya™'(b— b))(X(S))d8>

On

= E ﬂ EY(y,) €xP (— / " b>><X<s>>ds)

n=1

IN

(1-6)~ — 0.

N—o0

3. Proofs of Theorems 2 and 3

Proof of Theorem 2. By [7, Theorem 8.3.1], the cone
{ue C*(RY : L*u =0 in R and u > 0}

is one dimensional. It follows from [7, Theorems 8.3.1 and 9.1.2], that the invari-
ant o-field, Z, is trivial with respect to P®* and P**. The event

{/OOO@— b,a= (b — b)) (X (s))ds < oo} € T.

Thus, in light of Theorem 1, either P%? ~ Pg‘}’z or P¥* | Pf’g. To prove the the-
orem, we will assume that P% ~ Pg’g and show that sup,cga H (P?; P;ﬁ) < 0.
The same type of argument also gives sup,cgps H (Pg’z; P*b) < oo,

Since P%t ~ ngg, by Theorem 1 we have

/Oo@— b,a (b — b)) (X(s))ds < 0o as. [P*], z € R (3.1)

14



Let B, = {y € R : |y| < n} and let 7, = inf{t > 0 : X(¢) ¢ B,}. The
locally Holder continuity of the coefficients ensures that there exits a sequence of
functions {u, }ney C C?7(B,) which satisfy

(Las == 0,07 G~ 0)) uy =0 in B,
up =1 on 0B,

In particular, the Feynman-Kac formula shows that

) = Bt (X A esp (= [ B ba - B) (X))

and from bounded convergence we then obtain

() = B exp (— /0 = ba (- b)>(X(s))ds) |

Consequently, let

w(z) = lim u,(z) = B4 exp <— /0 OO@— ba'(b— b)>(X(s))ds) . (3.2)

n—oo

Fix m € N. The global Schauder estimates ([4, Theorem 6.6]) yield
[unll2:B., < c(unllos,, +1) < 2¢, n=m

where ¢ = ¢(d, 7y, K1, K3(B,,)) > 0, K is as in Definition 1 and

d d
K3(Bu) = ) Naislloss, + Y [billonis,, + 10— b,a™ 6 = 0)loqs,, < oo.

ij=1 i=1
Hence, {u,}n>m and the sequences of the partial derivatives up to the second

order are bounded in the | - ||o.5,-norm and equicontinuous on B,,. By the
Arzela-Ascoli theorem, we can extract a subsequence, converging to u in the

| - ||2:,,-norm. Hence, u € C*(R?), and (L — (?)\— b, ail(g— b)))u = 0. By (3.1),

0 < u < 1. From the Feynman-Kac formula, u(X (t)) exp ( fo —ba (b — b)>(X(s))ds>
is a bounded P®*-martingale. Therefore, in light of (3.1) and the martingale con-

vergence theorem, lim; o, u(X (t)) exists, a.s. [P**]. Furthermore,

u(z) = E**u(X (1)) exp (— /0 t@— b,a ' (b— b))(X(s))ds) . (3.3)
From the bounded convergence theorem, (3.2) and (3.3) we see that
u(z) = E= exp (— /0 Th—ba (- b)}(X(s))ds> _
E® lim u(X (t)) exp (— /OOO@— b,a (b — b))(X(s))ds) .

t—o00
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With (3.1) again, we conclude that

tlim u(X (1)) =1, as. [P (3.4)
Since u is bounded, u(X (t)) —f;((/b\—b, a1 (b—b))u)(X (s))ds is a P -martingale.
Therefore,

u(z) =1—E& /OOO«B— b,a ' (b — b))u)(X(s))ds. (3.5)

We intend to show now that u is bounded from below by a positive constant.
For this, we apply the technique used in [7, Theorem 8.3.1]. For R > 0, let

d d
TS o o (r)-L R b (-
La,b_QZ%(Rx) axiaxj+Zsz(Rx) Fo. R*((b—b,a” (b — b))(Rx)).

ij=1 i=1

Let ug(z) = uw(Rx) and D' = {z € R : 1 < |z| < 2}. Tt is easy to see that

LR up=0 inR? and

ugr >0 in R%.

Since L, is Fuchsian, the coefficients of Lfib are uniformly bounded in R and
the diffusion matrix of Lﬁb is uniformly elliptic in R?, uniformly in R. Thus,
by Harnack’s inequality there exists ¢ = ¢(Ky/K;,d, D") > 0, independent of R,
such that for all R > 0, z,y € D', ur(x) > cug(y). This is equivalent to

u(z) > culy), R<|z|,|ly| <2R (3.6)

Since u is positive and continuous in R?, in order to prove that inf,cgs u(z) > 0,
we have to show that liminf; .o u(xz) > 0. By (3.4), we can fix wy € Q such
that

lim u(X(¢,wp)) = 1. (3.7)

t—o0
Let {y,} C R? satisfy |y,| 1 co. The continuity of the paths implies the existence
of a sequence {t,} C [0,00) such that | X (t,,wo)| = yn. By (3.7), there exists
N € N, such that for n > N, u(X(t,)) > 1/2. By (3.6), u(yn) > ¢/2, so
inf,>yu(y,) > ¢/2. Since {y,} is arbitrary, liminf; . u(x) > 0. Letting

€ = inf cpa u(x) > 0, we obtain from (3.5)

0o N 1 0o N
Egb/ (b—0b,a"(b—0))(X(s))ds < —Eg’b/ (b—0b,a ' (b—b))u(X(s))ds
0 € 0
1)
B €
Therefore, by Theorem 1, sup,cgs H(P*?; Pg’g) < % O]
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Proof of Theorem 3. We will assume, without loss of generality that z = 0. We
first construct the candidate for the drift coefficient b. Let e1 = (1,0,...,0) € R

Set x1 = ey, and define inductively

R, = 37"|zy|

(3.8)
Tny1 € {teg : t > 4|z, p(t/2) > 27D} n € N.

The balls {Bg, () }nen are disjoint, because

3 3"2R,, 9
frnsal = ol > Shzeal = T 5 ARy 4 Ry
Define
i) W x € By, /2(xy) for some n € N,
l’ =
0 T g UneN Br, (zn).

Whenever x € B, /2(x,,), by definition we have ]x||g(a:)| < p(|zn| — Ry); thus

b
oy 2l
z€R4 p(|$‘)

<1. (3.9)

The monotonicity of p allows the extension of b to a smooth function on R,

supported on |, .y Br, (), while (3.9) remains true.

neN >
We now prove that W, < POI’b and H(W; Pol’b) = 0. Below, C is a positive
constant which may vary from line to line. Recall that G(z,y) = Cly — z|*74.
Since o
R, B
v = (25)
satisfies
tAu, =0 in R\{z,},
Up, >0 in RN\ {x,},
Uy, =1 on 0Bg, (z,) and limjg|—e tn(z) =0
we have
R\
Wo({X (+) hits Bg, (z,)}) = u,(0) = (|x |> )
Thus

> Wo({X () hits B, (z,)}) = > 372" < oo,

17



which, according to the Borel-Cantelli lemma, implies that the process [Wy|-a.s.
hits only finitely many balls. Therefore, since bis locally bounded and the process

is transient, we have

/OOO BR(X(s))ds < oo, a.s. W),

Hence by Theorem 1 W, < Pi”.
In order to estimate the relative entropy we shall use the representation
(1.2). Recalling the definition of 3, and recalling that the Green’s function for

J;‘Q_d

d-dimensional Brownian motion is given by Cly — , we have

HWe P = © / By Ply[>dy
]Rd

> O [pf(xn + Ra/2) / ly[*~dy = (x)

n=1 Bpy, j2(7n)

>~4 is harmonic in

Let wy denote the volume of the unit ball in R Since |y

Br, (z,,), the mean value property implies

(¥) = Cway [Pl + Ra/2)|wa* Ry,

n=1

= oYl — o) () (B
N ’ n=1 g " " |£L‘n| + Rn/2 |xn|

[e'¢) R d
> CuaY Ao ()

n=1 n

> Cuwg Y (4/3)" = o0,
n=1

where the last two lines follow from (3.8). O

4. Proof of Theorem 4

We begin with some preliminaries. For x; < x5, let
O':C1,£E2 = lnf {t Z 0 . X(t) = Iy Oor X(t) — xQ},

and
o, =inf{t >0: X(t) =z}

18



Recall ([7, Theorem 5.1.1]) that the assumption lim; .o, X(¢) = oo, a.s. [P%?],

has an analytic equivalent. Namely, lim; .o, X (¢) = oo, a.s. [P®’] if and only if

f?oo exp (=2 [/ b/a(s)ds) dy = oo, and

(4.1)
I exp (=2 [ b/a(s)ds) dy < oo.
Let N y
0o () = [ exp (=2 [ b/a(s)ds) dy (42)
Aozl fzzf exp (—2 foy b/a(s)ds) dy '
Then
La,b V2,29 = 0 in (Zlv 22)7
Vsy zg > 0 in (21, 22),
1)21722(21) = 07 Vz1,29 (ZQ) =L
As a result,
P:?b(aa >0.,) = Eg’bvzmz (X<UZ1,Z2)) = Uzy,2o (). (4.3)

Since we assume no explosion, lim,, ., 0., = 00, a.s. [P®’], which implies that
P**({o,, = 00}) = Zli_r)noo Vs oo () >0, (4.4)
by (4.1). Similarly, lim,, . o, P**({0,, = o0}) = 1, so with ¢ > 0 given,
3r € (o0, ), such that P**({o, = c0}) > 1 —e. (4.5)

Proof of Theorem 4. We begin by showing that if

(4.6)
then Pob 1 pab,
Fix yo € R and let
u(z) = 2/exp(—2 /Oy b/a(s)ds) /(Z— b)?/a?(z) exp(2 /OZ b/a(s)ds)dz | dy.
’ ’ (@7)

Note that u satisfies L, u = @ in R. Fix x € R, let ¢ > 0 be arbitrarily

chosen and pick r satisfying (4.5). By choosing 0 properly, we may assume that

inf wu(z) > 0. (4.8)

Z€[r,00)
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Now,

(L,Lb —(g_b)2> u=0 in (z,00);

au
u>0 in (z,00).

Let w € (x,00) be arbitrary. From the Feynman-Kac formula and the bounded

convergence theorem we obtain

u(x) = Eu(X(0,,)) exp (— /

— u(T)Eg’bl{UK%} exp <_ /OJT (b—"b) (X(S))ds>

(b—b)?

+U<M)E;’b1{UT>Uw} exp <_/
0

Dividing by u(w) gives

u(r) _ ME;’bl{aK%,} exp (_ /OUT (b— 6)2(X<3))d3)

u(w) u(w)
+ E"15 50, €Xp (— /Oaw - b>2(X(s))ds> : (4.9)

By (4.6) and (4.1) we have lim,_ u(w) = co. Thus, letting w — oo in (4.9)

0=E1(, o) exp (— /000 (ba_—b)Q(X(s))ds> :

gives

U

And by (4.8), in fact

0=E»1(, o0y exp (— /000 (b= b)Z(X(s))ds) :

The choice of r then implies that

Pf’b({/ooo(g— b)?/a(X(s))ds = 00}) > 1 —e.

As € is arbitrary, fooo(g— b)2/a(X (s))ds = oo, a.s. [P+*], and P+? L P follows
from Theorem 1-ii.
We now show that if

etz [Cvsatsias) ([0 arenez [ vasa: ) i< .
(4.10)
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then P2 < P and P < P Let u(z) be as in (4.7) with yo = 0. It then
follows from (4.10) that
M = lim u(z) < oc.

r—00

Fix any = € R and pick r satisfying (4.5). Then
Or,w/\t .
u(z) = B2 u(X (0, A 1)) — ELP / (b—b)*/a(X(s))ds.
0

Letting t — oo and applying the bounded and monotone convergence theorems

on the first and the second terms of the right-hand side, respectively, give

W~

u(r) = ESu(X(0r)) — B2 / = b a(X (s))ds
= u(r)Py*({or < 0u}) +u(w)Pr*({o, < o})
—Eob /0 (b - b)%/a(X(s))ds.

Now Letting w — oo, the monotone convergence theorem yields

u(z) = u(r)P**({o, < c0}) + MP** ({0, = oco}) — E® /OUT(E— b)?/a(X(s))ds.

(4.11)
Therefore
0 < E*'1, / (B = b)2/a(X (s))ds
0
< Eob / (3 — b)2/a(X (s))ds
0
< MVau(r) —u(r) < co.
Consequently,
P;b({/ (/b\— b)?/a(X (s))ds < co}) > P**({o, = 00}) > 1 —e.
0
As € is arbitrary, we conclude from Theorem 1-i that P2’ < Pg‘j’g.
Now let
f [b [0—b)? (b
u(z) :/eXp —Q/E(S)ds / s (2) exp 2/5(3)(13 dz | dy.
0 0 0 0

Since P&’ < Pf’g, it follows that lim, .., u(x) < oo, since otherwise we would
conclude from the first part of the proof that P2 1 Px“’g. Therefore, we can
repeat the above argument with u replaced by @ and the roles of P%* and P:;"g
switched, to obtain Pﬁ’g < Pt
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We now turn to the proof of (1.3). Assume that P2 ~ ngg. Rearranging

terms in (4.11), we have

2 / (- 02 /a(X (s))ds = u(r) P ({or, < o0}) + MP2({a, = 00}) — u(a).
0 (4.12)
Therefore,

H (P, P;’B) < oo if and only if lim wu(r)P**({o, < co}) < 00

rT——00

Note that the existence of the limit on the right-hand side above as an extended

real number is a consequence of (4.12). By Theorem 1 and (4.12)

H(P*, sz) = % ( lim u(r)P**({o, < 0o}) + M — u(m)) : (4.13)

r——00

From (4.2) and (4.4), we have

Prt({o, <oo}) = 1-P({o, = oc})

= 1— lim v,,(x)
29—00

fxoo eXp( 2f0 b/a(s) ds) dy
froo exp( 2f0 b/a(s ds) dy

Note that according to (4.1) both integrals above are finite. To simplify the

notation we let A(y) =2 [ b/a(u)du. Let
Tim_u(r)PE({o, < o0}) = (¥).
Then
I ) (6~ ! a?(2) exp(A(2))dz ) dy [ exp(~Aly))dy
s fr exp<—A<y>>dy
= 2 [T oot-Awa [ 000(6— B2 (=) exp(A(2))d (1.14)

where we have applied 'Hopital’s rule to obtain the second equality. Now

M —ato) =2 [T exp-a)  [[6 - 01 esp(aGdz) dy. (419

Plugging (4.14) and (4.15) in (4.13) gives

(P P29 = [ o= ([ 6= 02/ explace)a: ) an

—00
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5. Proofs of Propositions 1,2 and 3

Proof of Proposition 1. Fix x > 0. As will become clear in the course of the
proof, we can assume a(x) = 1, without loss of generality. We define the random

process
t
mwzy/X@W@.
0

Since {P%*},-o solves the martingale problem for L, on (0,00), there exists
t

an {F;}i>o measurable Brownian motion B(t) = B(t,w), t > 0, w € Q and

B(0) = z, a.s. [P*"], such that
X(t) = B(t) + g(t), as. [P*). (5.1)

We will show that the drift is the dominant factor; that is, asymptotically, the
presence of the random contribution in (5.1) can be neglected. The unique solu-

tion of .
o) =1 [ o) s, 120
0
is
y(t) = (CHYIHD O = (1+1)y.

Since y(-) is strictly increasing, it has an inverse t(y) = y*) /C. We will denote
X(t(y)), g(t(y)) and B(t(y)) by X(y), g(y) and B(y), respectively. With this

change of variables, we have

gly) = /OyXl(z)zldz, and
X(y) = Bly) +g(y), as. [P]. (5.2)
These imply
9 =(9)/y+By)/y)~", as. [P]. (5.3)
As1/(1+1) > 1/2,

lim B(y)/y = tliglo B(t)/(CH)Y D =0, as. [P

Yy—00

At this point, one can see why we may assume a(x) = 1. The limit is not affected
when B is multiplied by a bounded process. Restricting the discussion to some

set of P%® measure 1, we regard the last equations as true for all paths. Let

a = limsup g(y)/y. (5.4)

Yy—oo
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Then (5.3) implies liminf ¢’(y) > a~'. Integration of this inequality yields

Yy—oo

liminf g(y)/y > " (5.5)

Yy—oo

Using this in (5.3) gives limsup ¢'(y) < of*. Consequently, by integration,

Yy—oo

limsup g(y)/y < o (5.6)

Yy—oo

Since by assumption [l| < 1, (5.4) and (5.5) imply o > 1. Similarly (5.4)
and (5.6) imply o < 1. Therefore « = 1. The same line of reasoning gives
liminf, . g(y)/y = 1. Finally, dividing (5.2) by y while letting y — oo,

lim X (t)/(Ct)Y0H) = lim g(y)/y = 1.

t—o00 Yy—00

]

Proof of Proposition 2. By the strong Markov property, the sequence { A2} con-

sists of independent events. By Borel-Cantelli,

0 4 k=1

- 0 if 3 PYE (A7) < oo,

Py {A% 10} = = ’ (5.7)
1 otherwise.

We will show that the (5.7) converges if and only if p > =. By (4.2) and (4.3),

we have

(G+2)H° 11—k
pLE (Ar) = Jigrpe ¥y
x y - - Ne
’ f((]'(!j):2)) y'rdy
(G + 1))~ — (G +2)) ) -
G0~ ((j + 2)) 7 '
PO (T ol e ) I
1= ((+1)(j +2)) 72
Thus there exist constants C7, Cy > 0 such that
k=1
O P02 < Py % (Af) < Cnj P2, (5.9)
The convergence/divergence dichotomy for (5.7) now follows from (5.9). O

Proof of Proposition 3. Since lim_.o X (t) = 00, a.s. [P1*] and a.s. [P1], for all
xz € R, it is enough to prove (1.7) for z > 3. Note that for such z, the random
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variables {N
case the drifts b and b are as given in the second and third lines of (1.5).

ﬂ as in the statment of the proposition. Let o, = inf{t > 0: X (¢) = x}.
Similar to (4 2) and (4.3), it follows that P((n+1),) (O < T(ntr)ye) = 2 (B),

for B = b, b, where p\/’ (B) is as in (1.6). It then follows from the strong Markov

property that the sequence of random variables {N

o () only depend on the process when it is in [2,00), in which

lep— —2

o (z) A€ independent

and distributed according to geometric distributions. Specifically
PrA(NY =) = (0(B) (1 - pl(B))

for B="b0band j =0,1,.... Under P18, the sequence {N(p
a probabilty measure Q2 on {0,1,...}" for B = b, b. Denoting the restrictions

of Qb and QE to the first n coordinates of {0,1,...}" respectively by QWL and

dQ .,
Q. , Lemma 1 shows that

o (z) induces

and letting F}, =

.',ETZ’

lim F,, =0 a.s. [Q%] < limsup F,, = 0o as. [Q}] & Q2 L Q"  (5.10)

n—oo n—oo

As the {Nr(lp )} are geometric random variables, it is easy to see that

n L 1— (p) " l/b\
H(( ()+J ()) ?O)(Z)] <b)>,22(217227'-')6{0717“‘}N'

j=1 1 ®)) T =Py (0)
(5.11)

Let Y, = O'(Nl(p), . .,N,sp)) and Y = o(N. fp),Nz(p), ...). Clearly, Y C F. Let
T:Q—1{0,1...}Nbedefinedby Tw = (21,25...) € {0,1...}N,ifN](p)(w) =z, j€N.
If A e {0,1,...}", then T-1(A) € V,. Therefore, Q%(A) = P*(T-'A) and
QE(A) = ngg(T_lA). Since {Y,}nen generate Y, these equalities determine
the restrictions of P* and Pml’g to V. Letting F,, = F,, oT, we see that

Fon(w) = Fﬂ“v”((Nr(Lg)(x) (w), Nr(l?(x)ﬂ(w), ...)) and we obtain from (5.10)

lim F,, =0 as. [PX] < limsup Fy, = oo a.s. [PM] = P L plv. (5.12)

n—00 n—00

Since

limsup 'y, = 0 a.s. [PM] < limsup F,,, = 0 a.s. [Q7],

it follows from (5.12) that in order to complete the proof it is enough to show
that limsup,_,., Frn = 0, a.s. [Q%]. Kakutani’s dichotomy [3, Theorem 4.3.5]
states that

QE < Qb or QEN 1 Qb according as lim,,_. E /F,, >0 or=0.
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Thus in order to show that limsup,,_, Fr., = 0, a.s. [Q2], it follows from (5.10)
that it is enough to prove lim,, EQZN/FWI = 0. To simplify notation, we let
pj = pgp)(b) and ¢; = pg-p)(b). We have

oo no(z)+n—1 4 miq _ a; no(z)+n—1
(EFVE,)? = > [ ] (—J) =, I »"a-»)
o\ pi) l-pj -
mi,...,mp=0 j=no(x) Jj=no(x)

= [T va-p)0—a)> mig)""
J=no(z) m=0
no(z)+n—1

J=no(z) j=no(x)
. . . . o (VPj—v@G)?
This product converges if and only if the series ) W converges. How-

ever, as we shall see below, lim; .., pjg; = 0. Therefore to prove the first assertion
of the proposition, we must show that >>(,/p; — \/q;)* = co. We will find a
lower (upper) bound for p; (g;). We start with p,.

Let

(=1-208=p(k-2)
and recall that p; is defined by (1.6) with B = b. Since L;;, of Proposition 2
and L, ;, of Proposition 3 coincide for x > 2, we can use the computations in the

proof of Proposition 2. By comparing (1.6) and (4.2), it is easily seen that the
righthand side of (5.8) gives te formula. That is,

(-G

b= C—oo+m<>
= -0+ 1+ 0E+1)+0G™)
> (1=,

for j sufficiently large. Since

3 1
V1i—x> 1—Zx, x € (0,5),
we obtain 5
VP > 7921 - Zj_c), for j sufficiently large. (5.13)
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The evaluation of ¢; requires more work. Let u(z) = [ exp(=2 [ ?)\(z)dz)dy.
Then

VDL Y1 v e
u((41)?) —u((m!)?) = / exp (—/ ds—/ 3 ds) dy
(ml)e 2 S 2 slog’s
uhe - c 5
= “Pexp | ———=log d
/(m! P Y P ( 1- 6 & y) y
2—k
Yy C _ ine
= 5 & exp (—1 — 3 logl 59) |Ein)!)9

R c s
“Flog™ - log' Py | dy.
+ Q_k/(m!)py og yexp( gl y) y

From (1.6) we know that

We can write
_ _Hi—Hin+ A HitAja
Hjy— Hjpo+ Ajagen Hijoo— Hy

(5.14)

where

iN—¢
H; = (") exp (—1 Cﬁlogl_ﬁ(j!)”), and

c ((G+i)H? - 5 c s
A = / “Flog P yexp | — log ™ dy.
Jid+ 2=k Ji Y g " yexp ( 1-3 g Z/> Y

Note that {H;} is a strictly decreasing sequence of positive numbers and that

the quantities {4, ,4,;} are non-negative. Now,

¢ Gy c s
Ajjn = Q_k/( y "log " yexp (—mlog y) dy

ihe

. G+ .
= 5 ’ log_’g(j!)p/ yl_k logﬁ(j!)plog_ﬁ Y exp (— 1 logl_ﬁ y) dy.
_ ( _

e

Since lim; ., log”(j1)?log™?((j +4)!)? = 1, we have

ey
Ay = O(l)log_’@(j!)”/() Y "exp (—
P

= log " (iN)PO(u((5")") — u((( +)1)")),

from which it follows that

Ajjr1=logP(iNO(H; — Hjpi + Ajjsr).
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Since H;4; = o(H,), we have
A =1og  (FNO(H; + Ay ).

In particular,
1 A] Jj+1

lim sup = lim sup

- - =0,
jooo HjfAjji1+1 e Hj+ Ajjn

which shows that A, ;11 = o(H;). These last observations lead to
Aj i = log P (51O (H,). (5.15)

In the sequel C' denotes a positive constant which may vary from line to line. It

will be convenient to write

= 0o,
with
d; = C (log'*(j1) —log" "((j = 1)1))
Now

o = € ((og((j — 1)) +log ) —log"*((j — 1)1))

) 1-8
- C <log1‘6((j — 1)) (1 + %) —log""((j — 1)!)>

log((j — 1)!
= Clog (651 (1+ 0= DB ol 1)

= Clogjlog™?((j — ) + o(log jlog (1)) = (»)

Recall that , ‘
i 2 log j

1m -
j—oo log(j!)

=1, (5.16)

which implies
(¥) = O(5 " log" ™7 ).
Thus,
;= O(3 7 log" " j). (5.17)
We are now in a position to estimate ¢;. From (5.14) and (5.15), we have
o < H; 1+ O(log’ﬂ(j!))
! Hj—l 1—- J+1/
= j Cexp(—4;) (14 O( log in)) 3G+ 1) Cexp(=d; — 6;11) + O(*))

(1+
< ¢ exp(—d;) (1 + O(log™ (]))) @1 +j_2<).
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Therefore

1

VG < Cj~Pexp(—0;/2) (1+ O(log (1)) (1 + 53'*24). (5.18)

Subtracting (5.18) from (5.13), we have

. 3. - iy -
VPi =G > ] QQ(l_eXp(_(sj/Q)),_Zj 36/2 _ j=¢20(log ﬂ(]!)l—l/Q] 5¢/2

%)) (I1) (I11)

—o(j 7).

Since ¢ = 1 — 203, we obtain from (5.17) that (I) = O(j"?log" ™" j). From
(5.16) we see that (I1T) = O(j~"?log™" j). Finally, we want (1T) to be negligible
with respect to (I). Clearly, this can be achieved if and only if 3¢ > 1. This
condition is equivalent to # < 1/3. To conclude, (\/p;—/q;)> > O(j 7" log?™2 j),

SO
00

(VB = V) = oo
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