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ABSTRACT. Let D, = {x € R? : |z| < r} and let v be a continuous, nonincreasing
function on [0, 00) satisfying lim¢—c v(t) = 0. Consider the heat equation in the
exterior of a time-dependent shrinking disk in the plane:

1
e 5Au, z € R? — Dy, t>0,

U(LZZ,O) =0, z € R2 - Dw(t)v
u(z,t) =1, z € D’y(t)at > 0.

If there exist constants 0 < ¢1 < co and a constant k > 0 such that cit—* <A(() <

C2t_k, for sufficiently large ¢, then lim;— o u(z,t) = H—%k The same result is also

shown to hold when D., ;) is replaced by L. ), where L, = {(z1,0) € R? : |z1| < r}.
Also, a discrepancy is noted between the asymptotics for the above forward heat
equation and the corresponding backward one. The method used is probabilistic.

1. Statement of Results. Let
D,={xcR%:|z|<r}

and consider the heat equation in the exterior domain R? — D;:
1
w = 5Aw, (z,t) € (R = D1) x (0,00),
(1.1) w(z,0) =0, z € R — Dy,

w(z,t) =1, (z,t) € D1 x [0,00).
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The asymptotic behavior of the solution w(z,t) for x € R? — Dy as t — oo is well
known:

lim w(zx,t) =
t—o00

lz|>~4, ifd >3,
1, ifd=1,2.

In particular, this shows that a heat source in the shape of a ball does not fully
heat three-dimensional space, whereas a heat source in the shape of a disk does
fully heat the plane.

The question we address in this note is this: how effective will the heating be in
the plane if the heat source shrinks in time? That is, instead of having a temporally
constant heat source D;, we use a heat source D), where 7 is a continuous,
positive function decreasing to 0 as t — oo. We have the following equation:

Uy = %Au, r e R?— Dy, >0,
(1.2) u(z,0) =0, x € R — D),

u(x,t) =1, © € Dy, t > 0.
If lim; o u(z,t) exists, then it should be harmonic in R? — {0}, and since the only
bounded harmonic functions in this domain are the constants, it follows that the
above limit, if it exists, should be equal to a constant ¢ € [0,1]. Incidently, the
same type of argument shows that the corresponding problem in higher dimensions
is uninteresting: if the limit exists, it should be harmonic in R? — 0, and dominated
by |2|?>~%; the only such nonnegative function is 0. A completely rigorous argument
can be made easily using the maximum principle.

Before stating the theorem, we derive a probabilistic representation for the solu-
tion u to (1.2). We recall a fundamental property of Brownian motion: Let P, de-
note Wiener measure for a standard Brownian motion B(t) in R? starting from x €
R and let E, denote the corresponding expectation. Let G C R? be a domain and
let oge = inf{t > 0: B(t) € G°} denote the first entrance time into G¢. If W (z, s)
is twice continuously differentiable for x € G, once continuously differentiable for
s € (0,t], and continuous on G x (0,t] U G x [0,#], and if AW + 2 is bounded
on G x (0,1], then W(B(s A oge),s Aoge) — [ 7 (AW + IV (B(s),s)ds" is a

0

martingale under P, for s € [0,¢]. In particular, if it so happens that AW + %—VSV =
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in G x (0,t), then W(B(sAoge),sAoge) is a martingale. Since the expectation of
a martingale is constant in time, equating the value of the expectation when s = 0

with the value for s = ¢, we obtain the formula:
(1.3) W(x,0) = E,W(B(t Noge),t Noge), for z € G.

Equation (1.3) leads to the well-known probabilistic representation for w(z,t).
Fix t > 0 and apply (1.3) to W(z,s) = w(z,t — s) and G = RY — D;. From
the boundary condition and the initial condition in (1.1) it follows that W (B(t A
oGe),t Noge) = w(B(t Nop,),t —t ANop,) = 1 on the event {op, < t}, while
W(B(tANoge),t Noge) = w(B(t ANop,),t —t ANop,) = 0 on the event {op, > t}.

Since P,(op, =t) = 0, we obtain from (1.3) that
(1.4) w(z,t) = Py(op, <t), for z € R* — D;.

From (1.4), it follows that the dichotomy between lim;_, o, w(x,t) = 1 for d = 1,2
and lim;_, o, w(x,t) < 1 for d > 3 which we observed above is just the dichotomy
between recurrence and transience of Brownian motion.
In order to apply (1.3) to the solution w of (1.2), we define for each ¢t > 0 the
stopping time
agt) =inf{s € [0,t] : B(s) € Dy—s)},

with the convention that agt) = oo, if {s € [0,t] : B(s) € Dyy—_s} is empty.

Fixing a ¢t > 0, consider the function W(z,s) = u(z,t —s), 0 < s < t, = €
R? — D 1—s)- By (1.2), we have (AW + %—V:)(a:,s) = 0, for z € R? — D,y
and 0 < s < t. We now apply (1.4) to this choice of W (z,s) along with the
stopping time Jgt). The fact that the domain is time-dependent does not cause any
problem. Note from the boundary condition and the initial condition in (1.2) that
W(B(t A Ugt)),t A agt)) = u(B(t A aa(f)),t —tA agt)) = 1 on the event {aa(f) < t},
while W(B(t/\aﬁ(f)),t/\af(yt)) = u(B(t/\JEf)), t—t/\agt)) = 0 on the event {of(yt) > t}.
Since P, (agt) =t) = 0, we obtain the following probabilistic representation for the

solution u of (1.2):

(1.5) u(z,t) = Pm(aff) <t) = P,(B(s) € Dy4—s), for some s € [0,1]).
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We will prove the following theorem.

Theorem. Let u(z,t) be the solution to (1.2), where v(t) is a continuous, nonin-
creasing function. Assume that there exist constants 0 < ¢; < ¢ and a constant

k > 0 such that cit=% < ~(t) < cot™F, for sufficiently large t. Then

. 1
(1.6) tlgrolou(x,t) =TT

Remark. By a basic monotonicity property which is an obvious consequence of
the maximum principle, it follows that if v(¢) decreases to 0 faster than any negative
power of ¢, then lim; . u(z,t) = 0, while if «(¢) decreases to 0 more slowly than

any negative power of ¢, then lim; ., u(z,t) = 1.

With just a little extra work, we will prove the same result when D,. is replaced

by a one-dimensional set. Let

LT = {(Il,O) € R2 . |I1| S ’I“}.

Corollary. Let U(x,t) denote the solution to (1.2) with D. replaced by L. ).
Then (1.6) holds with u replaced by U.

Remark. By the basic monotonicity property, the same result also holds if D)
or L is replaced by C. ) where r — C,. is a continuous map from [0, o) to the

compact subsets of R2, satisfying L, C C, C D,..

There turns out to be an interesting discrepancy between the asymptotic be-
havior of the solution u to the forward heat equation (1.2) and the solution to the
corresponding backward heat equation. Let v(*) (x,s) denote the solution to the

backward heat equation

0<s<H,

1
Ugt) + §Av(t) =0, z e R? — D,y(s),

v(t)(x,t) =0, z€ R?— D,

v (z,8)=1, x€ D 0<s<t

~v(s)»
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Consider the stopping time
Oy = inf{t >0: B(t) € D,y(t)},

and define

v(z,t) = Py(oy <t).

An analysis similar to that used to obtain the probabilistic representation of w in
(1.5) shows that v(x,t) = v® (x,0). (Use (1.3) with W (x,s) = vt(x,s), 0 < s <t,

and use o, in place of oge.) An old result of Spitzer [3] indicates that for || > v(0),

1

B(®)
Moz~ (0] " =

v(t)

|
8

(1.7)  Py( <1, for some ¢t > 0) = 1 if and only if /

In terms of v(*), (1.7) states that

lim v® (z,0) = tlim P,(B(s) € D5 for some s € [0,t]) =1

t—o0
1

if and only if / —dt = 0.
t[log~(t)|

Note, for example, that the integral in (1.8) will be infinite if y(¢) > ¢t~ 18108t byt

(1.8)

not if v(t) < ¢t~(esles )™ In contrast, by Theorem 1, it follows that

(1.9)
( if lim t"y(t) = oo,
_ 17 t—o0

for all £k > 0,

if lim t"y(t) =0,
lim u(x,t) = tlim Pr(B(s) € Dy—s), for some s € [0,t]) ¢ # 1, bmoo

t=o0 for some k > 0.

if lim t*y(t) =0,
— 07 t—o0

for all k > 0.

(
Thus, there is a discrepancy between the asymptotic behavior of the solutions to
the forward and the backward heat equations. In probabilistic terms, there is a
discrepancy in the asymptotic behavior of the hitting times of a shrinking disk,
depending on whether the shrinking occurs in forward time or backward time. In
particular, note that if «(¢) decays to 0 faster than any negative power of t, but
[~ mdt = 00, as occurs for example if () = t~1°81°8¢ then (1.8) is equal

to 1 while (1.9) is equal to 0.



2. Proof of Theorem and Corollary. Since everything concerning the Theorem
is radially symmetric, we will use the notation P,, r > 0, instead of P,, = € R?,
where 7 = |z|. When we turn to the proof of the corollary, we will return to the

notation P,. We will need the following lemma.

Lemma. Let 7, = inf{t > 0 : |X(t)] = a}. For ly,ly satisfying 0 < l; < 5 < I,
and for 0 <a <b< %tl% there exists a universal constant X > 0 such that
logb — loga 1 logb —loga 1

—_— = 2=y < p o) — + — — A\t 20,
lologt —loga )\exp( ) < Polra > 1) < lllogt—loga+AeXp( )

Proof. Since Py(1, > 7,) = 2821084 51 o < b < ¢ [2, p.38], we have for t,] > 0

log c—loga’

such that b < t!,

logb —loga
Py(r, > t) < Py(1q P t)=———"—+P t),
by (Ta > 1) < Pyo(1y > ) + Po(mp > t) llogt—loga+ (T > t)
and
Po(ra > £) > Py(ra > m) — Py(ry < 1) — 28071088
b\Ta = I'p\Tq Tl b\ T¢l = llOgt—lOgCL b\ Tyl .

The Brownian scaling property gives
Py(tp > t) = Pyi(r1 > t*72) and Py(1p < t) = Py (11 < t'72).

If L € (0,1), then Py—i(m > t'72!) < +exp(—At'~?), for some A > 0 [1, Theorem

3.6.1], while if I > § and b < ¢!, then Py—i(my < t17%) < L exp(—At?~1), for
some A > 0 [1, Theorem 2.2.2]. The lemma follows from these estimates. O
Proof of Theorem. By the basic monotonicity property alluded to in the remark
following the theorem, we can assume without loss of generality that v(t) = ¢(1 +

t)=F, for some ¢ > 0 and k > 0. In light of (1.5), to prove the theorem we must

show that

1
1+2k

(2.1) tlim Py(|B(s)| < c¢(1+t—5)"%, for some s € [0,t]) =
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Using the righthand inequality in the Lemma and the monotonicity of c¢(1+4t)~*,
we have for large t,
(2.2)
Py(|B(s)| < ¢(1+t—5)7F, for some s € [0,t]) > Py(Te(144)-+ <t) =

logb —logc + klog(1l +t) 1 1—91
1- P > >1— — exp(—Att T2,
b(Te(uay-+ > 1) = lilogt —logc+ klog(1+1t) A exp( )

Letting ¢ — oo in (2.2) and then letting I, increase to %, we obtain

1
142k

(2.3) litminf Py(|B(s)| < ¢(1+t—s)~F, for some s € [0,t]) >

Applying the Markov property at time %, and using the monotonicity of ¢(14-t)~*
again, we have

(2.4)
t

t
Py(|B(s)| > c¢(1+t—s5)7%, for all s € [0,t]) > Ey(Pp(g(1e > 5);Tc(1+%)—k > 5)

A direct calculation shows that there exists a constant C' > 0, depending on b, such

that for any € > 0,
(2.5) Pb(|B(%)| < et?) < Ce, for all t > 0.

Thus, since Py(7. > 5) is increasing in b for b > ¢, we obtain from (2.4) and (2.5)

that for any € > 0 and sufficiently large ¢

(2.6)

t
1 (1> 5)—Cé.

t
Py(|B(s)| > ¢(1+t—s)7F, for all s € [0,1]) > Py(Teqiy-+ > 5)P 5

27 et

Using the lower bound in the Lemma to estimate the two probabilities on the

righthand side of (2.6), we have for sufficiently large ¢,

Py(|B(s)| > c(1+t —s)7F), forall s € [0,t]) >

logb —1 klog(1+ ¢
(osbzlosetblosll +y) Lo ety
(2.7) lzlog 5 —logc+klog(l+35) A

1
loge + 5 logt —logc 1 exp(—)\t%’l)) ]
lo log% —logc A

Letting ¢ — oo in (2.7), then letting e decrease to 0 and Iy decrease to % gives

2k
1+2k

(2.8) lim inf P, (|B(s)| > (1 +1t — s)~F, for all s € [0,]) >
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Now (2.1) follows from (2.3) and (2.8). O

Proof of Corollary. We now return to the notation P,, x € R?. Let 77, = inf{t >
0: B(t) € Ly}. We will show that there exists a constant K > 0 such that for
0<a<lz|<e,

log |z| — loga log |z| —log § + K

log c —log 5

(2.9) < Py(rp, > 7c) <

logc —loga

Using (2.9), it follows immediately from the proof of the Lemma that

(2.10)

log|z| —loga 1 2ly—1
—_— — =2 <P, >t) <
lologt —loga A exp( ) S Pl )<

log|z| —log§ + K 1

- — At
I1logt —log 5 +)\exp( )I

One now proves the Corollary just as the Theorem was proved, using the estimate
(2.10) in place of the estimate in the Lemma.

It remains to prove (2.9). The lefthand inequality in (2.9) of course follows triv-

log |z|—log a

ially since P, (TLa > Tc) > P, (Ta > TC) = log c—log a

. For the righthand inequality,

we begin by using the strong Markov property to write
(2.11) P.(rp, <T.) > Ex(PB(T%)(TLa < Te); Ta < Te)-

For any ¢ > 0 and y € R? with |y| = 4, we have P,(r;, <t A7) > 0. This can
be proved in any number of ways; for instance, by applying the Stroock-Varadhan
support theorem [1, Theorem 2.6.1], or by applying the reflection principle [2] to the
second coordinate of the Brownian motion and using the independence of the two
components. Since Brownian motion is a Feller process, it follows that P, (77, <

t A7) is continuous in y [1, Theorem 1.3.1]; thus, inf, ¢ g2, —1 Py(7, <tAT1) >0,

lyl=

and a fortiori there exists a p > 0 such that inf, cge,,_1 (T, < 11) > p. By

Brownian scaling it then follows that

(2.12) P,(11, <T4) > p>0, for |y| = g and all a > 0.
Also,
(2.13) Py (ra < 70) loga —logc for |y
: Ta < Te) = ———— = (q.¢, fOr |y| =a.
yiiz log § —logc Qa, Y



We use (2.12), (2.13) and the strong Markov property to estimate Py(rr, < 7c),
for |y| = §. Consider the event 77, > 7. under P, with |y| = §. In order for this
event to occur, first of all, starting from y € 9D« , B(t) must hit 0D, before hitting
L., and this event occurs with probability no greater than 1 — p. Then, starting
from 0D, the Brownian motion has a probability gq . of returning to dDsa before
reaching 0D, (during which time it may hit L,, but we ignore this), in which case
it gets another chance, starting from dDas, to hit L, before hitting dD,, etc. This

reasoning gives the estimate

(2.14)
- 1 —qac)(1—p) a
P, 2) < 1—p) g (1 - ac:( : =Qqe, I = —.
y(TL, > Tc) < nE_O( P)"" g (1= qa,c) = (1= P)gus Qa,c, for |y 5

From (2.11), (2.14), and the fact that P,(re < 7.) = log jr|~loge e have

log §—logc’
(2.15)

log || — 1
Po(71, > 7o) < 1= Ey(Pp(ray (70, <7o); 75 <7) <1—(1— QQ,C)M

log 5 —logc
_ loglz| —log § + Qa.c(logc —log|x|)
logc —log § ’

From (2.13) and (2.14), we have

(1 —p)log2
2.1 po = ———»>2 57
(2.16) . log2 + plog <

It follows from (2.16) that there exists a constant K > 0 such that @, loge < K.

Substituting this estimate in the righthand side of (2.15) proves (2.9). O
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