ASYMPTOTICS OF THE PRINCIPAL EIGENVALUE
AND EXPECTED HITTING TIME FOR POSITIVE
RECURRENT ELLIPTIC OPERATORS IN
A DOMAIN WITH A SMALL PUNCTURE

Ross G. PINSKY

Department of Mathematics
Technion-Israel Institute of Technology
Haifa, 32000 Israel
email:pinsky@math.technion.ac.il

ABSTRACT. Let X(t) be a positive recurrent diffusion process corresponding to an
operator L on a domain D C R? with oblique reflection at dD if D # R?. For each
x € D, we define a volume-preserving norm that depends on the diffusion matrix
a(x). We calculate the asymptotic behavior as ¢ — 0 of the expected hitting time of
the e-ball centered at x and of the principal eigenvalue for L in the exterior domain
formed by deleting the ball, with the oblique derivative boundary condition at 0D
and the Dirichlet boundary condition on the boundary of the ball. This operator
is non-self-adjoint in general. The behavior is described in terms of the invariant
probability density at  and Det(a(z)). In the case of normally reflected Brownian
motion, the results become isoperimetric-type equalities.

Let D C R% d > 2, be a domain. If D # R, assume that D has a smooth
boundary and let v : 9D — S¢ be smooth and satisfy v(x) - n(x) > 0 for all
x € 0D, where n(x) denotes the inward unit normal to D at x € 9D. We will call
v a reflection vector. Let X (t) be the diffusion process in D with v-reflection at

oD (if D # R?), and corresponding to the operator
1

where a = {a;;}¢,_, € C>*(RY) is positive definite and b = (by, ..., bq) € CL*(RY),

loc loc

for some « € (0,1]. The smoothness assumptions have been made in order to insure
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that the adjoint operator has C'*-coefficients which then guarantees that invariant
densities, which are solutions to the adjoint equation, are classical solutions. But

this can be relaxed considerably since all we use is the existence of a continuous

invariant density. In the case that the coefficients a; ;, %a;: , and b; are bounded,
the existence and uniqueness in law of such a diffusion process follows from [15]
via the submartingale problem. In the case that the coefficients are not necessarily
bounded, there exists a unique solution to the generalized submartingale problem
up to a possibly finite explosion time (see [9] for the passage from the martingale
problem to the generalized martingale problem in the case of diffusions on R?; the
passage from the submartingale problem to the generalized submartingale problem
for reflected diffusions is treated similarly). Let P, denote the probability measure

corresponding to the diffusion starting from = € D.

We investigate the asymptotic behavior of the expected hitting time of a small
ball starting from outside the ball and of the principal eigenvalue for L in the
punctured domain obtained by deleting the small ball and placing the Dirichlet
boundary condition on the resulting boundary. Note that the operator in question
is in general non-self-adjoint because of the oblique derivative boundary condition
as well as because of the drift term b. We will assume throughout the paper that
the diffusion process is positive recurrent, which of course is always true if D is
bounded. Indeed, the expected hitting time is finite if and only if the process is
positive recurrent; that is, if and only if there exists an invariant probability density
i (see [8, Theorem 4.9.6] for a proof of the equivalence in the case R? = D). For
the investigation of the principal eigenvalue, we will need an additional assumption

which always holds if D is bounded.

The original motivation for this investigation was a recent paper [2] in which it
was shown that if 7 (x, €) is the first hitting time of the disc of radius € for Brownian

: : : : . T
motion on the two-dimensional unit torus 7', then lim .o sup ez | (0) — 2 g

logel2 — 7

A basic first step was to obtain estimates on the asymptotic behavior as ¢ — 0 of

the expected value of 7 (z, €) starting from points y € T — {z}.
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For a positive definite d x d matrix I', define the norm

r 1
l|lv||lr = (v, —F———v)2, forv € R%.
Deta(T)

Note that this norm preserves the Euclidean volume but distorts directions. For
z € Dandr > 0,let BY (z) = {y € R*: ||[y—||r < r} denote the open ball of radius
7 in the I'- norm and centered at z, and define 7pr(,) = inf{t > 0: X(¢) € BL(x)}.
In the case of the standard Euclidean norm, when I' is a scalar multiple of I, we
will use the notation |v| and B,.(z) in place of ||v||; and Bl (x). Let wyq denote the
volume of the unit ball in R?.

Let a'?(z) denote the inverse matrix to a(x). Here is the main result with

regard to expected hitting times.

Theorem 1. Let X(t) be a positive recurrent diffusion in a domain D C R% with
v-reflection at 0D (if D # R®) and corresponding to an operator of the form L as

above. Let u denote the invariant probability density. Let x € D and y € D — {x}.

i. If d =2, then
EyT ainv(z) 1
(1.1-0) lim — 2 @) _ i :
e—0  —loge nDet2 (a(z))u(x)
1. If d > 3, then
EyT ainv(z) 2
(1.1-ii) lim —2e &) — i .
=0 € d(d — 2)wgDetd(a(x))u(x)

Remark. In the case that the diffusion process is reversible, the invariant density
can be given explicitly. The diffusion is reversible if and only if the drift vector
b is of the form b = aV(Q, for some function @), and the reflection vector v is in
the conormal direction; that is, v(x) = ¢(z)a(z)n(x), where ¢(z) is the normalizing
scalar so that v € S¢. In this case, positive recurrence is equivalent to the condition

Jpexp(2Q(y))dy < oo, and we have

C exp(20())
M) = T @00y

Thus, in the reversible case, the right hand side of (1.1) is given explicitly in terms

of the coefficients of L.



If X (t) is normally reflected Brownian motion, then X (¢) is positive recurrent if
and only if D has finite volume, in which case the invariant probability density is

V%(D)' In this case, Theorem 1 becomes an asymptotic isoperimetric-type equality.

Corollary 1. Let X (t) be normally reflected Brownian motion in a domain D C R?
of finite volume. Let x € D and y € D — {x}.

1. If d =2, then
EyTB, (x) _ VOZ(D),

lim ;
e—0 —loge s

1. If d > 3, then
lim EyTp.(z) _ 2Vol(D)
e—0 g2—d d(d — 2)wd.

The above results are asymptotic ones. In the case of Brownian motion with
oblique reflection, we can give an exact calculation for the hitting time of a ball of
fixed radius from distinguished starting points. Let z € D and let 0 < R < [ be
such that B;(z) C D. Then there exists a point 2.z € dB;(z) for which E. 2 TBr(z)
can be calculated explicitly. Before stating the result, we recall a few facts about
positive recurrent obliquely reflected Brownian motion. As noted above, the process
is reversible if and only if ¥ = n and, if it is reversible, it is positive recurrent if
and only if Vol(D) < oo, in which case the invariant density is #(D). When
the process is not reversible, this simple condition for positive recurrence fails.
If D is bounded, then the process is always positive recurrent; however, if D is
unbounded, then the question of positive recurrence is highly non-trivial. We can
write v(z) = c(x)n(x) — T'(z), where ¢ € (0,1] and T # 0 is a tangent vector field
on 0D. The density p of an invariant measure must satisfy the adjoint equation:
%Au =0inDand Vu-n+V- (%,u) =0 on 0D. In particular, Lebesgue measure
will be invariant only if V - % = 0 on 0D, which is in fact impossible if d is odd and
0D is compact. It is not hard to give examples where Vol(D) < oo but the process
is not positive recurrent, as well as examples where Vol(D) = oo but the process

is positive recurrent.

Theorem 2. Let X (t) be v-reflected Brownian motion in a domain D C R%. As-
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sume that the process is positive recurrent and let p denote the invariant probability
density. Let x € D and let I > 0 be such that By(z) C D. For each R € (0,1), there

exists a z.p € 0B)(x) such that

i. if d =2, then

1 l 1
1.2-i E, = 2log — — =(I? 2
( 1) 1.rR TBR(x) M(BR(x))R og R 2( R )7
1. if d > 3, then

2R

(1.2-ii) (R*~4 —274) — 2(12 — R?).

E, . x) —
;R TBRr() d(d — 2)u(Bgr(x))

Remark. Consider Theorem 2 when the reflection vector is normal, in which case
we assume that Vol(D) < oo and we have p(Bg(z)) = ‘}"jl—l(%Dd). Then the theorem
indicates that for z € D and for 0 < R < [ such that Bj(z) C D, one can find a

point z;;g such that E,, .7, () is equal to the common value that one obtains for

ZI;R
the expected value of 75, (, starting from any point on 9B;(z) in the case that the

domain is a ball of the same volume centered at .

We note that Theorem 1 can also be thought of as giving a formula for the
invariant density in terms of the asymptotic behavior of expected hitting times
of small balls. Green’s function and potential theory afficianados might want to
represent this as follows: let GBZ“W(Z) (w)(-, -) denote the Green’s function for L
in D — B¢ im(m)(a:) with the oblique derivative boundary condition in the direc-

tion v = cn — T at OD (if D # R?) and the Dirichlet boundary condition at

6B?mv(m)(a:). (The probabilistic representation is given by GBEnW(z)(m)(z,A) =
T @iV (z) () ‘
Ez fO Be l{A} (X(t))dt, Where GBgznv(z)(x) (Z, A) = fA GBglnv(z) (:E) (Z, y)dy.)

Then
Ez ainv (g - . ainv (g ’ )
TBe ( )(:E) \/;_B:,“’”’(at)(x) GBE ( >(.’E) (Z y)dy
for z € D — B?im(x)(:c); thus, the unique solution p > 0 to the adjoint equation
Lp=01in D and Vi-n+V-(Lyp)=0on oD, where L = iV-aV—b-V—=V-b,

is given by
—loge

(1.3-1))  p(z) =lim -
€e—0 7TD€t§ (a(l’)) fD_BZznv(z) (:L‘) GBgznv(z) (x)(z7 y)dy

5
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and

(1.3-ii)

262_d
plz) = hr% I
e=0 d(d — 2)wgDetd (a(z)) fD_BSinv(z)(x) GB?inU(I)(x)(Z, y)dy

, ifd >3,
for any z € D — {z}.

In fact, (1.3) along with a slightly modified version of it will be used to prove
our result concerning the asymptotic behavior of the principal eigenvalue, which we
now consider. First consider the case that D is bounded. Of course, the principal
eigenvalue for the operator —L in D with the oblique derivative boundary condition
in the direction v on 9D is 0 and the corresponding eigenvector is constant. For x €
D, let A.(x) denote the classical principal eigenvalue for —L in D— B @) (z) with
the oblique derivative boundary condition in the direction » on 9D and the Dirichlet
boundary condition on B (@) (x). Since the domain is bounded, the operator in
question has a compact resolvent and it follows from the Krein-Rutman theorem
that A\e(x) > 0 (see [7] and also [9, chapter 3] which treats the case of Dirichlet
boundary rather than oblique reflection). If D is unbounded, then we need to define
the principal eigenvalue A (x) carefully and we need to make the assumption that it
is in fact strictly positive. We define the generalized principal eigenvalue as follows:
let {Dy} be an increasing sequence of bounded domains with smooth boundaries
satisfying U$® ; Dy = D and consider the operator —L on Dy, — Bgi"“(“)(x) with the
oblique derivative boundary condition in the direction v on the relative interior of
0D NOD in 9Dy and with the Dirichlet boundary condition on the relative interior
of dD;, — D in 0Dy, and on 0B inv(x)(:z;). No boundary condition is imposed on
the relative boundary of 0Dy in dD. A principal eigenvalue /\Ek)(x) exists for this
problem [7] and is positive and monotone nonincreasing. The generalized principal
eigenvalue is defined as A\¢(x) = limy_ )\Ek)(x).

We will need the following hypothesis.

Hypothesis 1. For some eg > 0 and some X > 0,

sup E, eXp(XTBamvm < 0.
€0

— ain’u(x) (.’E))
yeD—Beo (II/')
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Lemma 1. i. Hypothesis 1 always holds if D is bounded.
ii. If

E, exp(Ar, ) < oo, fory €D - By (a),

alinv (z)
<o ()

for some eg > 0 and some X > 0, then \.(x) > 0 for all € > 0.

From Lemma 1 it follows in particular that A.(x) > 0 for ¢ > 0 whenever

Hypothesis 1 is in effect.
We can now state the theorem.

Theorem 3. Let x € D and let \c(x) denote the (generalized) principal eigenvalue
for L in D — B?mv (m)(:z:) with the oblique derivative boundary condition at 0D (if
D # R?) and the Dirichlet boundary condition at 8B?im(x)(ac). If D is unbounded,
assume that Hypothesis 1 holds.

i. If d =2, then
(1.4-1) hil%(_ log €)X (x) = mDet? (a(z))p(zx);

1. If d > 3, then

(1.4 lim 2\ (o) = A0 Q)WdD;ﬁ (ala))plx)

Remark 1. Note that Theorems 1 and 3 show that E,7_ and A.(z) have

)

reciprocal asymptotic behavior. This is not surprising because if T had

ainv(m)

¢ (z)
an exact exponential distribution, then its expectation and the asymptotic rate
of decay of its tail probabilities would be reciprocals, and this latter quantity is

essentially A\ (z).

Remark 2. From the remark following Theorem 1, it follows that in the reversible

case, the righthand side of (1.4) is given explicitly in terms of the coefficients of L.

Remark 3. A corresponding formula in the case that the operator is A and the

Dirichlet boundary condition is placed on 0D was obtained in [6], which actually
7



treated all the eigenvalues, not just the principal one. A similar result in the case

of a closed manifold was obtained in [1]. Note that this problem is self-adjoint.

Remark 4. In another paper, the technique used in the proof of Theorem 1 is used
along with other techniques to obtain the asymptotic behavior of the principal
eigenvalue in regions with many small holes in the case of the Laplacian with the
Neumann boundary condition [10]. For other papers concerning the shift of the
principal eigenvalue in regions with many holes, see for example [4, 11, 12] as well

as the exposition in [13, chapter 22].

Consider the case of Brownian motion with normal reflection in a domain D of
finite volume. By Lemma 1-i, if the domain is bounded then Hypothesis 1 is always
satisfied. An interesting question is whether Hypothesis 1 is ever satisfied (or
whether A\ (z) is ever positive) when D is unbounded. As evidence that A (x) =0
whenever D is unbounded, consider the case that D is horn-shaped of the form D =
{z = (s,w) € Rx R¥1:|w| < H(|s])}, where H is a positive, continuous function
satisfying [;° H?"!(s)ds < co. Then D C R? has finite volume. Look now at the
punctured domain D — B,(0), for small ¢ > 0. The operator —3A in this domain
with the Neumann boundary condition at 0D and the Dirichlet boundary condition
at 0B.(0) is self adjoint; thus, an upper estimate on the principal eigenvalue can
be obtained via the Rayliegh-Ritz quotient [14]. For 6 > 0, define the test function
fs(z) =sinmd(s —¢) for s € (e, 5 +€), fs(z) =0for s € [0,¢] and s > 3 + ¢, and fs
extended to negative values of s as an even function. Then f5 vanishes on 0B, (0)

3 IV f5(2)|%dz 2

and f‘BE(O’ eI < Z-62. Thus, by the Rayliegh-Ritz formula, A\.(0) = 0,
D—B(0)

and by Lemma 1 it also follows that Hypothesis 1 is not satisfied.

Analogously to Corollary 1, we have the following corollary, which in light of the

above discussion, might be vacuous if D is unbounded.

Corollary 2. Let X (t) be normally reflected Brownian motion in a domain D C R?

of finite volume. If D is unbounded, assume that Hypothesis 1 holds. Let x € D.
8



i. If d =2, then

. T
i —logede(x) = 70Dy’
1. If d > 3, then
. _ d(d — 2)wd
lim €27\ () = — .
lim A (@) 2Vol(D)

We will prove Theorem 2 in section 2, Theorem 1 in section 3, and Theorem 3

and Lemma 1 in section 4.

2. Proof of Theorem 2. Let x, R and [ be as in the statement of the theorem.
Define inductively stopping times o1 = inf{t > 0 : X(t) € 9B;(x)}, n, = inf{t >
o, : X(t) € O0Bgr(z)}, and o041 = inf{t > n, : X(t) € 0B)(x)}, n = 1,2,... .
Note that under P, with z € dB;(x), we have n; = inf{t > 0 : X(¢t) € 0Bg(x)}.
Under P,, with z € 0Bg(z) U 0B;(x), the sequence X (01), X (n1), X (02), X(1n2), ...
is a Markov process on a compact space and consequently possesses an invariant
probability measure. Thus, there exist probability measures m; and my on 0Bg(x)
and 0Bj(x) respectively such that P, (X(o1) € -) = ma(-) and P,,,(X(m) € ) =
ma(-).

We now use Hasminski’s construction of the invariant measure for a recurrent
diffusion process. (See [3] where the construction is carried out in the case of an
unrestricted diffusion on all of space; the same construction works for any Feller
process.) With an abuse of notation, we let p denote the invariant probability

measure as well as its density. By Hasminskii’s construction

_ Epy [ 1a(X(2))dt

, for A C D.
Emllrl].

(2.1) u(A)

We now express E,,Tpp () as the sum of two terms.

it m
(2.2) EmgTBR(m) :Em2/0 1D—Bl(x)(X(t))dt+Em2/O 1Bl($)_BR(I)(X(t))dt.

Using (2.1) and the invariance property of ms, we write the first term on the right

hand side of (2.2) as

m 1
E,, / 1o 5y (X (D))t = By, / Lo gy () (X ()t
0 0

= (D — Bi(x))Em,m,

(2.3)



and the second term on the right hand side of (2.2) as
m
Emz /O 1Bl($)—BR(9€) (X<t))dt =
m g1
Q) Bur [ om0 (XOME = Buy [ a0 (X(0)d =
o1
H(B(o) = Brla) B = By [ Lo (X (O

Setting A = Bg(x) in (2.1), we have

Eml f0771 1BR(30) (X(t))dt

Em1 ,’71 ==

p(Br(z))
(25) _ Eml foal 1BR(30) (X(t»dt
#(Br(z)) '
From (2.2)-(2.5), we obtain
1 — u(Br)

EmgTBR(ac) = Eml /0 1BR(JE) (X(t))dt

p(BRr)

(2.6) o
—Eml/o 1B, (2)=Br(x) (X (t))dt.

Note that the two expectations on the right hand side of (2.6) are actually inde-
pendent of the particular measure m, because of symmetry considerations.
Let vg,(r) denote the solution to

1 d—1

(2 7) 51]1/(7") + o 1/(7”) = _1[0,R] (T), re (O,l)7

v'(0) =0, v(l) =0.

Then, as is well-known,

(2.8) o /O o) (X(0)dt = vra(R).

Solving the differential equation in (2.7) separately on [0, R] and on [R,!], and
matching the solutions and their first derivatives at » = R, we obtain

R%log &, if d =2

2.9)  Emy | 1lpy)(X(t)dt = vri(R) =
(2.9) /0 Br(x) (X (1)) r1(R) {d(zdzidQ)(Rz—d_ﬁ—d), if d > 3.

Similarly, let ug;(r) denote the solution to

1, d-1
—u +
(2.10) 2 2r
' (0) =0, u(l) =0.
10
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Then E,,,01 = ug,(R) and consequently

o1
(2.11) o / 15,0 (o) (X (D)t = upa(R) — va(R).
0

Solving (2.10) for ug,; and using (2.11), we obtain

g1 1
(2.12)  E,, / 15, (2)— Br(x) (X ())dt = 3(12 — R*) —vg,(R), for all d > 2.
0

Now (1.2) follows from (2.6), (2.9), (2.12) and the fact that E.75, ) is continuous

in z. O

3. Proof of Theorem 1. Let x € D. Define stopping times o, and 7,, and identify
probability measures m, and ms in the same way as at the beginning of the proof
of Theorem 2, except this time instead of using the domains Br(z) and B;(z), use
the domains B?im(x)(x) and By(z), where [ satisfies B;(x) C D and ¢ is sufficiently
small so that Bgmv(@(x) C Bi(x). As the notation is awkward, in the sequel we
will write B* @ for B.amv(x)(x). The calculations from (2.1)-(2.6) hold in the

present context. Substituting BY ) for B r(x) in (2.6), we have

1— u( s (33)
EszBg““’(w) = aznv(m) Em1/ a””’(m) (t))dt
(3.1) p(Be

By, /0 1y e (X0t
The second term on the right hand side of (3.1) remains bounded when ¢ — 0; thus
the asymptotic behavior of the left hand side of (3.1) coincides with the asymptotic
behavior of the first term on the right hand side of (3.1) as € — 0. Let G (x,y)
denote the Green’s function corresponding to the diffusion process in B;(x) which
is killed upon hitting 0B;(z). The expected value appearing in the first term on

the right hand side of (3.1) can be rewritten in terms of G as follows:

(3.2)  En, / 1 aine e (X (8))dt = / , / G (z,y)dy my(dz).
0 e oB " (@ J ettt (@)

The Green’s function exhibits the following behavior at its pole:

1 .
GO (z,y) = — B lo —2),a""(2)(y — 2
(59) = g pi ey W ~ e =2
+ lower order terms, as y — z, if d = 2;
(3.3) N
. 2—d
G (z,y) = 7 ((y—2),a"™(2)(y — 2)) =

d(d — 2)wgDetz (a(z))
+ lower order terms, as y — z, if d > 3.
11



(See [5, p.17] and note that in this reference wy is the surface area of the unit
ball rather than the volume.) Since a(z) is continuous, it follows that as e — 0,
the leading term in the asymptotics for the right hand side of (3.2) is the same
as what one would get with G(l)(z,y) replaced by the explicit term on the right
hand side of (3.3), but with a(z) and a?(z) replaced by a(z) and a*™¥(x). Letting

(a™¥)2 () denote the positive definite square root of ¢’ () and making the change

(a’ln”)Z(w)
Det2d (a*™v(x))
I
Detz (a(z))
(3.4) 1
_ / o lul?~du.
Deta(a(x)) Jjut —TD2@ (o g)|<e

Det2d (a®nV (x))

of variables (y — z) = u, we calculate for d > 3,

/B ((y = 2),a™ (@) (y = 2)) 7 dy

Since z € 8B?i "(@) , it follows that |ﬁ( —x)| = ¢, and thus the integral
et2d (a*™v(x

on the right hand side of (3.4) is independent of 2z € B¢ ") This is imperative

because we have no control over the probability measure m1(dz) on dB¢ @ We

conclude then that

(3.5)

; 2-d
d(d — 2)w Det /aB inv( )/ inv( z),a"™"(z)(y — 2)) = dy my(dz)
d 2( ¢t Jettt®

lu|?>~?du, for any w, satisfying |w.| = e.

N d(d — 2)wdDet3(a(ac)) /|u+w6|<E
We have now established that the leading term in the asymptotics for
Em, 3 1 paine () (X (t))dt = faB?inv(I) fBginv(z> G (z,y)dy m1(dz) coincides with
the leading term in the asymptotics for the right hand side of (3.5). Note that when
L = 3A, in which case a(z) = I, an exact expression for Ep,, [ 15 _(z) (X (t))dt
has already been given in (2.9) (with R replaced by ¢€). Comparing (2.9) with (3.5)

then allows us to deduce that

(3.6) / lu|>~du = wge? + o(€?), as € — 0.
|lutwe|<e

From (3.5) and (3.6) we conclude that

) 2
/ : / GO (z,y)dy my(dz) ~ — ,
(3.7) o' Jpatmt @ d(d —2)Deti(a(z))
as € — 0, if d > 3.

12



The same argument in the case d = 2 leads to

(1) 62 lOgE .
(3.8) 4 , G (z,y)dy mi(dz) ~ ———————, as e — 0, if d = 2.
ope™t @ [ gain @) Detz (a(x))

From (3.1), (3.2), (3.7), (3.8) and the fact that Vol(BE ™) = Vol(Be(z)) = wae,

we conclude that

EmgTBain'U(x) 1
(3.9-i) lim 7 : ifd=2,
T "loge  7Det? (a(e)u(a)
and
Em T ain’u(z) 2
(3.9-ii) lim —2-—— — . ,ifd >3,
e—0 €™ d(d — 2)wgDetd (a(x))u(x)

Recall that mg is a certain probability measure on B;(x), where [ has been chosen
so that B;(z) C D. Thus, in light of (3.9), to complete the proof of Theorem 1 it

is enough to show that

Ele ainv(x) _
(3.10) lim —2=— =1, uniformly for y1,y, in compact subsets of D — {z}.
e—0 Ey2 TBZinv(z)

Let B; and Bs be balls centered at = and satisfying B; C By C D. Redefine the
stopping times o,, and 7, and the probability measures m; and ms, defined at the
beginning of the proof in terms of the domains By @) and By (x), in terms of the

domains B; and Bs,. For y € D — Bs, we have for € sufficiently small

(311) EyTBai"U(z) — Ey0'1 “l_ EZTBaznv(z)Py(X(o-l) E dZ).

0B>

Since E, o1 is bounded for y in a compact subset of D, it follows from (3.11) that
in order to prove (3.10) for an arbitrary compact subset of D — {x}, it is enough to
prove (3.10) for the compact subset 0Bs.

We now set out to prove (3.10) in this particular case. By Harnack’s inequality,
it follows that there exists a C' > 0 such that

(3.12)
1
o ln (X(m) € ) < Py, (X(m) € ) < Oy, (X(m) € ), for all y1, 42 € 9By

13



(See, for example, [9, Theorem 7.4.5] which treats the case of diffusions that are
killed rather than reflected at the boundary; however, the boundary is irrelevant
since the interior Harnack inequality is used.). Thus, writing
EyiTBginv(z) =FEy,m + /E)B EwTBgmv(z)P (X (m) € dw), for y; € 0By,
1
it follows that

Ele ainv (z) Ele atnv (z)

1
(3.13) — <liminf < lim sup B < C for all yy,y2 € 0Bs.
C e—0 yQTB?inv(x) e—0 szBeain'u(z)

Now (3.12) continues to hold with y; replaced by msy. Since P, (X(m) € -) =

m1(+), we conclude in particular that
(3.14) Py (X(m) €-) > ém1(~), for y € OBs.

Using (3.14), we can make a Doeblin-type coupling argument to conclude that
(3.15) Py(X(opn) € -) = an—1ma(-)+(1—an—1)pyn(-), for ally € 0By, n = 2,3, ...,

where 1, »(-) is a probability measure on 0B, and a, is defined recursively by
a, = %, Upi1 = Gn + %(1 — ay) for n > 1. In particular, lim,, o a, = 1. The
coupling is achieved as follows. Start the process from y € 9By at time t =0 = 03
and wait until time ¢t = n;. By (3.14), the measure P,(X(n) € -) dominates
Emy. Since P, (X(01) € -) = mo(-), it follows that the measure Py(X(o2) € )
dominates %mz. Thus, by time ¢t = o9, the process is running from equilibrium with
probability % With probability 1—% it is running from some arbitrary distribution,
but applying the same reasoning again on another circuit shows that by time t = o3,
the process is running from equilibrium with probability % + %(1 — %) Continuing
like this gives the coupling as above. (For more details, see for example [8, pp.
6-8].) Using (3.15), we have

EyTBginv(w) == EyO'n /\ TBSinv(z) + an_lpy(TBginv(m) > O-’I’L)EmQTBEai”“(a:)
(3.16)

+ (1 - a/n_l)Py(TBainv(w) > Un)EHy,nTBainv($)7 fOI‘ Yy S 832, n = 1, 2, eee
The first term on the right hand side of (3.16) remains bounded when ¢ — 0.

Also, note that Py(TBainv<m) > 0,) as function of y € dBsy is increasing pointwise
) 14



to 1 as € — 0. Thus, by Dini’s Theorem, the convergence is uniform. By (3.13),

E ainv(@) S CEpyTaine(). Using these facts along with (3.16) and the fact

tyn g
that lim,, .. a,, = 1, (3.10) now follows for y;,y2 € 0Bs. This completes the proof

of (3.10). O

4. Proof of Theorem 3 and Lemma 1. We first prove Theorem 3 and then

Lemma 1, although the proof of Theorem 3 uses Lemma 1.

Proof of Theorem 3. Recall the definition of GBginv(z) before (1.3). We prove the
theorem by using a slight variation of (1.3) along with (1.3) and some ideas from
criticality theory for elliptic operators. Let {D,,}5%; be a sequence of bounded
domains satisfying D,, C D, 41 and U2, D,, = D. The variant of (1.3) that we

need is this:

—loge

(4.1-1)) p(x)= lim lim - , if d =2,
n—00,0=0¢=0 wDet2(a(z)) [ _p, () GB?inv(I) (z,y)dy
and
2 2—d
p(x) = lim lim : ° ,
(4.1-i) n=00,0=0¢=0 d(d — 2)wgDeti(a(z)) [, g, () G gainv (2,Y)dy
if d > 3,

for any z € D — {z}. To prove (4.1), let B;(x), Bgim(m),an and 7n,, be as defined at
the beginning of section 3. Consider € > 0, § € (0,/) and n such that B?m(””) C
Bs(z) and Bj(x) C D,. Using (2.1), we make a calculation very similar to (2.2)-
(2.6). We have

m

m
By, / 1p, —By(x) (X (t))dt = B, / 1p, By (X (t))dt
(4.2) 0 0

m
+ Em2 /O 1Bl(9c)—Bg(a:) (X(t))dt

Using (2.1) and the invariance property of mo, we write the first term on the right
hand side of (4.2) as

71

m
o / Lo, — oy (X (0))dt = Enn, / Lo, — 5y (X (1))t
0

(4.3) 0
= H(Dn — BZ(IL“))Emlnlu

15



and the second term on the right hand side of (4.2) as

mni
Eom, / s o) 5y o) (X (D) =
m

g1
(4.4) Enm, i 1Bl($)—Ba(w)(X(t))dt_E’m1/0 1B, (2)— By (x) (X (t))dt =

w(By(@) — Bs(x)) Byt — o, / (o) 53 (o (X (£)) .

Setting A = B¢ in (2.1), we have

Em, fom 133“”(90) (X (t))dt

Emlnl = atnv (g
By, J§ 1 oo (X (D) dt
(B )

From (4.2)-(4.5), we obtain

w(Dy — B5(@))
u(BE

m g1
Bus | 10,y (X(0)d = By [ 1 s (X 0t

(4.6) N
_ B, /0 15, (o) sy (X (8)) .

If we replace (3.1) with (4.6) and continue with the argument in section 3, we obtain

instead of (1.1):

Ey " 1p, Bs@)(X(#)dt (D, — Bs(x))

(4.7-1) lim = - , if d = 2;
e—0 —loge nDetz (a(x))p(x)
(4.7-11)
T @iV (z)
E, [ 7 1p g () (X (2))dt 2u(D,, — B
y_{% yfo 12)de5( )( () _ - u( - 5()) Cifd > 3.
€ d(d — 2)wgDetd (a(x))u(x)

Now just as (1.3) is the analytical equivalent of (1.1), (4.1) without the term
lim,, 00 550 is the analytical equivalent of (4.7). Thus (4.1) follows by noting
that lim, o0 50 u(Dpn — Bs(x)) = 1.

The rest of the proof uses some ideas from criticality theory for elliptic operators—
see [7] and [9, chapter 4]. (We will give references from [9], which treats the case
that the entire boundary is given the Dirichlet boundary condition implicitly. We

say “implicitly”, because in fact no boundary condition is given in [9], but when the
16



boundary is smooth, this is equivalent to the Dirichlet boundary condition. The re-
sults carry over to the case at hand as can be seen from [7]. Note however, that our
eigenvalue corresponds to the operator —L, while in [9] the operator in question is
L.) The eigenvalue A.(z) is monotone nondecreasing in ¢; let Ao(x) = lime_g Ac().
Then it follows that Ag(z) is the generalized principal eigenvalue for —L on D —{z}
with the oblique derivative boundary condition in the direction v [9, Theorem 4.4.1].
Since we have assumed that the diffusion corresponding to L on D with v-reflection
at dD is recurrent, and since the point x is polar for the L diffusion, the diffusion
corresponding to L on D —{x} with v-reflection at D and absorption at {z} is also
recurrent. Equivalently, in the language of criticality theory, L on D —{x} with the
oblique derivative boundary condition in the direction v is a critical operator [9,
Theorem 4.3.3]. From this we conclude that A\o(x) = 0 [9, Theorem 4.3.2] and that
the cone of positive harmonic functions for L + \g(z) = L on D — {x} which satisfy
the oblique derivative boundary condition in the direction v is one-dimensional [9,

Theorem 4.3.4]; thus the only such harmonic functions are the constants.

— ainv (iU)

We now show that for small € > 0, the operator L + Ac(x) on D — Be
with the oblique derivative boundary condition in the direction v is also critical.
By Lemma 1 and Hypothesis 1 we have A\(x) > 0 for ¢ > 0. Fix ¢; > 0. Since
Ae(z) is monotone nondecreasing in € and since lim. g Ac(x) = 0, it follows that
Ae(x) < A¢, (), for sufficiently small € > 0. The criticality now follows from [9,

Theorem 4.7.2].

By the criticality, it follows again from [9, Theorem 4.3.4] that up to constant

multiples, there exists a unique positive (L + A.(z))-harmonic function ¢. on D —
B?mv(x) which satisfies vV¢. = 0 on dD. Because the boundary aBSim("”) is
smooth, we have ¢, = 0 on 8B?inv(w). Fixing some 2y € D with zy # x and
considering ¢ > 0 sufficiently small so that zy & B¢ mv(x), we normalize ¢, by
requiring ¢(z9) = 1. By standard Schauder estimates and Harnack’s inequality, it

follows that {¢.} is precompact in the C2 _(D)-norm, that the convergence along

loc

a subsequence to a limiting function is uniform on compact subsets of D — {x},
17



and that any limiting function ¢ is positive and satisfies L¢ = 0 in D — {x} and
vV¢ = 0 on 0D. By the above proved uniqueness of L harmonic functions on
D — {z} satisfying the oblique derivative boundary condition in the direction v,

and by the normalization, we conclude that

lin% be(y) =1, for ally € D — {x},
(4.8) . ,
and the convergence is uniform on compact subsets of D — {x}.

We now show that

(49) ¢6 (Z) = /D—B“im}(m) GBgi"”(w) (Zay))‘e(w)gbe(y)dy

To see this, we note that if there exists a positive solution to Lu = —Ac(x)¢ in
D — B¢ (@) with the oblique derivative boundary condition in the direction v on
0D, then the right hand side of (4.9) is the smallest such solution (this is a slight
generalization of [9, Theorem 4.3.8]). Since ¢, is a positive solution, it follows
that the right hand side of (4.9), which we will denote by wu., is also a solution
and ¢. > u.. Define w. = ¢ — u.. Then w, > 0, Lw. = 0 and vVw, = 0 on
0D. By the above proved uniqueness, it follows that w. = ¢, for some nonnegative

") which allows us to conclude that ce = 05

constant. However ¢. = 0 on 0B¢ "
hence ue = ¢, proving (4.9).
Recalling that ¢.(z9) = 1, we can use (4.9) to represent the eigenvalue as
1

(4.10) A(z) = .
foB;z“w(z) G painv@) (20,9)¢e(y)dy

We will show below that

(4.11) lim sup sup |pe(y)| < 0.

e—0 ainv (z)

yeD—B
The theorem is now an immediate consequence of (1.3), (4.1), (4.8), (4.10) and
(4.11).
It remains to prove (4.11). It follows from (4.8) that it is enough to show that
|pe(y)| remains uniformly bounded as ¢ — 0 for y close to z and for y outside a

fixed neighborhood of x. Choose 79 > 0 so that Ba,,(x) C D. Let A > 0 denote
18



the principal eigenvalue of —L on Bs,(x). (As in [9], we impose no boundary
condition, but implicitly, the eigenvalue in question is the one corresponding to the
Dirichlet boundary condition on 0By, (z).) Consider € > 0 sufficiently small so
that Ac(z) < $A. Since L + £X on Bay, () is subcritical, we can find a positive
solution u to

1.
(L + 5)\)1& =0 in Ba,, (z).

We now show that for some ¢ > 0

(4.12) ¢(y) <c sup u(z), fory € By, () — Bg““’@).
2€By ()

Define the h-transformed operator (L+ Ac(z))" of L+ Ac(z) (via the function u) by
(L+Ac(2)%f = L(L+Ac(2))(fu) so that (L+Ae(z))" = L+a¥%-V+(A(z)— 2N).
Note that since u is bounded away from 0 in B, (z), the coefficient a% is bounded

in B,,(z). We have (L + )\S(a:))“(%) = 0 in B,,(z). Since the zeroth order term,

Ae(z) — LA, of the operator (L + Ac(z))" is negative, it follows from the maximum

principal that sup,cp, (2 %(y) = SUDycoB, () %(y) Thus

Gy
(4.13) sup deu) < sup u(y) sup 2,
yEBTO(.’E) yGBTO(x) yean’o(z) u

By (4.8), ¢, is bounded on 0B, (), uniformly as € — 0. Thus, (4.12) follows from
(4.13).

Now fix €y and X as in Hypothesis 1. By the Feynman-Kac formula,

(4.14) v(y) = Ey exp(j\TBaimm), yeD— B @
€0

€0

is a positive solution to (L + Nu = 01in D — B% ) satisfying Vo = 0 on 0D.
Consider € < ¢q sufficiently small so that A.(z) < A\. We now show that for some

c> 0,
(4.15) ¢ <cvonD — B?gm(m).

Since the operator L + A (x) on D — B¢ @) with the oblique derivative boundary

condition in the direction v at 9D is critical, the generalized eigenfunction ¢.
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corresponding to A(x) is called a “ground state” and is a positive solution of
minimal growth at infinity for L+ (z). (See [9] section 7.3 in general and Theorem
7.3.8 in particular.) This means in particular that the following maximum principal
holds in D — B?:w(x): if w > 0 satisfies (L+ Ac(z))w < 0in D — ngm(””), vVw =0

on 8D and ¢. < w on 8B?(:M(m), then ¢ < w in D — B?gm(x). We apply this
SupyeaBainv(z) ¢e (y)
with w = = =0

lnnyBBg;nU (z) U(y)

(Ae(z) — A)v < 0. Thus, we conclude that

v. Note that (L + Ac(z))w < 0 because (L + Ae(x))v =

sup ainv (z) Pe(Y) .
8 nv
vE05+ v(2), for z € D — B2 (@),

(4.16) be(2) < =
lnfyeangnv(I) U(y)
By (4.8), ¢, is bounded on (?B?;m(m), uniformly as € — 0. Thus, (4.15) follows from
(4.16). By Hypothesis 1 and (4.14), v is bounded on D — B?Oim(x). Using this fact
along with (4.8), (4.12) and (4.15) gives us (4.11). O

Proof of Lemma 1. i. Fix any ¢y > 0 such that B?Oim(x) C D. Let p =

sup

ye D BEm ) Py(TBamv(E) > 1). Since D is compact, p < 1. An application
€0 €0

of the strong Markov property then shows that Py(TBainv(x) > n) < p", for all
. €0
yeD— ng @), Thus,

exp(A(n +1))p" < ox,

NE

sup Ey exp(AT jainv(e)) <
yeD-BL"" ™) 0

n=0

for A < —log p.
ii. Let €y be as in the statement of the lemma and let € € (0,¢y). We will show

below that
(4.17) E, eXp(j\eTBSinv(z)) < oo, forye D — Bgi"”@) and for some A\, > 0.
This is enough to prove the lemma. Indeed, let

v(y) = By eXp(XETBgmv(m)), fory € D — Bgi”“@).

Then by the Feynman-Kac formula, v is a positive solution to (L + A.)v = 0 in

D — B?im(x) with vVv = 0 on dD. Thus, A\.(z) > A > 0. We now prove (4.17).
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Choose €; > €o such that B, ") ¢ D. For § € (0, €], let 7 inv (o) = inf{t >
. 9
0: X(t) € aBg (1‘)} Define Pe = SupyeaBgoinv(m) Py(TaBglinv(z> < TaBginv(m)). Of

course, p. < 1. Let A be as in the statement of the lemma and choose A, € (0, \) suf-
ficiently small so that SUP, ot @) Ey(exp()\eTaleim(z))]TaBglinv<z) < TaBgmv(z)) <

1 1

Pe 2, SupyeaBainv(z) Ey (eXp()\ETaBainv(m))|7'8Bainv<m) < TaBainv<m)) < Pe 2, and
60 € € 51

(4.18) E, exp(j\eT8 ) < oo, fory e Bg(:m(l‘).

atinv (x)
B,

An application of the strong Markov property then shows that
(4.19)

— _1 _ ainv T
_ E, eXp()‘eTBam“(m)) D neo PE(pe ® )"+, for y € D — B, )
Ey eXp()\eTBgz‘nv(ag) ) S _ ° oo 1 1 qinv (z)
Ly eXp()‘eTaBam”m) Do Pe(pe )", for y € Be, :
€0

The upper expression on the right hand side of (4.19) is finite by the assumption

in the lemma while the lower one is finite by (4.18). O
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