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Abstract

We consider a diffusion process on D C R¢, which upon hitting 0D, is redistributed
in D according to a probability measure depending continuously on its exit point.
We prove that the distribution of the process converges exponentially fast to its
unique invariant distribution and characterize the exponent as the spectral gap for
a differential operator that serves as the generator of the process on a suitable
function space.
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1 Introduction and Statement of Results

Let D C R% be a bounded domain and let
1
L= §V -aV+b-V

be a second order elliptic operator on D. We will assume that the domain
D has a C*“boundary, that a = {a’ij}zd,jzl is positive definite with entries
in C2%(R%) and that b = (by,...,bs)L,; has entries in C**(R?Y), for some
a € (0,1]. We have written the principal part of the operator L in divergence
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form for convenience and, in light of the above conditions on the coefficients,
without loss of generality. The solution to the generalized martingale problem
for L on D is a diffusion process in D, killed upon hitting the boundary 9D.
Let P denote the set of probability measures on D with the topology of weak
convergence. Let v be a continuous map from 9D to P. Consider now a pro-
cess in D obtained in the following manner. The process coincides with the
diffusion in D until it hits the boundary. If it hits the boundary at { € 0D,
then it jumps to a point in D according to the distribution v, and starts the
diffusion afresh. The same mechanism is repeated independently each time
the process reaches the boundary. This process will be called a diffusion with
random jumps from the boundary. Not surprisingly, the process is ergodic and
its distribution converges in total variation exponentially fast to its invariant
measure. An upper bound can be obtained by a short Doeblin-type argument,
similar to the one given in [GK, Section 7]. The chief objective of this pa-
per is to provide a characterization of the rate in terms of a certain spectral
gap/eigenvalue problem. That is, we want to relate the probabilistic notion
of rate of convergence to the analytic notion of spectral gap. For reversible
processes, results of this form follow from the spectral theorem. However, for
non-reversible processes this is much more delicate and at present there is no
general theory that guarantees such a link. In this work we propose an abstract
approach to this problem that can be applied to a host of processes besides
diffusion with random jumps from the boundary. In a separate paper, [BAP],
we study this spectral gap quantitatively, when v, is independent of the point
of exit . A closely related model is the Fleming-Viot-type system studied in
[BHMOO0], [GKO06] and [Léb]. The case of Brownian motion (L = A) with a
jump measure that is independent of the point of exit and also deterministic
(Ve = 64y, for some xzy € D) was studied in [GK02] for d = 1 and then extended
to higher dimensions in [GK]. The main idea of these two papers is to study
the process through its resolvent, via a Laplace transform inversion formula.
This approach has some limitations, discussed below Theorem 1, which do not
allow extension to the level of generality we aim to in this paper. Our approach
is functional analytic and its main idea is to study the ergodic properties of
the processes through its adjoint semigroup, which turns out to be easier to
handle. We show that the exponential convergence to the invariant measure
is equivalent to the statement that the spectral radius of a certain operator is
strictly less than one.

We begin with some notation. Let Z = {Z(t) : t > 0} denote the diffusion
process in D corresponding to L and killed at the boundary. We denote the
sub-probability transition function of Z by pP (¢, z,y). The law of Z with initial
distribution p € P will be denoted by PPD , and the corresponding expectation
will be denoted by E”. When p = §,, for some z € D, we write P,” and E?
instead. Let 7p denote the hitting time of the boundary by the diffusion Z. It

is well known that for every z € D, the harmonic measure, P”(Z(p) € ), is



absolutely continuous with respect to the Lebesgue surface measure on 0D.

Its density will be denoted by H(z,y). In addition, H is L-harmonic in x

and continuous in y. See [Pin95] for details. If ' : D — R, and p € P, we

will write F(p) for [ F(z)dp(x). In particular, H(p,y) = [ H(z,y)dp(z) and
D D

PPt p,y) = ng(t,x, y)dp(z).

We now proceed to the construction of the diffusion with random jumps pro-
cess with initial distribution p € P. Let W#? be a diffusion process on D
corresponding to L, killed at the boundary and with initial distribution p. Let
{Wwven . (€ 9D, n € N} denote a family of independent diffusion processes on
D which all correspond to L and are killed at 9D, such that W"¢™ has initial
distribution v.. We also require that {W*<™ : ¢ € 9D, n € N} be independent
of WPO. Let 79 = 0 and ©y = W*0(0). Let

=0, =inf{t > 0: WPO(t) € D}, ©; = W?(ay).
We continue inductively:
Opi1 =inf{t > 0: W"en" € 9D}, O, = W""(0,41),
and we let 7,01 = T, + 0p11-
Lemma 1 lim,_ . 7, = o0, a.s.

This lemma allows us to define for all ¢ > 0:

X<t) = Z 1{t€[7n,Tn+l)}WV®n7n(t - Tn)'

n=0

We call X = {X(t) : t > 0} adiffusion with random jumps from the boundary.
The construction guarantees that X is a Markov process. It is not hard to show
that because of the boundary condition, the process X cannot be reversible,
even if the underlying diffusion process killed at the boundary is reversible.

In what follows, we write P, (E,) for the probability measure (expectation)
induced by X corresponding to the initial distribution p. We abbreviate and
write P, (E,) when p = d,. We also extend the latter definition to x € 9D by
letting Pc = P, for ¢ € 9D.

Note that {©, : n € N} is a time-homogeneous Markov process, and that
© = {0, : n € Ny} is a non time-homogeneous Markov process. Let H (z,y) =
H(vg,y), for z,y € OD. Then, the transition functions of © are given by:

P,(0, € dy) = H(z,y)dy, Py(On41 € dv|©, =u) = H(u,v)dv,
forn e Nz € D and u,v,y € 0D.



Forn € N, we let H” denote the n-fold transition function for ©, starting from
time 0. In other words, H"(z,y)dy = P.(0,, € dy). Hence, H'(z,y) = H(z,y)
and for n > 2,

H"(x,y,) —/ /H z,y) H (g, v2) - HYnet, yn)dys - . . dyp_1.

(Note that H and H! are different.) Since ¢ — v, is continuous and 9D is
compact, it follows that {v; : ( € dD} is a compact subset of P. In particular
it is tight, which guarantees that there exists U CC D such that ve(U) > 3
for all ( € 9D. As a consequence,

- 1
A(ve,y) 2 [ Hzp)dve(2) = 3 inf H(zy) > 0.
U

This shows that {©,, : n € N} satisfies the Doeblin condition. In particular, it
possesses a unique invariant probability measure m; that is,

H(m,y)dy = dm/(y). (1.1)

To show that X (t) possesses a density, we observe that for every f € C(D),
E f(X(1) = E[f(X(®)im1 > 1] + 3 Eu[f(X(#): 70 <t < Ta].
n=1
The first term on the righthand side is equal to [ p?(t, z,y) f(y)dy. For n € N,
D

we have

Ez[f(X(t»a Tn S < Tn+1] = Esz[f(X<t>>a Tn g t < Tn+1’@n]

t

= [ [ 970 = 5,0 ) f)dPu(r, < 510, = QI (2, )y,

D oD 0

As a consequence, we observe that X possesses a transition density p(t¢, z, y),
with respect to Lebesgue measure on D given by

p(t,x,y) =p°(t,x y)

+Z//p (t — s,v¢,y)dPy(10 < 8|0, = O)H™(,()d¢.  (1.2)

n=lgp 0

Let G(z,y) denote the Green’s function for pP(t,z,y); that is,

/thxy
0



The following result identifies the invariant measure of X.

Proposition 1 Let v = [ vedm((), where m is as in (1.1). That is, v is
oD
the unique measure in P such that [ fdv = [ [ fdvedm((), for all f € C(D).
D oD D

Then X has an invariant probability measure p, which is absolutely continuous
with respect to Lebesque measure on D. Its density, also denoted by j, 1S given
by
G(v,y)
pu(y) = -
[ G(v,2)dz
D

We recall that a family of bounded operators Q = {Q; : ¢ > 0} mapping some
Banach space = into itself is called a semigroup if Q is the identity operator on
Zand Qs = Q,Q, for all £, s > 0. A semigroup Q is a contraction semigroup
if for all £ > 0, the operator norm of Q; is bounded above by 1. A semigroup
Q on = is strongly continuous if lim; .o Q;x = x for all x € =.

In the sequel the L™ (L') space on D with respect to the Lebesgue measure
will be denoted by L (L'). We denote the L>* (L') norm as well as the
corresponding operator norm by || - [ (|| - ||1)-

Since X has a density with respect to Lebesgue measure, it follows from the
Markov property that X naturally induces a contraction semigroup 7 = {7, :
t >0} on L™ defined by

(L)) = Bf(X(0) = [ plt, 2 9)f (w)dy, (1.3)

as well as a contraction semigroup & = {S; : ¢t > 0} on L' defined by
Sig(y) = /p(t,:v,y)g(x)dx-
D

Note that 7 is the dual semigroup to §; that is, 7, = S; for all t > 0. As we
shall see in Lemma 3 below, § is a strongly continuous compact semigroup. By
duality, this guarantees that 7 is a compact semigroup, but strong continuity
is not preserved through duality. In fact,

Proposition 2 The semigroup T is not strongly continuous.

This constitutes a limitation if one wants to apply results from the rich theory
of strongly continuous semigroups, including the Laplace inversion formula
that was the main ingredient in [GK02] and [GK]. This problem was avoided
in [GK] by considering the restriction of 7" to a suitable space of continuous
functions, on which it can be shown to be strongly continuous. But then the
supremum in (1.4) of Theorem 1 can be taken only over functions in that



space, which does not automatically guarantee convergence in total variation
as in our result. Furthermore, the inversion formula for the Laplace transform
also requires some non-trivial estimates for analytical semigroups. We take a
different path, showing that S is strongly continuous and compact. We derive
the ergodic theorem for & through the spectral radius formula and finally
obtain the ergodic theorem by duality.

Let

D={feCHD)NL™, Y eoD | lim  f(x)= [ fy)du,)}

D3x—(o€dD
D

We also let ~
D={feD:LfeD}

where D is the closure of D in L. Let £ denote the restriction of L to D. We
denote the set of eigenvalues of £ by 0,(L). Let

71 =sup{Re A: 0 # X € 0,(L)}.

Before stating the main result we recall the notion of a core. Let = be a Banach
space. Let B be a linear mapping from some subspace of D(B) of Z into =.
The graph of B is the subspace {(x,Bx) : x € D(B)} C = x =. We say that
By is a core for By if the graph of B; is a subset of the graph of By which
is dense in the product topology. Finally, we also recall that a generator G
of a semigroup Q on a Banach space = is a linear mapping whose domain is
the subspace D(G) = {2 € = : limy_o+ ;(Qx — x) exists }. For z € D(G),
Ga = limy_o+ 1(Qix — ).

Here is our main result.

Theorem 1 The restriction of T to the L™-closure of D is a strongly con-
tinuous compact semigroup and L is a core for its generator. The spectrum
of the generator consists entirely of eigenvalues and is equal to o,(L). It has
no accumulation points. Zero is an eigenvalue and all other eigenvalues have
strictly negative real part. Furthermore

lim 1111 sup [IEf(X(0) — [ fdulow = € (—00,0). (14)

t=oo 1 £lloo<1

We conclude this section with a complete calculation in the case of Brownian
motion on the interval (0,7) with deterministic jumps from each endpoint:
vy = 0p, Vr = 0, for some p,q € (0,7). This is a two parameter family of
processes, indexed by (p,q) € (0,7) x (0,7). To emphasize this dependence,

we write p,, and v (p, q) for p and 7, respectively. For use in part (3) of the

. (n+1)2
2

L= %% on (0,7) with the Dirichlet boundary condition.

proposition below, we denote by \P = , n € Ny, the eigenvalues of



Proposition 3 Consider Brownian motion on the interval (0,7) with deter-
ministic jumps from 0 to p € (0,7) and from 7 to q € (0,7); that is, the case
L= %% on (0,7) with pg = 0, and p; = 9,.

(1) The set of eigenvalues of L is

222 222 o212
- e ,leNYU{o}.
{ (m+q—p)?  p? (m—q)? yuL0)

In addition,
(a) When ™ is not rational, all eigenvalues are simple.

»

(b) When % = 7, for some m,n € N, then all eigenvalues of the
form —2”;#, I € N, are of multiplicity 2. All other eigenvalues are
simple.

(2) The invariant density j,, is given by

(T —q)y y€[0,pAd]
P N C)) p<q, y < pdq
Hpaly) = C (pa+y(r—(+4q) a<p, ye€lqp
(m—y)p yelpVagr]

where C' is a normalization constant. In particular, if (p,q) # V', ¢),
then puyq =ty o if and only if p+q=m, p' =q and ¢’ = p.
(3)

272

max(p?, (1 — q)%, (m + ¢ —p)?)

NP, q) = —

In particular,

(a) v1(p,q) > —2 = AP if and only if p < q. Thus, whenever (p,q) #
(', q') and g = g, one has v1(p,q) # 1 (P, q').

(b) suppq 71 (P ) = lit0y—0gm (P 0) = -5 =X,

(c) miny, q 1(p,q) = 71(?”7 %) = T3~ )‘2D-

(d) 7i(p.p) = —2=A7.

(e) limy ;4 0m1(p,q) = —2= AP,

Remark. Note that for the two parameter family of processes above, the

fastest exponential rate of convergence to equilibrium, which is equal to g,
occurs when p = %71' and g = %71’. There is no slowest rate, but the infimum of

the rates, which is equal to %, is approached as p — 0 and ¢ — . One can

show that as p — 0 and ¢ — 7, the diffusion with random jumps converges
weakly to the reflected Brownian motion on (0, 7), corresponding to the op-
erator %% with the Neumann boundary condition. The spectral gap for this
operator, which gives the exponential rate of convergence to equilibrium for
the reflected diffusion, is also equal to %, as one would expect. When p — 7
and ¢ — 0, the rate of convergence to equilibrium approaches 2. One should be



able to show that the diffusion with random jumps converges weakly to Brow-
nian motion on the circle (of length 7). The spectral gap of the corresponding
generator, which gives the exponential rate of convergence to equilibrium for
Brownian motion on this circle, is equal to 2, as one would expect.

Remark. Note that for all pairs (p,q), we have AP < vi(p,q) < AF. In a
preprint of this article, we conjectured that these inequalities remain in ef-
fect for Brownian motion with arbitrary jump measures vy from 0 and v,
from 7. In fact the right hand inequality above has now been proved for ar-
bitrary jump measures [LLR]. Note that for all pairs of the form (p,p), we
have 71 (p, p) = AP. This equality remains in effect for Brownian motion with
arbitrary jump measure v from 0 and 7—see [LLR| and [BAP].

2 Proofs of Lemma 1, Propositions 1, 2 and Theorem 1.
We prove Lemma 1, then Propositions 1 and 2. After that, Theorem 1 is
proved through a sequence of lemmas.

Proof of Lemma 1. Let F,, denote the o-algebra generated by the process up
time time 7,,. Then

Byl |F] = ED [e7],
By compactness, it follows that there exists some xy € 9D such that

max Eiz [e™P] = EIZO [e "] < 1.

Therefore, it follows that lim,,_.« E,e ™ = 0, proving the claim. U

Proof of Proposition 1. By the definition of v,

/H(l/, 2)v,dz = / /H(VC,Z)dm(C)I/de: / /ﬁ]({,z)dm(()yzdz
oD

8D 6D 8D 8D
= /Vzdm(z) =v,
oD

where the second to last equality follows from the fact that m is H-invariant.
The left hand side represents the distribution of X at time 7, under P,. This
shows that under P,, X and X (7 + -) are identically distributed. Since X



coincides with the killed diffusion up to time 7, , we have
TD
| Bt (X@)Gwy)dy = BY [ Bz f(X(0))ds =
D 0

EI,/EX(S)f(X(t))ds — El,/f(X(iH— §))ds =

t+711

E, / F(X(s))ds =

T1+t

ED/f ))ds + E, / ds—E/f

Since X and X (71 +-) are identically distributed under P,, the last two terms
cancel and we obtain

| B (X@)G )y = [ Glv.y) 5 (w)dy.

O

Proof of Proposition 2. Let A’ < 0 denote the principal eigenvalue for L on

D with the Dirichlet boundary condition, and let ¢ denote a corresponding

positive eigenfunction. Let ¢ = infep [ ¢F (x)dve(x). From the continuity of
D

¢ — v, it follows that ¢ = [ ¢ (z)dve,(x) for some ¢y € OD. Therefore ¢ > 0
D

and we obtain
Tigy () = p(t, x,¢g>
//@t—s%@w@wwwl Q) H (@,¢)d¢

BDO

—//A“@/¢ 2)dv(:)AP: (71 < 5|01 = ) H(x, Q)¢
ce’\Dt/dPx(Tl <s) = ce’\Dth(ﬁ <s).
0

In particular, liminf, _p |T;0P (2) — do(x)| > ce*o't >0 O

We now state and prove a sequence of results culminating in the proof of
Theorem 1. Since the domain D has a C*®-boundary, the function p” (¢, z,y)
is continuous on (0, 00) x D x D, [Fri64, Theorem 3.16, page 82]. This is a key
fact in the following discussion.



We begin with a technical lemma.
Lemma 2 For alln € N andt > 0,

limsup P, (7, € (t —¢,t]) = 0.

e~02eD

Proof. Since Py(1y € (t — e,t]) = [pP(t — €, 2,y) — pP(¢,x,y)dy, the lemma
D

in the case that n = 1 follows from the uniform continuity of p” on compact
subsets of (0,00) x D x D.

We now assume that n > 2. We write 7,, = 7 + 7,1, where 7v,,_1 = >}, 0%.
Let ¢ € 9D. We note that the random variables 7,,_; under F, and ,,—; under
P.(-|©1 = () are identically distributed. Let u,e > 0. For ( € 9D and n > 2,

€, ul)

PC(T’VL € [U 9
P (11 € [u—s—eu—s|)dP:(m < 5|0 = C')I:I(C, ¢hdg'.

4

Therefore,

P (1, € [u—e€,u]) < sup sup Po(m,—1 € [v—¢€,0)]).

¢'€0dD ve(0,u]

By induction,

sup (1, € [u—€,u]) < sup sup Po(m € [v—¢€,]). (2.1)

¢edD ¢'€dD vel0,u]
Let

T:(e) = sup sup Pe(m1 € [u — € ul).
¢edD u<t

Since

P.(1, € (t —¢,1])

t

= [ [Pdriet—s—et—9)dPn < 501 = OH(w,Q)dC,

oD 0

it follows from (2.1) that

sup P.(1, € (t —€,t]) < Ty(e).
xeD

To complete the proof of the lemma, we now show that

Ti(e) — 0. (2.2)

e—0

10



Since 0D is compact and ¢ — v, is continuous, the family {v; : ( € 9D} is a
compact subset of P. In particular it is tight. Thus,

hm sup v¢(D?) =0, where D = {z € D : dist(x,0D) < p}. (2.3)
=0 ¢ecapD
As is well known, the function u(x,t) = P,(my > t) = P.(7p > t) solves

u; = Lu in D x (0,t), with initial condition u(m,O) = 1. In particular then,
it is continuous on [0, T] x D and uniformly continuous on [0,7] x (D — D?°),
for any 7"> 0 and ¢ > 0. Fix 6 > 0. By (2.3), there exists a ps > 0 such that
ve(DP5) <9, for all ¢ € 9D. Thus, we have

P:(m € [u—e,u]) =P,

v (11 € [u—€,u]) <6+(1-0) sup Po(m € [u—eul).

zeD—DPs
(2.4)
By the above-noted uniform continuity,

limsup sup P.(n € [u—¢€ul) =0. (2.5)

=0 y<t zeD—Drs

From (2.4), (2.5) and the definition of T;(¢) we obtain limsup,_, Yi(e) < ¢
Letting § — 0 gives (2.2). O

Lemma 3 S is a strongly continuous, compact semigroup.

Proof. We have

B f(X (1) = E.[f(X(t));m1 > t] + EL[f(X(t)); 71 <t
:/ t T y dy
/// (t = s, ve.y) f(y)APu(r1 < 5|01 = () H(x, ¢)dCdy.
We obtain

t

p(t, z,y) :pD(t,:C,y)—i—/ /p(t—s,uc,y)dP;B(ﬁ < s|©; =) H(z,¢)d¢. (2.6)
oD 0

Therefore,

1Stg — gl < || /pD(t,x,y)g(x)dw —gW)lh + / |9(2)|Pe(m1 < t)dz.

By the bounded convergence theorem, the second term on the righthand side
above converges to 0 as t — 0. As for the first term, let f € C.(D) with
|f —gll1 <e. Then

1p7(t, 9,9) — gl < Ip" (@t fy) = fll+ 1P g — Fu)ll+ 1Lf = gl

11



Using [Pin95, Theorem 3.4.1], one sees that the first term goes to 0 as t — 0.
Each of the other two terms is bounded by ||g — f||1 < €. Since € is arbitrary,
this concludes the proof that § is strongly continuous.

Next, we prove that S is compact. Fix t > 0. For n € Ny and ¢ > 0, define
the linear operator 7, . by 7, f(x) = E,[f(X(t)); 7, + € <t < Tp41]. Then
T..=S; ., where

So09(y) = / pP(t, 2, y)g(x)dz,
D
and for n € N,

t—e

Suco) = [ [ [ #7(t = s.ve)g(@)dPu(r, < 5[0, = Q" (. ()dCdr,

D oD 0

By duality, ||Sy.ell1 = supgep Pu(t € [T + €, Tnt1]). For every R € N,
S=xk, Sno + 251 Sno- The dual of 3%, | S is the operator that maps
fto E.[f(X(t)); TrRe1 < t]. The L>®-norm of this operator is bounded above
by sup,ep Pu(Tre1 < t). However,

Po(try1 <t) < sup Pe(tr <t) = sup Pr(e ™ >e").
¢edD ¢eaD

Repeating the argument in the proof of Lemma 1, we can show that

sup E¢le™™] < of,
ceaD

for some «a € (0,1). Therefore, it follows that sup,.p Pr(Try1 < t) converges
to 0 as R — oo exponentially fast. Thus by duality, S; is the limit of Zf:o Sn.0
in the operator norm. Since the subspace of compact operators is closed with
respect to the operator norm, it is sufficient to prove compactness for the par-
tial sums Zfzo Sn.0- The latter is boils down to showing that S, o is compact,
for all n > 0. We recall that p? is uniformly continuous on [¢,¢] x D x D. In
particular, for every § > 0, there exists n > 0 such that whenever |y — /| <,
one has |pP(s,z,y) — pP(s,z,y")| < 9§, for all (s,2) € [¢,t] x D. Fix n > 1.
Then we have

|Sn,eg<y)| S max 7pD(57x’y)||gH1_
(s,2,y)€le,t]x Dx D

and
190,e9(y) = Snea(y)] < dllgllv, if [y —y'| <n.
These inequalities show that S, maps bounded sets in L' to bounded, equi-

continuous sets in C'(D). Consequently, Sp.e 1s compact. The same reasoning
shows that Sy is compact. In order to complete the proof, we note that for

12



n €N,

||Sn,6 - Sn,0H1 = ”7;1,6 - ZLOHOO = sup Px(Tn € (t - E,t]).

zeD

By Lemma 2, the righthand side goes to 0 as ¢ — 0. U

We continue with some notation. Let B be a (possibly unbounded) linear
operator on some Banach space =. We let D(B) denote the domain of B. We
define o(B), the spectrum of B as the set of points A € C for which A — B does
not possess a bounded inverse on =. We define o,(B), the point spectrum of
B, as the set of eigenvalues of B. We also recall that a linear operator on = is
called closed if its graph (defined above Theorem 1) is closed in the product
topology. Finally, if = is some vector space, we write Idz for the identity
mapping on =.

Since S is a strongly continuous semigroup, by the Hille-Yosida theorem, it
possesses a densely defined closed generator A. The next lemma is essentially
[Paz83, Theorem 2.2.4]. However the statement of the theorem is only on the
spectra and we also need a statement on the eigenfunctions.

Lemma 4

(1) Let p € 0,(A) and let ¢ be a corresponding eigenfunction. Then Syp =
e’ for allt > 0.
(2) Let e’ € 0,(S;) for some t > 0 and let p be a corresponding eigenfunc-

14 )
tion. For k € Z let x;, = [ e 2™ks/%=r3S ods. Then not all ), are zero. In
0
addition, if v # 0 then Az = (p +i2wk/t)xy.
Proof. For p € C consider the family {e S, : t > 0}. As can be readily seen,

this is a strongly continuous semigroup on L' and its generator is A — p. Then
by [Paz83, Theorem 1.2.4]

t
e M8, = Id + (A — p) /e_“sSsds (2.7)
0

t

and on D(A), the second term on the righthand side is equal to [ e #*S (A —
0

p)ds.

t
Setting p = 0 in (2.7) we obtain Syp = ¢ + p [ Sspds for all ¢ > 0. Since
0

s — S, is a continuous function, this implies that S;p = e for all ¢ > 0.
Note that {x : k € Z} are Fourier coefficients of the continuous, non-zero
mapping s — e ?*Sgp. Hence for some kg, xy, # 0. Let u = i2mko/t + p. Note
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that e # = e~*" and then e "'S;p = . But by (2.7) we have

t
=0+ (A—p) / e~ 2mkos/1m05 S ods = 4+ (A — )Tk,
0

completing the proof.

Lemma 5

(1) o(A) consists of a countable set of eigenvalues having no accumulation
points, all with real part < 0.

(2) Fort>0, o(S,) = e U {0}.

(3) The only eigenvalue of A with nonnegative real part is 0. It is simple and
the corresponding eigenspace is spanned by .

Proof.

Since A is the generator of a contraction semigroup, it follows that its spectrum
consists only of complex numbers with real part < 0.

For A\ ¢ o(A), let Uy denote the resolvent of A, that is the bounded inverse
of A — A. Then

()\—.A)U/\ :[dLl and U)\<)\—A) :IdD(A) (28)

It is known that

Uy = / e MS,dt, if Re A > 0,
0

where the integral converges in the operator norm. Since § is compact, this
implies that that U, is compact for Re A > 0. Fix A > 0. Note that (2.8)
implies that o,(A) = {(A = p)~' : p € 0,(Uy)}. The operator U, is compact
therefore 0,(U,) is countable and its only accumulation point is 0. However
0 & 0,(Uy) because by the first equality in (2.8) U, is one-to-one. Therefore
o,(A) is a countable set with no accumulation points.

Next we show that o(A) = 0,(.A). Since A is a closed operator, it follows
from the closed graph theorem that whenever p — A is one-to-one and onto,
then its inverse is bounded. Therefore if p € o(A), then either p — A is not
one-to-one, in which case p € Up(A), or else p — A is one-to-one, but is not
onto. Fix A > 0. We have

(p—A)U)\:()\—A)U)\+(,O—)\)U)\:IdL1+(p—)\)U)\ (29)

This operator is not invertible because by assumption it is not onto. Since
Uy is compact, the Fredholm alternative guarantees that (A — p)~! € 0,(Uy),
hence p € 0,(A). This contradicts the assumption on p.

14



Finally, it follows from [Lax02, Theorem 13, p. 437] that o(A) is in fact
countably infinite.
(2) An immediate consequence of Lemma 4 is that

e 0, (Sy) € "™ U {0}.

But by part (1) 0,(A) = 0(A) and by the compactness of S;, 0(S;) = 0,(S;) U
{0}.

(3) Suppose that the purely imaginary number 6 is an eigenvalue of A. Fix ¢ > 0
and let ¢ be an eigenfunction of S; corresponding to the eigenvalue €. There
is no loss of generality assuming ||¢|; = 1. By definition, S;|¢| is a probability
density on D, therefore ||Si|¢l|l; = 1. In addition, |Sip| = || = |¢], so
|Siplli = 1. As a consequence, Sip| = |Sipl, a.e. D. Fix some y € D for
which the last equality holds. Explicitly,

[le@lp(t.z,y)dr = | [ e(@)p(t, z.y)del.

Since p(t,-,y) > 0 on D, it follows immediately that ¢ = alp| a.e. D, for some
a € C, |al =1 (c.f. [Rud, Theorem 1.39(c)]). Hence Arg ¢ is constant a.e. D.
There is no loss of generality assuming that ¢ is real-valued. This guarantees
that e is real-valued. Since ¢ is arbitrary, it follows that § = 0. Next, sup-
pose that 1,y are eigenfunctions of A corresponding to the eigenvalue 0.
Since both have constant argument a.e. there is no loss of generality assuming
that they are both non-negative a.e. . Furthermore, we may also assume that
[ 1de = [ podx = 1. Since A(p1 — ¢2) = 0, it follows that ¢ — 9 has a
D D

constant argument. Without loss of generality, 1 —¢o > 0, a.e. . The normal-

ization assumption then implies 1 = ¢o. Hence the kernel of A is one dimen-

sional. Since p € L' and [ f(z)du(z) = [T, f(z)u(z)dz = [ f(x)Siu(x)dx, it
D D D

follows that pu is in the domain of A and that Au = 0.
0
Let A* denote the dual of A. More precisely,
D(A") = {f € L™ : Jpy € L™ such that
[ Ag@)f@)dz = [ g@)ps@)dz, ¥g € DA},
D D

and for f € D(A*) we let A*f = ¢;. This mapping is well-defined because
D(A) is dense in L'. Let f € D(A*). Then for all g € D(A) we have

[ Ag@)Tif@)de = [(AS)g(@)f(@)dw = [ g(@)(TA") f(2)da.

D
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The first equality if due to the fact that a strongly continuous semigroup
commutes with its generator on its domain. Therefore 7;f € D(A*). Let M
denote the closure of D(A*). Then 7 maps M to M™. In particular, the
restriction of 7 to M™ is a semigroup on M™. We denote it by 7.

Lemma 6

(1) T is strongly continuous.
(2) Let AT denote the generator of T+. Then L is a core for A*.
(3) o(AT) = 0p(AT) = 0,(L) = 0(A).

Proof. By [Paz83, Theorem 1.10.14], 7™ is strongly continuous and its gener-
ator, AT, is the restriction of A* to the subspace D(A™), defined through

DA ={feDA"): A"fe M}
This proves part (1).

We turn to the proof of part (2). Let Ry = U}. If Re A > 0 then

o0

Ryf = / e N, Ft.

0

Let Gy(z,y) = ofoe_MpD(t, x,y)dt denote Green’s function for L — X on D with
0
the Dirichlet boundary condition on dD. Then by (2.6)

Ryf(z) = Gaf(z)+
—i—///e_)‘t/p t—s,ve,y) f(y)dPy(m < 5|01 =) H(z, {)dtd(dy.
D dD 0 0

*)

Define the linear operator Jy on L™ by letting

Su(z // 2)dve(2) Eyle ™01 = (JH (2, ¢)d¢
oD D
— B e / u(z)dvy ) (2.10)
D

By changing the order of integration we show that (x) is equal to

// // Dt — s, v, y) f(y)dtdydPo(m < 8|0y = Q) H(z,()d¢

oD 0

= (J)\RA)f( )
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By [Paz83, Lemma 1.10.2], 0(A*) C o(A) and for all A ¢ o(A), R, is the
inverse of A — A*. The latter statement means

()\—.A*)R)\ == IdLoc and R)\(/\—A*) IIdD(A*). (211)
We continue according to the following steps.

Step 0: Smoothness of R, f.

{R,f: f€L>*} CD,. (2.12)
Let f € L. We first show that Gyf € Cy(D). Fix 2y € D. For z € D we
have

|Gaf (@) = Gaf(wo)] < ||f||oo/|he(l“,y) — he(wo, y)ldy + 2| flloo(e+ A7
D

1

),

-1

where h(z,y) = [ e MpP(t,z,y)dt. Note that the continuity of p” on [e, 00) x

D x D implies that h, is continuous on D x D. By letting x — x, the first term
on the righthand side converges to 0 by the bounded convergence theorem.
Then by letting ¢ — 0 the second term converges to 0. This proves continuity
of G\f on D. Since pP(t,x,y) =0 for all z € 9D and all t > 0 and y € D, we
also have G f(x) =0 on 0D.

We now consider JyRyf. Let u(z,() = E,[e |0, = (]H(z,(). For each
fixed ¢ € 0D, u(-, () is continuous on D because it is a harmonic function for
A — L. Furthermore, if U CC D then sup(, oeyxap u(z, () < oo. Therefore by
bounded convergence Jyu(x) € C(D) for every u € L*. In addition, it follows
directly from the definition (2.10) that ||/ ul|e < ||tt||oo. Therefore Ryf €
C(D) N L*™. As a consequence, the mapping 7 : 0D — R defined by r(¢) =
[ Raf(2)dve(z) is continuous. By (2.10), JA\Ryf(x) = E.[e™*™r(X (71 ))], and
D

we observe that lim, .ccop JARAf(z) = 7((), proving (2.12). Furthermore,
note that JyRyf € C?(D) for all f € L>. If we assume f € C(D) N L>, then
also Gy f € C?(D) and we get

{R\f: feC(D)NL*} CD. (2.13)

Step 1: L =A*on {Ry\f: f € C(D)}.
Fix f € C(D) and let u = Ryf. Then (A — A*)u = f. But

()\ — L)u = (/\ — L)GAf + ()\ — L)J)\R)\U =f+0.

Step 2: {R\f: feC(D)} =D.
By (2.13), {Ryf : f € C(D)} C D. Let u € D and set f = (A — L)u. Let
v = u— Ryf. Then v € D and (A — L)v = 0. By Feynman-Kac, v(z) =
E e (X (71 ))]. Let M = sup,.pv(z). The condition v € D guarantees
that M is attained. Clearly, v(z) < M E,e~*". Hence either M = 0 or that
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M is only attainable on dD. The latter case is impossible because for every
¢ € 0D, v(¢) = [v(2)dvc(z) and v, € P(D). Thus, M = 0. Repeating the
D

argument for —v, we obtain v = 0. Hence u = R, f, showing that D C {R,f :
fec)).

Step 3: D is a core for At.
By [EK, Proposition 1.3.1], we need to show that (i) D is dense in D(A*);
and (i) {(A — AT)¢ : ¢ € D} is dense in M+ = D(A").

Since D € D C D(A*) Steps 1 and 2 guarantee that A* = L on D. For
f €D, Lf € D by definition. Therefore D C D(A*).

Since 7 is strongly continuous, N3 D((A™1)") is dense in M (c.f. [Paz83,
Theorem 1.2.7]). By (2.11) D((A")?) = {Ri¢ : ¢ € L*}. By (2.12) and
(2.13), R3p € D for all ¢ € L™. Hence R3p € D. In particular, D(A*) 0D is
dense in M. Since we proved above that D C D(A*), we conclude that D is
a dense subset of D(A"), which is (i).

Let f € D. By Step 1, (\— L)Ryf = f, hence Ry € D C D(A"). But also
(A — AY)Ryf = f. Since f is arbitrary, {(A — At)¢ : ¢ € D} C D, which is
(ii).

We turn to prove part (3). The semigroup 7+ is compact because 7 is compact
and AT is its generator. Thus, the proof of Lemma 5-(1) applies here as well.
For the second equality note that by part (2) 0,(£) C 0,(A"). On the other
hand, if p € 0,(A") and ¢ is a corresponding eigenfunction, then Ryp =
(A — p)~l and the argument used to establish condition (ii) in Step 3 above
shows that ¢ € D. Hence p € 0,(L).

To complete the proof we show o,(A) = g,(A"). Let p € 0,(A) and let ¢ be
a corresponding eigenfunction. Clearly, Uxp = (A — p)~L¢. Therefore

0= [Udy = (A= p) Un)p(@) f(@)dz = [ o(@)Tdie = (A= p) " Ra) f(2)d
? ? (2.14)

for all f € L*. Since ¢ # 0, there exits f, € L*> such that [ ¢(z)f(z)dx = 1.
D

Hence (Idz~ —(A—p) ' Ry) is not onto. Since Ry = U; and U, is compact, R
is compact and then the Fredholm alternative implies that (A—p)~' € o, (R)).
Let f be a corresponding eigenfunction. Then A*f = pf. In addition, since
f, A" f € D(A*), by definition of A", f € D(AT). Therefore p € g,(A").

Suppose that p € 0,(A") and let f be a corresponding eigenfunction. Then
(2.14) holds for all ¢ € L'. This implies that Id;: — (A — p)~'Uy is not onto.
Therefore by the Fredholm alternative p € g,(A). O

Proof of Theorem 1. We need only prove (1.4) because the rest of the theorem
follows from Lemma 5-(1)(3) and Lemma 6. Let Fy = {u € L' : [u(y)dy = 0}.
D
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Define the operator Iy on L! by letting

log =g — u/g<y)dy-
D

It follows from the definition that I is a projection (i.e. IZ = Iy) onto Fy. Let
S? = S|r,- We note that for g € Fp,

| Statwydy = [ Sigtwydy = [ ow)Tirdy = [ gl)dy =o.

Therefore S° is a strongly continuous compact semigroup on Fy. Let v be an
eigenvalue of §; and let ¢ denote its corresponding eigenfunction. We have

v [y = [ Sew)dy = [ o) Twydy = [ ey,

If v # 1, this means that ¢ € Fp, so v € 0,(S}). Suppose that v = 1. By
by Lemma 4-(2), there exists k € Z such that Az, = i27k/tx), and zp =

14 )

[ e7?mks/tS pds is non-zero. However Lemma 5-(3) implies that k& = 0 and

0

xp = cp for some non-zero constant c. In particular, [ zx(y)dy = ¢ # 0. Since
D

Fy is invariant under S, the definition of x; implies that ¢ ¢ F, . Thus, we
have proved that

o(S8)) = o(S)\{1} = {e"” : p € 0(A), Re p < 0}, (2.15)
where the second equality follows from Lemma 5-(2).
Let R denote the spectral radius of SY. From (2.15) we have
In R =sup{Re p: p € 0(A), Re p < 0}. (2.16)
Since supy s, <1.rer |1SF Il = supy g, <1 [|Selo fl], it follows that
1HR:t1LI£10]151HHStIOHL (2.17)
From (2.16), (2.17), Lemma 6-(3) and the definition of 7y, we conclude that
"= tlijgloiln ||SeLol|1- (2.18)

Next, note that
Sig — / 9(y)dy = Silog.
D

This gives,

sup [|Sig — i | g(y)dyll1 = [|Sedol|:-
llgll1<1 b
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Hence, from (2.18) we have

= lim ~1In sup 1Stg — 1 | g(y)dyllr.

t=oot gt

D
Finally, by duality

sup [Sig =yt [ glw)dyll = sup |ITf - / f@)pa)de] o

lolli <1 )

O

3 Proof of Proposition 3
Proof. By shifting the interval [0, 7], we may assume that L = %‘% on
[—p/2,m — p/2] and that the jump measures are p_r = 0z and ji; 2z = §, z.

Any eigenfunction of -& is of the form u(z) = Ae** + Be=** for some com-
plex constants A, B, k Such a function will be an eigenfunction for £ if and
only if

u(=p/2) = u(p/2), uw(q—p/2) = u(r —p/2). (3.1)
The corresponding eigenvalue is then —%kz.
Let z = e *?/2 The first boundary condition in (3.1) may be written as
Az + Bz7' = Az~ + Bz. Therefore, (A — B)2?> + (B — A) = 0. Thus, 22 =1
or A = B. We split into cases:

(1) 2> = 1. Here kp/2 = xl, for some [ € Z; therefore k = 2. Let a = e*(4/2) —
e®(™=P/2) Since k is real, the second boundary condition in (3.1) then reads
Aa + Ba = 0. Therefore,
e if a #0, then A = —%B;
e if a« = 0, then A and B be can be arbitrarily chosen, as long as they are
not both 0. Note that a = 0 if and only if k(7 — ¢) is an integer multiple
of 2m. Thus, a = 0 if and only if £ = 0 or [™= is an integer. When k = 0,
the corresponding eigenspace is spanned by the constant function 1. When
k # 0, the eigenspace is two dimensional and is spanned by e?** and e~ %,
(2) A = B. There is not loss of generality assuming that A = 1. In order to
find the possible choices for k, let z = €*(@=P/2) and let z’ = F(m=P/2) The
second boundary condition in (3.1) may be Written as z + =z + 1 Hence
z—2 = 5 - % =
eka=p/2) = ik(T=p/2) op e““(q 1’/2)6““(7r ?/2) = 1. In the former case, k:(7r —q) =
27l for some | € Z, hence k = ﬂ_q. In the latter case, k(7w + ¢ — p) = 27l for

27l
T+q—p’

some [ € Z, hence k =

20



Summarizing the discussion, we have shown that u is an eigenfunction for £
if and only if
2nl 2wl 27l
ke{—, ,
p T™—q T™t+q—p
We have also shown that all eigenvalues are simple, except for the case where
2mnl

% = 7, for some m,n € N, where all k of the form =5 for some [ € Z,
correspond to eigenvalues of multiplicity 2.

€T} (3.2)

We now prove the formula for the invariant density. We return to the original
notation on the interval [0,7]. The boundary process {©, : n € N} is a
Markov chain on the state space {0,7}. Its transition function, H, satisfies
H(0,0) = Py(X(n) = 0) = =2 and H(7,0) = P,(X () = 0) = =% Thus H
can be represented by the matrix

™

4[]
]
e A

T

™

(=)

A straightforward calculation shows that m, the invariant probability for H,
satisfies
m0) = "9 pmy=—2L
T+Dp—q T+p—q
We recall that G, the Green’s function for p” (¢, x,y), is given by

(m—x)y y<ua

(m—y)x y>=x. (3:3)

G(z,y) = {

ERISERIN

By Proposition 1, u(y) = G(v,y), where v = m(0)d, + m(m)d,. The result
follows by direct substitution. O
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