EXPLICIT AND ALMOST EXPLICIT SPECTRAL
CALCULATIONS FOR DIFFUSION OPERATORS

ROSS G. PINSKY

ABSTRACT. The diffusion operator

1d d d 1 d d
HD = 75@@@ — b% = 75 eXp(fQB)%anp(QB)@,

where B(z) = [ 2(y)dy, defined either on R* = (0,00) with the
Dirichlet boundary condition at x = 0, or on R, can be realized as
a self-adjoint operator with respect to the density exp(2Q(z))dx. The
operator is unitarily equivalent to the Schrodinger-type operator Hg =
—%%a% + Vb0, where Vp o = %(% +b'). We obtain an explicit crite-
rion for the existence of a compact resolvent and explicit formulas up
to the multiplicative constant 4 for the infimum of the spectrum and
for the infimum of the essential spectrum for these operators. We give
some applications which show in particular how inf o(Hp) scales when
a = vap and b = vby, where v and ~ are parameters, and ao and by are

chosen from certain classes of functions. We also give applications to

self-adjoint, multi-dimensional diffusion operators.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper, we give an explicit formula up to the multiplicative constant
4 for the bottom of the spectrum and for the bottom of the essential spec-
trum for diffusion operators on the half-line RT = (0, 00) with the Dirichlet
boundary condition at 0, and for diffusion operators on the entire line. As-
suming a little more regularity, each such operator is unitarily equivalent to

a certain Schrodinger-type operator, so we also obtain the same information
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for these latter operators. Recall that such an operator possesses a compact
resolvent if and only if its essential spectrum is empty, or equivalently, if and
only if the infimum of its essential spectrum is co. Thus, we obtain a com-
pletely explicit criterion for the existence of a compact resolvent. A diffusion
operator with a compact resolvent is particularly nice because its transition
(sub)-probability density p(t,z,y) (with respect to the reversible measure)
can be written in the form p(t,z,y) = > .77 exp(—Ant)dn(2)dn(y), where
{n}22 is a complete, orthonormal set of eigenfunctions and {A,}52, sat-
isfying 0 < Mg < A1 < A9 < --- are the corresponding eigenvalues. We give
some applications of the results, which show in particular how info(Hp)
scales when a = vag and b = ~by, where v and  are parameters, and
ap and by are chosen from certain classes of functions. At the end of the
paper, we give applications to self-adjoint, multi-dimensional diffusion op-
erators of the form —%V -aV —aVQ -V = —% exp(—2Q)V - aexp(2Q)V
on L?(R% exp(2Q)dz). The methods and the statements of the results are
analytic, but many of the formulas and results have probabilistic import.
We begin with the theory on the half-line, wherein lies the crux of our
method. The results for the entire line follow readily from the results for
the half-line. Let 0 < a € C!([0,00)) and b € C([0,00)). Define B(z) =
(;c g(y)dy. Consider the diffusion operator with divergence-form diffusion

coefficient a and drift b

1d d d 1 d d
Hp = ~5 2707 b@ =3 exp(—ZB)%anp@B)%

on RT with the Dirichlet boundary condition at x = 0. One can realize
Hp as a non-negative, self-adjoint operator on L?(R*,exp(2B)dz) via the

Friedrichs extension of the closure of the nonnegative quadratic form

Qo(f.9) =5 [ (o) exp(2B)d

defined for f,g € C’&(Rﬂ, the space of continuously differentiable functions

with compact support on R*.
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Let Up denote the unitary operator from L?(R") to L?(R*,exp(2B)dx)
defined by
Upf = exp(—DB) /.

Assuming that b € C'(R*), define Hg = Ug' HpUgp. One can check that

Hgs = —%% di + Vo,
where
(1) Vo= 2(E 4.
’ 2 a
Assuming that V;, , = %(% + ') is bounded from below, one can realize the

Schrédinger-type operator Hg as a self-adjoint operator on L?((0,00)) via

the Friedrichs extension of the closure of the semi-bounded quadratic form

Qslt.) =5 [ (Faghdo+ [ Viafoda,

defined for f,g € C}(RT). Assuming in addition that [ a(z)dz = oo,
one can prove that Hg is in the limit-point case at oo, which means in
particular that Hg on CZ(R™T) is essentially self-adjoint. (A proof in the
case a = 1 can be found in [6, Appendix to X.1]. It can easily be extended
to a satisfying the above condition.) Thus, the Friedrichs extension is in
fact equal to the closure of Hg on CZ(R™T). Note also that Up preserves the
Dirichlet boundary condition. From the above considerations, it follows that
the spectra and the essential spectra of Hp and Hg coincide; in particular,
Hg is also non-negative.

Conversely, given a > 0, every potential V' > 0 can be obtained via some
b as in (1.1), and modulo an additive constant, every potential V that is
bounded from below can be obtained via some b as in (1.1). Indeed, let

my = inf,cp+ V(2) and let my, = my A 0. Since V —my, > 0, it is easy to

12

. . . 117
show that the Riccati equation 50" + 5%

= V — my, has solutions b which
exist for all x > 0.
The essential spectrum oess(—%%a% + V) of Schrédinger-type operators

—%%a% +V has been well-studied. See [7] for the results noted below. For
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example, if ¢ is bounded and bounded from 0, and if the potential V' satisfies
lim, o V() = oo, then the operator has a compact resolvent. Thus, the
spectrum consists of an increasing sequence of eigenvalues accumulating only
at infinity; in particular, ess(— 2 dxa dx + V) = 0. On the other hand, if V'
is a compact (or even relatively compact) perturbation o —§%a dx’ which
occurs in particular if limy .o V(z) = 0, then the essential spectrum of
—%%adx + V coincides with that of —§%adx, thus oess(— %%a% +V)=
[0,00). More generally, for arbitrary a > 0, the mini-max method [6] affords
an algorithm for arriving at inf aess(—%%a% + V), although this method is
mainly of theoretic import and not a practical way of calculating.

The bottom of the spectrum o —%%a% + V is of course given by the
well-known variational formula:

1d d . IS Ga(f) + V) da

fo(—=2al yv
inf o( 2dad+) = iz ;

where the infimum is over functions 0 # f € C3(RT). The bottom of the

spectrum of Hp is also given by a variational formula:

(1.2) inf o(Hp) = in of 2J0 0Uf)* exp(2B)dx
I f2 exp(2B)dz
where the infimum is over 0 # f € C}(R™).

The following theorem gives explicit formulas up to the multiplicative
constant 4 for the bottom of the spectrum and for the bottom of the essen-
tial spectrum of Hp. By the spectral invariance, this then extends to the
Schrodinger-type operators Hg. The formulas take on two possible forms,
depending on whether [ ol exp( 2B(x))dz is finite or infinite. In Re-
mark 2 after the theorem, it is shown how the proof for the case when the
integral is finite can be reduced to the case when the integral is infinite. Re-
mark 3 after the theorem discusses the probabilistic import of the theorem

and of the above integral.
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Theorem 1. Let 0 < a € C([0,00)) and b € C([0,0)). Define

b
B = [ Ly
0o a
Consider the self-adjoint diffusion operator
1d d d 1 d d
Hh=——=—a——-b—=—= —2B)— 2B)—
b 2 d:z:adx dx 2 exp( )d:canp< )da:

on L*(R*,exp(2B)dz) with the Dirichlet boundary condition at 0.
Ifbe CHRY), % + b is bounded from below and [~ a(x)dz = oo, consider
also the self-adjoint Schrodinger-type operator
1d d 10
= awtn Tl
on L2(R™) with the Dirichlet boundary condition at 0.

+b)

if
(1.3) /OO a(lx) exp(—2B(x))dz = o,

define

(L4 9*b.0) =sup ( | i exp(—2B<y>>dy) ( A exp<2B<y>>dy)
and

(1.5)
1 E;?*(b, a) = limsup </0z L exp(—2B(y))dy> </:O exp(2B(y))dy> :

2wy aty)

i

(1.6) /OO a(lx) exp(—2B(z))dz < oo,

let

(17) ale) = [ s exp(=2B()dy

and define

(1.8) ) 1 .

0 () =sup ([ 152000 exp-280an) ([ awyexpizBmay )

=sup (1360 = 1,20) ([T it o2 an).

>0
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and

(1.9) ) 1 N

O (b,a) = lim sup < /0 h;ﬁ(y)@ exp(—2B(y))dy> ( / hb.a(y) exp(QB(y))dy)
—timsup (1, 20) = 2 0) ([ Ha0) explzB)dn ).

Then

(1.10) 80 (b.a) <infe(Hp)=info(Hg) < 207 (b.a)

and

(111) S S el HD) = i o(Hs) < 2Q+1(ba)

In particular, Hp and Hg possess compact resolvents if and only ifQ+(b, a) =

0.

Remark 1. There does not exist a C for which inf o(Hp) = %, for all
drifts b and all diffusion coefficients a. Indeed, on the one hand, consider

the case that b(x) = £, with v € R, and a = 1. Then V,, = g and thus

by unitary equivalence, inf o(Hp) = info(Hg) = l; A direct calculation
in this case reveals that Q" (b,a) = ﬁ; thus, info(Hp) = 89%(1)@)' On the
other hand, consider the case that b(x) = —vzx, with v > 0, and a = 1.

Then limg .o Vpo(z) = 00, so as noted above, Hg and thus also Hp have
compact resolvents. The unnormalized Hermite function Hi(z) = x is an L*-
eigenfunction of Hp corresponding to the eigenvalue . Since it is positive, it
must in fact be the principal eigenvalue. Thus, the bottom of the spectrum

is equal to v. We have

0 (b.a) =sup( [ expriin( [ expl-nP)dn) =

lsu zex 2 Ooex Sy ~
p(/0 p(y )dy)(/m p(—y~)dy) o

Y >0

Thus, in this case, the bottom of the spectrum is approximately equal to

%. In the case b(z) = vz, with v > 0, and @ = 1, one can check that the
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principal eigenfunction is ZL‘eXp(—’)/l‘Z), with corresponding principal eigen-
value 2. One can calculate that Q% (a,b) ~ %, and thus the bottom of
the spectrum is approximately equal to Q+( o) Writing the bottom of the
spectrum in the form %, we don’t know whether the upper bound in

the theorem is sharp; namely, Cp , < %

Remark 2. In this remark, we demonstrate how formulas (1.10) and (1.11)
in the case (1.6) follow from those formulas in the case (1.3), thereby re-
ducing the proof of the theorem to the case that (1.3) holds. In the case
that (1.6) holds, define the h-transform of Hp via the function hy, in

(1.7) by th” = LHD(hb o). When written out, one obtains Hgb’“ =
%di az —(b+a )%. Letting Bhve(z fo + hza y)dy, one has

= mexp(—QBhba( z))de = — [*° hb_ihé ad:[; = oo; that is, the diffusion

coefficient a with the new drift b + a h

(1.3). The spectrum is in-
variant under h-transforms [4, chapter 4—secti0ns 3 and 10], so inf o (Hp) =
inf U(Hgb’“) and inf oess(Hp) = inf aess(Hg”“). These equalities along with
the fact that (1.3) holds with the diffusion coefficient a and the drift (b +
aZ/Z:) show that one obtains (1.10) and (1.11) for Hp by defining Q*(b,a) =
Qt(b+ aZ;;:,a) and QF (b, a) = QT (b + aZ;;Z ,a). From (1.4), one has
(1.12)

QF(b+ azé’a, a) = sup (/Ox L exp(—2Bh”’“(y))dy) </; exp(2Bh”’“(y))dy>

b,a x>0 a(y)

= sup </0x h;ﬁ(y)a(ly) exp(—2B(y))dy> </:o hb.a(y) exp(2B(y))dy> ;

whence the definition of Q7 (b,a) in (1.8) in the case that (1.6) holds, and
likewise for QF (b, a).

Remark 3. Theorem 1 and the reduction noted above in Remark 2 have
some probabilistic implications, which we now describe. Let X (¢) be generic
notation for a Markov diffusion process on the real line. Let P, and E, de-
note respectively probabilities and expectations for the process correspond-

ing to the operator —Hp = 2 d:ta’dx + bda: on (0,00), starting at > 0 and
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killed at time
(1.13) 70 = inf{t > 0: X (t) = 0},

the first hitting time of 0. Then P, (79 < 0o) = 1, for x > 0, if and only if
(1.3) holds [4, chapter 5].

Consider first the case that (1.3) holds. At the end of section 3 we show
that

(1.14) info(Hp) = sup{\A > 0: E;exp(A1p) < oo}, = > 0.

Thus, in the case that (1.3) holds, (1.10) gives an explicit formula up to the
multiplicative constant 4 for sup{\ > 0 : E, exp(A1p) < oc}.
Now consider the case that (1.6) holds. In this case, P,(m9 < 00) = 22“28

[4, chapter 5]. The original process, conditioned on {7y < oo}, is itself a

Markov diffusion process and it corresponds to the A-transformed operator
—Hgb’“ defined in Remark 2 [4, chapter 7]. Let Egb’“ denote expectations for
this conditioned process starting from x > 0. Then it follows from Remark

2 and (1.14) that in the case that (1.6) holds, one has
(1.15) info(Hp) =sup{A>0: B exp(A1p) < oo}, x > 0.

Note from (1.4) and (1.10) that when (1.3) holds, a necessary condition
for inf o(Hp) > 0 is that [ exp(2B(y))dy < oo. This integral condition is
equivalent to E,79 < oo, for x > 0 [4, chapter 5—section 1]. Thus, when
P,(19 < 00) = 1 holds, the finiteness of E, 7y is a necessary condition (but
not a sufficient one) for inf o(Hp) > 0. Similarly, when (1.6) holds (in which
case PM.a(1g < c0) = 1), the finiteness of Egb’“m is a necessary condition
(but not a sufficient one) for inf o(Hp) > 0. (Of course, this can also be seen
from (1.14) and (1.15)—if the first moment does not exist, then a fortiori
no exponential moment exists.)

An alternative probabilistic representation of inf o(Hp) is this:

1
(1.16) info(Hp) = — lim lim —log Py(m0 A1y, > t), x > 0,

n—oo t—oo t
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where 7, = inf{t > 0: X(¢) = n}. (This formula can be found essentially in
[4, chapter 4].)

Formulas (1.14) and (1.15) give a probabilistic representation for the bot-
tom of the spectrum of Hp. One can also give a similar probabilistic rep-
resentation for the bottom of the essential spectrum. It follows from (1.14)

and (3.9) in section 3 that if (1.3) holds, then
inf oess(Hp) = llim (sup{A > 0: Ezexp(Ary) < 00 x> 1}),
while if (1.6) holds, then

inf oess(Hp) = llim (sup{A>0: B exp(Am) < oo, x> 1}).

Remark 4. After finishing this paper, the following related result due to
Muckenhoupt [2], in the context of weighted Hardy inequalities, was brought

to our attention. For 1 < p < oo, the inequality

(1.17) </0°o U(x) /Omg(t)dﬂpda:); <C </Ooo ‘V(Cﬂ)g(fﬁ)ypdx);

holds for all g and some finite C' if and only if

1

s ([ |U<y>|pdy)’l’ ([ Wwrra)” <o

where ]% + z% = 1, and furthermore, if Cy is the least constant C' for which

1,1
the above inequality holds, then B < Cy < pr(p')? B, for 1 < p < oo, and
Co = B for p = 1,00. (The integrals are interpreted according to the usual

convention in the case that p or p’ is 00.) Applying this withp =p' =2, U =
)2 exp(2B)dzx
exp(2B)dz

lies between (8supx>0(f(;v@exp(_QB(y))dy)(f;O eXp(QB(y))d?/))il and

-1
(2 sup,~o( [y ﬁ exp(—2B(y))dy)(/, exp(QB(y))dy)) , where the infimum
is over f € C''([0,00)) which satisfy f(0) = 0. This is a different variational

1 poo
exp(B) and V = (%)%exp(B), one concludes that inf Qf}()ooag

problem than the one in (1.2) for inf o(Hp) because the class of admissible
functions here is larger than in (1.2). In the case that (1.3) holds, Theorem

1 shows that the same bounds hold for both variational problems, since in
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this case, QT (b,a) = sup,~ <f0x @ exp(—2B(y))dy> (/% exp(2B(y))dy).
However, when (1.6) holds, Q" (b, a) is defined differently, and the two vari-
ational problems yield different results. Indeed, for example, if b = 1 and
a = 1, then one has [ exp(2B(y))dy) = oo, so the infimum in Muck-
enhoupt’s variational problem is 0; however by (1.8), one calculates that
Q7 (b,a) = 1, and it follows from Theorem 1 that the infimum in (1.2) lies
between % and % (In fact, in this simple case it can be checked directly
that info(Hp) = 3.) Thus, the integral condition (1.6) turns out to be the
lower threshold on the size of aexp(2B), the weight that multiplies (')
in the variational formulas, so that the two variational formulas, one over
f € CY(RT) and one over f € C1([0, 00)) satisfying f(0) = 0, yield different
answers. Muckenhout’s proof involves a direct estimation of the integrals in
(1.17). We prove Theorem 1 in a completely different way, as will be seen

in sections 3 and 4.

Remark 5. It follows from the theorem that info(Hp) and inf oess(Hp)

depend on a and b only through a and B.

Remark 6. For the duration of this remark, we consider a to be fixed. By
a standard comparison theorem for diffusions, it follows that over the class
of drifts b satisfying (1.3), the distribution of 7y is stochastically increasing
with b. Thus, from (1.14), it follows that inf o(Hp) and inf oess(Hp) are
nonincreasing over the class of drifts b satisfying (1.3). That is, over drifts
satisfying (1.3), the more inward toward 0 the drift, the larger the bottom
of the spectrum and the bottom of the essential spectrum. (It is not hard
to verify that the function (fox ﬁ exp(—23(y))dy) ([>° exp(2B(y))dy) ap-
pearing in the definition of Q% (b,a) is nondecreasing in b over the class of
drifts b satisfying (1.3), but this is not quite enough to arrive at the result

in the above sentence.) Despite the above fact and despite Remark 5, it is

not true that inf o(Hp) and inf oess(Hp) are nonincreasing as functions of



THE SPECTRUM OF DIFFUSION OPERATORS 11

B over the class of b satisfying (1.3). An example will be given at the end
of section 2.

We don’t know whether info(Hp) and inf oes(Hp) are nondecreasing
over the entire class of drifts b satisfying (1.6), so that the more outward
toward infinity the drift, the larger the bottom of the spectrum and the

bottom of the essential spectrum. To prove that this is true, it would suffice

h
to show that b+ ah

(1.6)—that this Would suffice follows from (1.15) and the argument above
for the class of drifts satisfying (1.3). What is known is this [5]:

(1.18)
For a wide class of a and b which satisfy (1.6) and for which b is on a

a(z) hiq x)
larger order than —=, one has b+ a-—— = —b+ O(—) as r — oo.
T hbﬂ T

This formula will be useful for one of the calculations in section 2.

We now turn to the case of the whole line. Let 0 < a € C!(R) and
b € C(R), and define B(z) = [)2(y)dy. Let Hp = —34al —p L
and consider the self-adjoint realization on L?(R,exp(2B)dx) obtained via
the Friedrichs extension of the closure of the quadratic form Qp(f,g9) =

2f (f'ag’) exp(2B)dzx, for f,g € CO(R). In the case that b € C'(R),

+ V' is bounded from below and [*a(z)dz = [ __a(z)dz = oo, de-
fine Hg = —%%adw + Vo to be the self—ad301nt operator obtained via

the Friedrichs extension of the closure of the quadratic form Qg(f,g) =

5 % (ffag)dr + [%5, Viafgda, where Vi, = 5(% + ) and f.g € G}(R).
The first of the two theorems below treats inf oess(Hp) and the second

one treats inf o(Hp). The proofs of these results will be derived in just a

few lines from the proof of Theorem 1.

Theorem 2. Let a € CY(R) and b € C(R). Define
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Consider the self-adjoint diffusion operator

on L*(R,exp(2B)dz).

Ifbe CY(R), % + b is bounded from below and [ a(x)dx = [ __ a(x)dx =

[e.9]

00, consider also the self-adjoint Schrodinger-type operator

1d d 1 b
Hg=—-—-—a—+ —(—

/
deada: 2(a+b)

on L*(R). Let Q% (b,a) be as in Theorem 1 and define Q™ (b,a) in evactly
the same way, using the half-line (—oo,0) instead of (0,00). Let

Q(b, a) = max(QF (b, a), 2 (b, a)).

Then

1
<infoes(Hp) = inf oess(Hg) <

8Q(b, a) ~ 20(b,a)

In particular, Hp and Hg possess compact resolvents if and only ifQ+(b, a) =

A~

Q7 (b,a) =0.

Remark 7. The diffusion is positive recurrent if and only if [, exp(2B(z))dz <
oo [4, chapter 5]. It follows from Theorem 2 that inf oess(Hp) = 0 if the
diffusion is not positive recurrent. (See also the third to the last paragraph

of Remark 3.)

Theorem 3. Let a € CY(R) and b € C(R). Define

Consider the self-adjoint diffusion operator

1d d d 1 d d
b deadx bdx 2 exp )dacanp( )dx

on L*(R,exp(2B)dz).
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Ifb e CY(R), % +b' is bounded from below and [ a(x)dx = [ __ a(x)dx =

[e.9]

00, consider also the self-adjoint Schrodinger-type operator

2
e oo
on L*(R).
If
(1.19) /OO a(lx) exp(—2B(x))dx = /_ a(lx) exp(—2B(z))dz = oo,
define
(1.20) Q(b,a) = 0.
If
(1.21)
/ a(lzn) exp(—2B(z))dz = co and /_ a(lx) exp(—2B(z))dzr < oo,
define

ait,a) =sup ([ L exp-28an ) ([~ eseB)).

If
(1.22)

/ a(lx) exp(—2B(z))dx < oo and /_ a(lx) exp(—2B(z))dr = oo,
define

att.a) =sup ([ o280 ) ([ eseBy).

If
(1.23)

/ a(lm)exp(—ZB(x))da: < oo and /_ a(lx)exp(—QB(x))dx < 00,
let

o) = [ <5 xp(=2B(1)dy
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and define

att.a) =sup ( [* 2 s en-25dy) ([ ntat) exwenm)ay)

TER —00 (y)

= sup (5 300) i (-00)) ([ HEa(0) exp(zB()d ).

TER ’

Then

1
<info(Hp)=info(Hg) < 200, a)

8Q(b, a)

Remark 8. The diffusion process X (t) corresponding to —Hp is recurrent if
(1.19) holds and is transient otherwise. In the transient case, if (1.21) holds,
then P, (lim;_o X (t) = —o0) = 1; if (1.22) holds, then P, (lim; o X(¢) =
o0) = 1;if (1.23) holds, then Py (lim; oo X () = —00) = 1—Pp(limy_00 X () =

o0) = h:”;ggjo) (For these results, see [4, chapter 5].) It follows from Theo-

rem 3 that inf o(Hp) = 0 if the diffusion is recurrent.

Remark 9. Similar to (1.16), one has the following probabilistic represen-
tation of inf o(Hp):

1
(1.24) info(Hp) = — lim lim Zlog Py (T_p Ao, > 1), z € R.

n—oo t—oo

In section 2 we give some applications of Theorems 1-3. In section 3 we
prove Theorem 1, postponing the proof of a key proposition to section 4.
After the proof of Theorem 1 we give the quick proofs of Theorems 2 and 3.
We also prove (1.14) in section 3. Finally, in section 5 we show how the one-
dimensional result can be used to obtain spectral estimates for self-adjoint,

multi-dimensional diffusion operators

2. EXAMPLES

The Bottom of the Spectrum. One can use Theorem 1 to study the way

inf o(Hp) scales in the parameters v and v when b is of the form b = ~bg
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and a is of the form a = vag. We first consider the effect of the drift alone.

Consider for example the following two cases on R or on R:

(2.1) b(z) = —y(1+ |z|)! and a(z) =1, v >0, | € R,

(2.2) b(z) = —v|z|' and a(z) =1, v >0, [ > 0.

Proposition 1. Consider Hp on R* or on R.
1. Assume that (2.1) holds.
i. If 1 <0, then info(Hp) = 0;

1. If 1 > 0, then there exist constants c;,C; > 0 such that
ay? <info(Hp) < Cy?, v > 1

and
sz% <info(Hp) < C’l'yl%l, 0<~y<1.

2. Assume that (2.2) holds. Then

1 2 1 2
—~T+ <info(Hp) < —~™, 7> 0,
s, s o D)_chv gt
where
I+1 I+1
c SUP;~o (fox exp(Qf+1 )dz) <f;° exp(—QlZ+1 )dz) on RT;
l =

2
C) = (fooo exp(—ﬁ—?)dz) on R.

Remark 10. Note that both on R™ and on R, the rate of growth of
info(Hp) for large 7 is on a slower order for the drift in (2.2) than for
the drift in (2.1). The probabilistic explanation for this follows from the
formulas (1.16) and (1.24) and the fact that the latter drifts are small in a
(y-dependent) neighborhood of 0, even as v becomes large. Note also that
for the drift in (2.1), the scaling power is different for v < 1 than for v > 1.

The bounds on the infimum of the spectrum in Proposition 1 also hold
for the corresponding Schrédinger operator, Hg = —%% + V, where V =
2721+ 2)* — 41(1+2)!~! in the case of (2.1) on RT and V (z) = $722% —

272!~ in the case of (2.2) on R*, and similarly for R.
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We now consider simultaneous scaling in a and b. Consider the following

case on R and on R:

b(z) = —y(1 + [z[)! and a(z) = v(1 + |z|)",
(2.3)
where v,v >0, I,k € R, withl—k > —1and 2l — k > 0.

(Note that when v = 1 and k = 0, (2.3) reduces to (2.1) with { > 0.) If
21—k <0orifl—k < —1, then one can show that inf o(Hp) = 0.

Proposition 2. Consider Hp on RT or on R. Assume that (2.3) holds.

There exist constants ¢, Cy > 0 such that

7 7
C”g? < infU(HD) < 017]{7, 0<v <y,

and

2—k 2—k

_1 .
(L) T < info(Hp) < il

1

)T, 0 <y < b

Remark 11. Note that when v < v, the scaling dependence on the coeffi-
cient v of the drift b has three dramatically different phases, depending on
whether the exponent & of the diffusion coefficient satisfies k < 2, k = 2 or
k > 2, while the scaling dependence of the coefficient v of the diffusion co-
efficient has three dramatically different phases, depending on whether the
exponent [ of the drift satisfies ] < 1,71 =1 or [ > 1. However, when v > v,
there is only one scaling phase, and it is independent of the exponents [ and
k.

The bounds on the infimum of the spectrum in Proposition 2 also hold for
the corresponding Schrédinger-type operator, Hg = —3 -4 (v(1+|z|)*) L +V,
where V = %7—5(1 + 2)?7F — 241(1 4 2)'~! in the case of R, and similarly
for R. The parameter dependence in Proposition 2 does not seem at all

apparent from looking at this operator.

We give the proof of Proposition 1; the proof of Proposition 2 is similar.
Proof of Proposition 1. We prove the proposition in the case of RT;

the case of R is handled similarly. To prove part 2, one simply makes an
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appropriate change of variables in the formula for QF(—vz,1) and applies
Theorem 1. To get the explicit form of Cj in the case of R, one needs to do
a little bit more analysis to show that the supremum over x € R occurs at
z =0.

We now prove part 1. If [ # —1, then

Q+<_7<1 =+ x>l7 1) =

x (1_|_y)l+1 /oo (1_|_y)l+1
sup (/0 exp(2y 1 )dy ) exp(—27 1 )dy ) .

For [ < —1 the right hand integral is oo so QT (—y(1 + 2)!,1) = co. Now

(2.4)

consider —1 < I < 0. Applying L’H6pital’s rule to the quotients

I+1 I+1
Jrexp@y BTy [ exp(—2y ) dy
+1 7 I+1 0
(1+ )~ exp(2y ) (1+2) L exp(~2y )
shows that [ exp(QW%)dy ~2y) 1 4 2)! exp(27(1ti)ll+l) and

I+1 I+1
[ exp(—2’y(14ﬁ)1 Ydy ~ (29)71(1 + x)~ exp(—ny(lJﬁ)l ), as T — o0.

This shows that the supremum in (2.4) is oo; thus QF(—v(1 + 2)!,1) = occ.

One obtains QF(—y(1 + x)!, 1) = oo similarly in the case I = —1. Applying
Theorem 1 now completes the proof of part 1-i.

Consider now part 1-ii; that is, the case [ > 0. Making the change of
variables z = Vl%l(l + y), one obtains from (2.4),

(25) , s I+1 o0 I+1
Oyl +2),1) =7 FT sup (/ expl(Z )dz) (/ exp(— )

N jEs} I+1 [+1
x>»yl+1

S

If | = 0, the integrals on the right hand side of (2.5) can be calculated
explicitly. One finds that the supremum above is equal to 1. Part 1-ii in the
case | = 0 now follows from (2.5) and Thereom 1. From now on, we assume
that [ > 0. Applying L’Hopital’s rule in the manner noted above shows that
+1

x
[+1

), as x — oo;

/00 exp(— G )dz ~ " exp(—
i [+1

(2.6)

@ S+ l 21
- dz ~ &~ : .
/0 exp( l—i—l) z~x exp(l+1) as T — 00
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From (2.6) it follows that there exist constants d;, D; > 0 such that
(2.7)

T Zl-‘rl o) zH—l
d; < d ——)d <D <1.
o< s ([ epe) (e pa) < b o< <

1
>y T

Part 1-ii in the case that 0 < 7 < 1 now follows from (2.5), (2.7) and
Theorem 1.

Now consider part 1-ii in the case that v > 1. Clearly,

211 S+l oo S+l
/leLll exp(m)dz (/27“%1 exp(—l n 1)dz> <
@ S+ o0 Sl
(2.8) Sui (LH_ll exp(l n 1)dz> (/z exp(—l n 1)dz) <

T Zl—i—l [eS) Zl+1
—)d ——dz .
Su& </0 exp(l+1) z) </I exp( l—|—1) z>
v

Using (2.6) to estimate the left most and right most terms in (2.8), it follows

that there exist constants d;, D; > 0 such that

(2.9)
o T Zl+1 00 I+1 o
diy" ™t < sup (/ . exp( )dz) (/ exp(— )d2> < Dyy ™1,
>y I+l v I+ v 1
for v > 1.

Part 1-ii in the case v > 1 now follows from (2.5), (2.9) and Theorem 1. OJ

Theorem 1 allows one to compute the bottom of the spectrum exactly for

an ad hoc class of Schrédinger operators, H = —%j—; + V. Indeed, it follows

from the theorem that if a and b satisfy (1.3) and [* exp(2B)dx = oo, then
info(Hp) =info(Hg) = 0. Let u = exp(g), where g is bounded, and define

1

V=%=2%1J)’+g"), b= % = ¢’ and a = 1. Then b satisfies the above

conditions and Hg = —%% + V. Thus, infa(—%% +3((¢)+49") =0,

for all bounded g. In particular, if g is periodic and not constant, then

limg o0 % fox V(y)dy > 0 but the bottom of the spectrum is 0.
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Note that either Qt(b,a) = QF(b,a) = oo, or QT (b,a),Qt(b,a) < oo;
thus, in RT either both the bottom of the spectrum and bottom of the
essential spectrum equal 0, or else neither of them does. It is not hard to
construct examples where the bottom of the spectrum and the bottom of
the essential spectrum are both positive and finite but don’t coincide. For
example, let @ = 1 and let b(z) = —1, for z > 3. Since Q*(b, 1) does not
depend on {b(z) : 0 < = < 3}, we have QF(b,1) = 1. Let b(z) = —n, for
1 <z <2 and b(x) < —1 everywhere. Then the term fOS exp(—2B(y))dy
can be made arbitrarily large by choosing n arbitrarily large, and thus for
sufficiently large n,

(b, 1) = sup ( [ exp<—2B<y>>dy) ( A exp<2B<y>>dy) > L= 0t 0).

x>0

The Bottom of the Essential Spectrum. We consider operators on R*. The
examples can easily be extended to operators on R by making the analysis
on RT and on R~ separately, and applying Theorem 2. Consider first the
case that

(2.10)
b(x) =—y(1+ I)l and a(z) =v(1+ x)k, v >0, LLkeR,

P
withl —k>—1, orl—k=—-landk<1+ =L orl—k<—1andk<1.
1%

The set of possible conditions on [, k above are exactly those for which (1.3)
holds. One can obtain the asymptotic behavior of [ exp(2B(y))dy and of

f(;c ﬁ exp(—2B(y))dy by applying L'Hopital’s rule respectively to
[.7 exp(2B(y))dy d Jo ﬁexp(—ZB(y))dy
b= 1(@) exp(2B(2) % 4=1(2) L oxp(—2B(2))

a(x)

. Calculating and applying Theorem

1, one obtains the following result.

Proposition 3. Consider Hp on RY. Let a and b satisfy (2.10).

1. Assume that | — k < —1 or thatl — k = —1 (md% < % Then
infoess(Hp) = 0.

2. Assume thatl —k =—1 and X > 3.
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i. If k> 2, then oess(Hp) = 0;
it. If k =2, then 0 < inf o.ss(Hp) < 005
iti. If k < 2, then inf oes5(Hp) = 0.
3. Assume thatl —k > —1.
i. If 2l — k > 0, then o.ss(Hp) = 0;
it. If 2l — k =0, then 0 < inf oes5(Hp) < 00;
iti. If 21 — k < 0, then inf o.5(Hp) = 0.
In particular, Hp possesses a compact resolvent if and only if 2-i or 3-1

holds.

The bounds on the infimum of the essential spectrum in Proposition 3 also
hold for the corresponding Schrodinger-type operator Hg = —%%(y(l +
x)k)% + V, where V = %%(1 + 2)%7F — Iyiz!=1. For certain values of
the parameters, the results in Proposition 3 can be deduced directly from
looking at Hg. For example, if k = 0 and [ < 1, then lim,_,, V() equals 0o

if [ > 0 and is equal to %% if [ = 0. It follows from standard perturbations

results, mentioned in the first section, that in the former case oess(Hg) = ()

2

and in the latter case inf oegs(Hg) = %77
However, in fact, Theorem 1 allows one to come to the same type of
conclusions as in Proposition 3 in the case that a and b satisfy one of the

following general conditions:

(2.11)
aa(l+2)f <a(z) <e(142)k keR
—c(l+z)™ < ’ b(iy)kdy < —c1(1+ )™, for large z, m >0, 0 < ¢ < co;
o (1+y)
or
a(l+2)f <a(@) <e(1+2)F k<1
(2.12)

b
/ (7y)kdy is bounded in .
o (I+y)

It is easy to check that under (2.11) or (2.12), a and b satisfy (1.3).
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Note that now b can be locally erratic, and the bottom of the essential

spectrum cannot be deduced directly by looking at Hg.

Proposition 4. Consider Hp on RT.
1. Assume that a and b satisfy (2.11).
i. If 2m +k —2 > 0, then oess(Hp) = 0;
it. If 2m+k —2 =0, then 0 < inf o.5(Hp) < 00;
iii. If 2m + k — 2 < 0, then inf o.4(Hp) = 0.
2. Assume that a and b satisfy (2.12). Then inf o.5(Hp) = 0.

In particular, Hp possesses a compact resolvent if and only if 1-i holds.

To prove Proposition 4, one makes the same kind of analysis used for
the proof of Proposition 3, along with the following monotonicity property
which is easy to verify: for fixed a, if (1.3) holds, then for any zy > 0,
Qt (b, a) does not depend on {b(x),0 < z < xo} and it is nondecreasing as
a function of {b(z),z > xo}.

In Propositions 3 and 4, the coefficients a and b are such that (1.3) holds.
When (1.6) holds instead, the analysis is more complicated. We state the fol-
lowing analogous result for the case that (1.6) holds. Consider the following
analog of (2.11):

(2.13)
aa(l+2)f <a(x) <e(142)k keR

(1 +a)™ < /Ox( bly)

——dy < co(1 +2)™, for large x, m >0, 0 < 1 < o,
1+y)ky_ 2( ) g 1 2

and the following analog of (2.12):

a(l+2)f <a@) <c(l+2)f k>1

(2.14) z
/ (7y)kdy is bounded in =x.
o (I+y)

It can be checked that under (2.13) or (2.14), a and b satisfy (1.6).

Proposition 5. Consider Hp on RT. Under some mild regularity condi-

tions on a and b one has the following:
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1. Assume that a and b satisfy (2.13).
i. If 2m+k —2 >0, then o.ss(Hp) = 0;
it. If2m+k—2=0, then 0 < inf o.5(Hp) < o0;
iti. If 2m+k —2 <0, then inf o.ss(Hp) = 0.
2. Assume that a and b satisfy (2.14). Then inf o.5s(Hp) = 0.

In particular, Hp possesses a compact resolvent if and only if 1-i holds.

To prove Proposition 5, one uses (1.18). This essentially reduces the

problem to the one considered in Proposition 4.

We end this section with an example of the phenomenon mentioned in
Remark 6. On R we give an example with a; = as = 1, and with b; and by

chosen appropriately so that (1.3) holds for a1, b; and as, ba, and such that

b1 )dy > Ba(x b2 )dy, but such that
0 0
, 1 d? d : 1 d? d

(2.15) 1nfa(f§@ - 61%) >0 and inf 0855(75@ - 1%) = 00,
while
(2.16) Y S A WL SR S S

: info(—=——= —be—) = inf oess(—=—— — bo—) = 0.

N2 da? 2dx 7 2da?  Cda

Let bi(z) = —a so that Bi(z) = [ bi(y)dy = —% . Then Q*(b1,1) < oo

and Qt(by,1) = 0, so (2.15) holds. It is not hard to construct a by so that
By(z) < Bi(z), but such that for each positive integer n, there exists an
interval of length n over which by is identically 0. We will now show that
Ot (by,1) = QO (b, 1) = o0; thus, (2.16) holds. Using Theorem 1 and the
probabilistic representation in (1.14), we have for the diffusion corresponding
to 18 4 by d that

1
< >0:E, L .
<sup{A >0 exp(A1p) < oo} < 207 (b, 1) x>0

Now for Brownian motion (that is, the driftless diffusion corresponding to

1
(2.17) )

the operator %%) on the interval (0,n), one has E,exp(A(1o A 7)) < 00,
for x € (0,n), if and only if A is less than the first eigenvalue for the operator

—%% on (0,n) with the Dirichlet boundary condition at 0 and n [4, chapter
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3]; that is, if and only if A < % Since the drift by has intervals of length n
over which it vanishes, it follows by comparison with the Brownian motion

that for the diffusion corresponding to %j—; + bQ%, if x,, is chosen along

such an interval, then E, exp(Amg) = oo, if A > % Since the finiteness
or infiniteness of the expectation is independent of the starting point, it
follows that in fact this holds for all z > 0, not just for some x,,. Since n is
arbitrary, it follows that sup{\ > 0: E; exp(A79) < oo} = 0. It then follows
from (2.17) that Q (b, 1) = 0o, and then by the definition of Q7 (by, 1), also

Ot (bg,1) = oo.

3. PROOFS OF THEOREMS 1-3 AND OF (1.14)

Proof of Theorem 1. By Remark 2, it suffices to treat the case in which
(1.3) holds. Extend a and b continuously from [0,00) to (—1,00). For
each [ € (—1,00), let Hg’oo) denote the corresponding self-adjoint diffusion
operator on (I, 00) with the Dirichlet boundary condition at = = [. Consider

the problem

1
i(au')/ +bu' + =0, z € (l,00);

(3.1)
u>0, x € (l,00).
Let
(3.2) Ac(l) = sup{\ : there is a solution to (3.1)}.

By the criticality theory of second-order elliptic operators, there is a positive
solution to the above equation for all A < A\.() [4, chapter 4—section 3] and
one has info(H g’oo)) = X:(I) [4, chapter 4—section 10]. It follows from
the criticality theory that A\.(I) is right-continuous [4, chapter 4—section 4].

However, in what follows we will need left continuity. We claim that
(3.3) Ac(l) is continuous in I.

We postpone the proof of (3.3) until the end of the proof of Theorem 1. Note

that any positive solution as above on (I,00) with [ < 0 is also a positive
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solution on [0,00) and can be normalized by u(0) = 1. Note also that (3.4)
below always has a solution if A = 0. From these facts, it follows that if we

consider the problem

%(au')' +bu' + =0, x € (0,00);
(3.4) u>0, z € (0,00);
u(0) =1,
then
(3.5) inf o(Hp) = sup{A > 0 : there is a solution to (3.4)}.

Thus, in order to prove (1.10), it suffices to prove the following proposition.

Proposition 6. Assume that (1.3) holds.

i. For A > m, there is no solution to (3.4);

1

1. FOTO<)\<8Q‘*‘7(I)(1)

, there is a solution to (3.4).

The proof of part (i) of Proposition 6 is easy, but the proof of part (ii) is
nontrivial. The proof of the proposition is given in the next section.
Once (1.10) is proved, one proves (1.11) as follows. An old result of

Persson [3], slightly modified to accommodate the case of a half-line, states

that
(3.6) inf 0ess(Hp) = lim (inf o(HL),
Letting

1) opa) =sw ([ o280 ([~ eweBmay),

x> a(y)
it follows by applying (1.10) to Hg’oo) that

o 1
< info(HL™) <

1
Y 0760 =20/ ()

We will show that

(3.9) Q*(b,a) = lim Q (b, a).

l—o00
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Now (1.11) follows from (3.6), (3.8) and (3.9).

We now prove (3.9). From the definition of Qt(b,a), one has for any
>0,
(3.10)

Qf (b, a) > limsup (/lx L exp(—2B(y))dy> </;O exp(2B(y))dy>

=00 a(y)

= limsup </Om L exp(—ZB(y))dy> </:o exp(2B(y))dy> = Q" (b,a).

200 a(y)

On the other hand, for n =1,2,---, there exist zg, and z, with z¢, < x,

and lim,, .o z, = o0, and such that

(3.11)
limsup & (b.0) — 1 < ( / a(lwexm—w(y))dy) ([ exptznianan)

< ( [ exp<—23<y>>dy) ( A exp<2B<y>>dy) .

Letting n — oo in (3.11) and again using the definition of QO (b, a), we obtain
lim sup;_, . ;7 (b, a) < Qt(b,a). Now (3.9) follows from this and (3.10).
We now return to prove (3.3). As noted previously, we only need prove
left-continuity. Without loss of generality, we prove left-continuity at [ = 0.
From its definition, A. is nondecreasing. Let A1 < Aa < A;(0). It suffices to
show that for e > 0 sufficiently small, there is a solution to (3.1) with | = —e
and some A > \;. By assumption, there is a solution to (3.1) with [ = 0
and A\ = Xg. Let u be such a solution. Then u(0") = lim,_,o+ u(z) and
u'(07) = lim,_,¢+ v/ (x) exist and are finite. This is because any solution to
(3.4) must be a linear combination of ®; and ®9, where ®; and ®2 are two
linearly independent solutions to & (aw')’ + bu’ + Au = 0. If u(0") > 0, then
solving the linear equation for # < 0 using the boundary conditions u(0™)
and v/(0") at z = 0, one can extend the solution w a little bit to the left so
that it satisfies (3.1) with [ = —e and A\ = A9, completing the proof.
Assume now that u(0%) = 0. We will show that there exists a @ which

is a solution to (3.1) with [ = 0 and A = A, and such that a(0) > 0.
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Thus, from the previous argument, we can extend 4 a little bit to the left
so that it satisfies (3.1) with [ = —e and A = Ay, completing the proof.
Thus, it remains to show that such a 4 exists. Let ¢ be a smooth compactly
supported function on R satisfying ¢(0) = 1 and (5 (a¢’)’ +b¢'+A1¢)(0) = 0.
Let v = u+ d¢, where u is as above and § > 0. If § is sufficiently small, then
v > 0on (0,00) and (av') +bv'+ A v = —(Ae—A1)u+d(3 (ag’) +bd'+ A1 ¢) <
0 on (0,00). Thus, v is a sub-solution for (3.1) with [ =0 and A = A, and
v(0) = 0 > 0. We claim that there is a solution @ to (3.1) with [ = 0 and
A = A1, and with 4(0) = §. Indeed, let @, solve 3(adll,)’ + b, + A\id, = 0 in
(0,m), with @, (0) = 6 and ty(n) = 0. Then by the maximum principal, i,
is increasing in n and 4, < v; thus 4 = lim,,— U, exists and is the desired

function. O

Proof of Theorem 2. For Hp on the entire line R, the result of Persson,

given in (3.6) for RT, is

inf oess(Hp) = lim min (info(Hj(jl’oo)), info*(Hl(;OO’*l))> ’

l—o0
where H(=°%=1) denotes the corresponding self-adjoint operator on (—o0, =)
with the Dirichlet boundary condition at £ = —I. Theorem 2 follows from

this and the above proof of Theorem 1. O

Proof of Theorem 3. By the criticality theory of second-order elliptic
operators [4, chapter 4, sections 4 and 10],

(3.12) inf o(Hp) = lim (inf o (HY ")) = lim (inf o (H', 1)),

l—o00 |—o0

Theorem 1 can be applied to Hl(;l’oo). One simply lets —I play the role

played by 0 in Theorem 1. (There is no need to change the definition of

B(z) = [y g(y)dy, because the lower limit 0 can be replaced by any g

without affecting the formulas.) Thus, if fooﬁexp(—QB(x))dm = oo,
then defining

QF(b,a) = sup </I ! exp(—2B(y))dy> </:o eXp(2B(y))dy>,

r>—1 -1 a’(y)
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we have

_ 1
3.13 — <infoHUM <
(3.13) 80T (ba) o(ip ") < 207, (b, a)
But
(3.14)

tim 0% 00) =sup ([ cexp(-28)ay) ([ exoizB)an).
In the case that (1.19) or (1.21) holds, Theorem 3 follows from (3.12)-(3.14).
The case that (1.22) holds is obtained from the case that (1.21) holds by
interchanging the roles of the positive and negative half-lines. For the case
that (1.23) holds, one proceeds as above in the case that (1.21) holds, but

with QF,(b, a) now defined by
Qt(b,a) =

sup ([ 120 s esv(-28way) ([ expizBway )

z>—1 —1

We end this section by proving that (1.14) holds in the case that (1.3) is
in effect, that is, in the case that P,(19 < oo) = 1. From (3.5), it is enough
to show that
(3.15)

sup{A > 0 : there is a solution to (3.4)} = sup{\ > 0: E, exp(A7p) < oo}.

Assume first that A > 0 is such that there exists a solution to (3.4) and let
u be a solution. Then u(X (t A 7)) exp(A(t A Tp)) is a martingale [4, chapter
2], and thus

(3.16) E,u(X(t A1p))exp(A(t ATo)) = u(x).

Letting ¢t — oo, it follows from Fatou’s lemma that F, exp(A7y) < oo.
Conversely, assume that A > 0 is such that E, exp(A1p) < oo. Let 7, =
inf{t > 0: X(¢t) = n}, for n > 0. By the Feynman-Kac formula, u,(z) =
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E.(exp(A19); 70 < T) is the solution to the equation

1

—(au') +bu' + =0, z € (0,n);
(3.17) 2

By the maximum principal, u,, is increasing in n, and (3.4) will have a solu-
tion if and only if lim,,_,o up(z) < 00, in which case uoo () = limy,— o0 Up ()
is the smallest solution to (3.4). By the monotone convergence theorem and
the assumption, we have uq(x) = E,exp(A79) < co. Thus A is such that

there is a solution to (3.4).
4. PROOF OF PROPOSITION 6
Let A > 0 and let f,, be the unique solution to
%(af’)/ +bf' + Af =0in [0,n];
f(0) =1, f(n)=0.
Integrating twice and using the boundary conditions gives

Fol@) = 1+ ¢ /0r a(ly) exp(—2B(y))dy

T 1 Yy
~ 2 /0 s exp(=25(1) /O 4z fa(2) exp(2B(2)),

(4.1)

where

—1+2) [ dmﬁ exp(—2B(z)) [ dyfa(y) exp(2B(y))
Cn = T )
fO meXp<—2B(x))dx
Note that, by the maximum principle, f,, > 0 and f, is nondecreasing in n.
Let foo = lim, .o fn. Recall that by assumption, fooo ﬁ exp(—2B(z))dx =
00. Thus, Coo = limp—oo Cn = 2X [§° foo(2) exp(2B(z))dx. Letting n — oo
in (4.1) gives

(4.2) fool(z)=142A /090 dya(ly) exp(—2B(y)) /OO dzfso(2) exp(2B(2)).
y

By the maximum principle and the construction of f, either f., is the
smallest solution to (3.4) or else fs = co and there are no solutions to (3.4).

Using this characterization, we now proof the two parts of the proposition.
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Proof of Part (i). We will show that the solution fo, of (4.2) is equal to oo

if A > 55+—. From (4.2) it follows that f.. is nondecreasing, and thus also

30(6.a)
that
(4.3) ) N
foola) > 142 ( [ exp<—2B<y>>dy) ( / exp<2B<y>>dy) fool).

T

If there exists an x for which 2X( [ ﬁ exp(—2B(y))dy)([.° exp(2B(y))dy) >
1, then (4.3) can not hold for such an z unless fo(z) = co. Recalling the

definition of Q(b,a), we conclude that there is no finite solution to (4.2) if

> m

Proof of Part (ii). We will show that there is a finite solution to (4.2) if 0 <
A< m. We assume that (b, a) < oo since otherwise there is nothing
to prove. In particular then, we may assume that [ exp(2B(z))dz < oo.
Fix A > 0 and define the operator

(4.4) Tf(z)=1+2\ /Oz dya(ly) exp(—2B(y)) /OO dzf(z)exp(2B(z)),
y

operating on the domain Dy = {f : f > 0and [~ f(2)exp(2B(z))dz < oo}.
Note that, by assumption, 1 € Dp. One can solve (4.2) by iterations. Indeed,
it is clear that 7™1 is increasing in n and that f, = lim, .. 7™1, where
T™ denotes the n-th iterate of T. Thus, to prove the existence of a finite

solution to (4.2) it is sufficient (and necessary) to show that

(4.5) lim 7" < oo.

n—oo

Define a norm by ||f|| = [5° f(z) exp(2B(z))dz. We will prove (4.5) by
showing that

(4.6) lim [|T"1]] < oo.
n—oo
Integrating by parts, we have

(4.7) Tf=1+2)\S1f +2\Sof,
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where
xT 1 o0

S1f(f€)=(/0 a(z)exp(—w(Z))dZ)(/x f(z) exp(2B(2))dz),
(4.8) v :

ng(x):/o dzf(z)exp(2B(z))/0 dta(t) exp(—2B(t)).
Thus,
(4.9) "1 =1+ Zn:(zx)k(sl + S9)*1.

k=1

It is immediate from the definitions of S} and Q(b, a) that |S11(x)| < (b, a),
and thus

(4.10) [1S11]] < (b, a)|[1]].
We will prove the following inequalities:

(4.11) [1S2f1] < Q(b, a)[|F1];

(4.12) 157 S2f1] < (b, a)(||1S7 S f1| + [ISTAI), n > 1,

where S is defined to be the identity operator. From (4.10)-(4.12), it follows
that

(4.13) 185, -+~ S5, 11| < (2(b, ))|[1]],

where 0; = 1 or 2 for each j =1,--- k. From (4.9) and (4.13) it follows that
(4.14) [T 1 < 14)@NFEN) 20, a)F =1+ (83, a))F.
k=1 k=1

From (4.14) one concludes that (4.6) holds if A < m.
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We now prove (4.11) and (4.12). Integrating by parts, we have
(4.15)

[|S2f|| = /OOO dz exp(2B(x)) /Ox dzf(z)exp(2B(z)) /OZ dtagt) exp(—2B(t)) =

([ ewtemes) ([ arerene) [ i eo-2nw) [

+ h dx b exp(2B(z))dz | f(x)exp(2B(z)) ’ dtL exp(—2B(t))
0 x o at)

< Q(b,a) / " f () exp(2B(@)dz = (b, a) |1,

proving (4.11).

We now turn to (4.12). We will write out the proof for n = 2; the very
same technique holds for general n. We have
(4.16)

Istsasll = [ dresp(ento) ([ ew-2m)s)

</:° dt exp(2B(1)) /Ot dsa(ls) exp(—2B(s)) /too di exp(2B(l))52f(l)> .

Integrating by parts gives
(4.17)
o0

dlexp(2B(1))Saf(1) =

[e%e) l r
/t dlexp(2B(1)) /0 dr f(r) exp(2B(r)) / dpa(lmexm—zB(p)):

- (/l exp(2B(1/))dV) (/Ol drf(r) exp(ZB(T‘))/OT dpL exp(—2B(p))) \:O+

a(p)
/too dl (/loo dv exp(2B(u))> f(l)exp(2B(1)) /Ol dpa(lp) exp(—2B(p)) <
" @B ) ([ sy exp@Br) [ do— exp(—2B(o))) +
' 0 o alp)

/too dl (/loo dv exp(2B(u))> f(1) exp(2B(1)) /Ol dpa(lp) exp(—2B(p))-
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Substituting (4.17) in (4.16) and using the definition of (b, a), we obtain

Istsasll < [ dresp(eto) ([0 ew-2m)s)

(/:O dtexp(23(t))</0t dsa(ls)exp(—zB(s)))(/too dv exp(2B(v) ) x

( /0 dr () exp(2B(r)) /0 ' dpa(lm exp<—2B<p>>))

+ /OOO dx exp(2B(a:))</Ox a(lz)exp(—2B(z))dz) X

(/:o dtexp(2B(t))(/0t dsa(ls) eXp(—2B(s)))><

oo 00 l
(/t dl(/ duexp(QB(V)))f(l)exp(QB(l))/ dsiexp(—QB(s)))>

l o a(s)

< Q(b,a) /OOO dz exp(2B(z)) (/0 dza(lz) exp(—23(z))> «

(/:O dteXp(QB(t))(/Otdrf(r) exp(2B(r)) /OT dp 1

2 (2B0)

+ Q(b, a) /OOO dx exp(2B(x)) ( /OI a(lz) exp(—2B(z))dz> X

(/:o dtexp(ZB(t))(/Otdsa(ls)exp(—QB(s)))(/too AL (D) exp(2B(1))))

= Q(b, a)||S1821] + (b, )| ST f]|-

5. APPLICATION TO MULTI-DIMENSIONAL DIFFUSION OPERATORS

Consider the multi-dimensional diffusion operator

(5.1)
1
Hp = —§V -aV —aVQ -V = —% exp(—2Q)V - aexp(2Q)V on R d>2,

where a = {ai,j}Zj:I € C'(R?) is positive definite and Q € C*(R?). One can

realize Hp as a non-negative, self-adjoint operator on L?(R%, exp(2Q)dz) via

the closure of the Friedrichs extension of the nonnegative quadratic form

Qo(f.9) =5 [ VfaVgesp(2Q)da,
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defined for f,g € C(R?). For I > 0, let B;(0) C R? denote the ball of
radius [ centered at the origin, and let H lD be the self adjoint operator on
R — B(0) corresponding to Hp with the Dirichlet boundary condition at
dB;(0). More precisely, H, is the Friedrichs extension of the closure of the
nonnegative quadratic form

Aot =3 [ ViaVgexp(:Q)da,
RA—DB;(0)

defined for f,g € C}(R?— B;(0)). The result of Persson [3] noted in section
3 gives

(5.2) inf oess(Hp) = lim inf o(HL).

|—o0

We will give upper and lower bounds on inf o(Hp) and inf o(H%) in terms of
the corresponding infima for certain one-dimensional operators. From (5.2),
this will then also give upper and lower bounds on inf oess(Hp). Applying
Theorem 1 to the one-dimensional operators will then yield explicit bounds
on inf o(Hp) and inf oess(Hp).

Letting 7 = || and ¢ € S%~! denote spherical coordinates, let

o)) !

]

(5.3) Arad—har('r? ¢) = (7

]

denote the representation in spherical coordinates of the reciprocal of the
radially directed quadratic expression (ngil a‘l(a:)ﬁ). Let Qr(z) = VQ(x) -
ﬁ denote the radial derivative of ). Write @, in spherical coordinates as
Q. (r, ¢). For each ¢ € S?1, define the one-dimensional diffusion operator

Hrad-har;¢ on RJF by

(5.4)
Hrad-har;qb =
1d d d—14d d
_77Ara-ar ) 7_Ara-ar ) 7_Ara-ar s r\h®)7— =
5 gy Arad-h (T¢>dr d-har (7, @) 5 dr d-har (7, 6)Q (7'¢)d7,

d d
B %Tl_d eXp(_2Q(7"7 ¢)>%Arad-har(ra ¢) Td_l eXp(2Q(T7 (Z)))% on 12"
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Let (I% a(x)ﬁ)(r, ¢) denote the representation in spherical coordinates

of the radially directed quadratic expression (ﬁa(x)i). Let

|z

_ Joa1 (i al@)5)(r, ¢) exp(2Q(r, ¢))d¢

(55) Arad—avg(r) de—l eXP(QQ(T7 ¢))d¢
and
(5.6) Qriavg (1) = Jga-1 Qr (7, ¢) exp(2Q(r, qﬁ))dqﬁ.

f5d71 exp(2Q(r, ¢))dé

Define the one-dimensional diffusion operator Hyag.avg On RT by

(5.7)
1d d d—1d d

H = 35 -5 Ara -av 5. 7. — {rad-av rav,
rad-avg 2 dr rad-avg(r) dr d g(r) 2% dr d g(T)Q ; g(r) dr

d d
— —% exp(=20(r)) - Arad-ave(r) exp(26(r, ) - on R,

d—1

where 3(r, ¢) = 5

1
logr + 3 log /Sdl exp(2Q(r, ¢))do.

Let Hf;’d_h)ar’d) and HGX)

rad-ave denote the corresponding operators on (I, c0)

with the Dirichlet boundary condition at r = [, as defined in section 3.
Remark 12. Theorem 1 can be applied to the operators H,ag-har,¢ and

H.ad-avg even though their drifts are not continuous up to 0. Indeed, the

theorem applies directly to Hgﬁ_oh)ar " and HE®)  for | > 0, and one has

rad-avg’

. . . l .
inf o(Hyad-har,¢) = lim;_, inf U(Hlfafh)ar,qs) and inf o(Hyad-avg) =

lim;_, inf o (H, (1,00) ) [4, chapter 4—sections 4 and 10]. The one change that

rad-avg

needs to be made is that B should be defined as B(z) = f,fo %(y)dy, for some
xg > 0. (In the proof of Corollary 2 below we use xg = 1.)

We will prove the following theorem.

Theorem 4.

¢€i£}df71 inf U(Hrad—har;qb) < inf U(HD) < inf U(Hrad—avg)

and

¢€ig15_1 infa(Hﬁi’f,zar@) < infa(Hl()l’oo)) <info(H

(l,OO) )
rad-avg/*
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Applying Theorem 1 and (5.2) to Theorem 4, the following corollary is

immediate.

Corollary 1.

1 <info(Hp) < L

o ;

8 Sup¢€Sd—1 Qr (ﬁmd-har;d)v Amd-har('7 QZ))) - b= 20+ (ﬁmd-avg; Amd—avg)

1 1

= § infaess(HD) S =

8 Sup¢>€Sd—1 Qr (ﬂmd-har;d)v Amd-har('7 ¢)) 20+ (5Tad-avg; Amd—avg)
where

)

Brad-hars (1) = Arad-har(r, @) (Q’"(T’ ¢) + d2_7“1> ’

d—1
/Bmd-avg(r) = Amd-avg(r) (Qr;avg(r) + 20 ) P
and QO and QF are as in Theorem 1. In particular, Q*(ﬁmd_avg, Arad-avg) =
0 is a necessary condition for Hp to possess a compact resolvent and

Q+(ﬁmd-har;¢7Amd-har('; #)) =0, for all ¢ € S, is a sufficient condition.

We give the following application of Corollary 1.

Corollary 2. Let Hp = —%V -aV on R, d>1.

inf¢esd*1 A'md-hw'(rr(b)

2 = 00, then oess(Hp) = 0 and Hp possesses

i If Tim, o
a compact resolvent;
i, If limy oo 22200 — 0 then inf oogs(Hp) = 0;
ii. If inf e ga-1 Aragonar(r; @) > \r2, for large r, then
info.ss(Hp) > Agﬁ;
w. If Ayagoaug(r) < Ar?, for large r, then
inf oss(Hp) < A2
Remark 13. Let

Apin(r) = inf  (va(x)v) and Apax(r) = sup (va(z)v),

[v|=1,|z|=r [v|=1,|z|=r

and note that

inf Arad—har(r7 Cb) > Amin("“) and Arad—avg(r) < Amax("")-
pesd—1
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Parts (i)-(iii) of the above corollary, with inf cga-1 Arad-nar(-, #) replaced
by Amin and Apadave replaced by Apax are originally due to Davies [1].
The use of inf,cga Arad-har (-, @) and Apadoave instead of Apmin and Apmax
is a significant strengthening. For instance, if for |z| > 1, the radially
directed vector (7 is an eigenvector for a(x) with eigenvalue y(|z|) > 1, and
all the other eigenvalues of a(z) are equal to 1, then for » > 1, one has
Aradonar (1, @) = v(r) while Apin(r) = 1. A two-dimensional example of such

a diffusion matrix is

a3 T
) S+ 2 23 (o () - 1)
a(zr) =
)
Switching the roles of the eigenvalues v(|z|) and 1 above, one has Ayad-ave (1) =
1 while Apax(r) = v(r). A two-dimensional example of such a diffusion ma-

trix is

2 2
o +alehih 2

(
a(x) = 5 i
:T;alc;(l_fyﬂx\)) %‘ZQ‘F’Y(WD%

Proof of Corollary 2. By the standard variational formula for inf o (H g,oo))’

it follows that inf o (H g,oo)) is nondecreasing in a, and thus by (5.2), inf oess(Hp)
is also nondecreasing in a . Also from (5.2), it follows that inf oess(Hp) does
not depend on {a(z),0 < z <}, for any [ > 0. In light of these facts, (i)
and (ii) follow from (iii) and (iv). Also, by the monotonicity in a, for the
proof of (iii) we may assume that A.qpac(r, @) = Ar2, for large r, and for
the proof of (iv) we may assume that Aag avg(r) = Ar?, for large r.

We consider (iii), the proof of (iv) following mutatis mutandi. From Corol-

lary 1,

1
(5.8)  inf oes(Hp) > ; _ .
o 8 Sup¢eSd—1 Q+(Arad—har('a (b) %7 Arad—har('a ¢))

For the pair of arguments of Q* in (5.8), one has exp(2B(r)) = exp([] ©-1ds) =

S

rd=1. Since we are assuming that Ap.qpac(r, ¢) = Ar? for large 7, we have



THE SPECTRUM OF DIFFUSION OPERATORS 37

= 2 m r1=ddr < oo; thus, (1.6) holds and
(5.9)

1 —d
h _ T

_ [ 1-dg;. _ T
Aradebar (+8) 5 Arana (-9) (r) —/r Arad-har(8,¢)s ds = VR for large r.

Writing hy = h Aractnar (46) 5L Ara b () to simplify notation, for any [ > 0,
one has from the definition of QT

N d—1
Q+(Arad—har('a QZ))? Arad har( ;

5.10 lim su / h%(s ) < s4- 1ds>
( ) r—>oop< 1 ¢ ( )Arad har

= limsup ((h;5 / h2 s471ds.

T—00

(In the original definition of Q*, [ above is replaced by 0, however using [
does not change the value of the expression.) Choosing [ sufficiently large
and substituting hg(r) = % in (5.10), one concludes that

Q+(Arad-har('a¢) d2r1aArad-har('7¢)) = ﬁ Part (iii) now follows from this
and (5.8). O

Proof of Theorem 4. We will prove the inequalities for Hp; the exact

same method works for Hg’oo). The variational formula for inf o (Hp) gives

5 Jra V.faV f exp(2Q)dx

(5.11) inf o(Hp) = inf [oa PP oxp(2Q)dz

where the infimum is over f € C}(RY).
Using spherical coordinates (r, ¢), and letting inf,,q4ia denote the infimum

over radially symmetric functions f € C¢(R?), we have from (5.11),
(5.12)

info(Hp) < inf % fRd VfaV fexp(2Q)dx

radial fRd f2 eXP@Q)de
v 2(f5d—1 £ 0(e) 5)(r,¢) exp(2Q(r, 8))do) r*r
= radial fo F2(r) (fga-r exp(2Q(r, §))d) ro=1dr

i 240 ) Avadag (1) exp(26(r))dr
radial f (f“’( ) exp(20(r))dr ’
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where 3(r) = %5tlogr + 4 log Jga-1exp(2Q(r, ¢))d¢. The infimum on the
right hand side of (5.12) is the bottom of the spectrum of the operator
H.ad-avg defined in (5.7). This gives the upper bound.

We now prove the lower bound. By the Schwartz inequality,

T T

(5.13)  fA@)=(Vf(2) ) < (Vf(@)a(@)V[f(2))(—ra™"(z)

] ]

Writing (5.13) in polar coordinates and using the definition of A;a4par, one

X

).

]

has

(5.14) (VfaV ) (r,¢) > Arad-nar (7, ¢)f3 (1, 9).

By the variational formula, for any g € C§(R*) and ¢ € S971,

5 | A ) (1) exp(20(r. 0
(5.15) 0

> inf o (Hraatars) [ 92000 exp(2Q(r. )i
0
From (5.14) and (5.15) one has for f € C}(R?),

1

/ VfaV fexp(2Q)dx >

2 Rd

s [ [ A 6152 0 exp(2Qr 0))drds

516y 20l

> / inf J(I{rad-har;d)) / f2 (T7 ¢)Td_1 exp(QQ(T, ¢))d7’d¢
Sd—1 Rt

e 2
> qbelél‘g‘*l inf o (Hrad-har;¢) /Rd fexp(2Q)dz.

From (5.16) we conclude that

1 vV faV 2 d
inf 2fRd faV fexp(2Q(z))dx inf infU(Hrad-har;¢)~

info(Hp) = [ra F2exp(2Q)dux T pegdt

O
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