PROBABILISTIC AND COMBINATORIAL ASPECTS OF
THE CARD-CYCLIC TO RANDOM INSERTION SHUFFLE

ROSS G. PINSKY

ABSTRACT. Consider a permutation o € S, as a deck of cards num-
bered from 1 to n and laid out in a row, where o; denotes the number
of the card that is in the j-th position from the left. We study some
probabilistic and combinatorial aspects of the shuffle on S,, defined by
removing and then randomly reinserting each of the n cards once, with
the removal and reinsertion being performed according to the original
left to right order of the cards. The novelty here in this nonstandard
shuffle is that every card is removed and reinserted exactly once. The
bias that remains turns out to be quite strong and possesses some sur-

prising features.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let S,, denote the symmetric group of permutations of [n] = {1,--- ,n}.
Our convention will be to view a permutation o € S, as a deck of cards
numbered from 1 to n and laid out in a row, where o; denotes the number
of the card that is in the j-th position from the left. In this paper, we analyze
the bias in the following “shuffle” on n cards: remove and then randomly
reinsert each of the n cards exactly once, the removal and reinsertion being
performed according to the original left to right order of the cards. The
novelty here in this nonstandard shuffle is that every card is removed and
reinserted exactly once, unlike in any of the shuffles one encounters in the
literature. The point is to see how much bias remains when one knows that
every card has been removed and reinserted.

We dub this shuffle the card-cyclic to random insertion shuffle. The reason

for this terminology along with the original motivation that led to the study
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of this shuffle will be explained at the end of this section. However, we feel
that the results are of independent interest regardless of that motivation.

We let p, (0, 7) denote the probability that the deck ends up in the state
T € Sy, given that it began in state o € S,. Of course, since the shuffle
is transitive, it suffices to look at p,(id, -), where id is the identity element,
corresponding to the cards being in increasing order from left to right. Note
that if n > 3, the distribution after one such shuffle cannot be exactly
uniform because there are n™ equally probable ways to implement the shuffle,
but there are n! possible states of the deck, and n! t n™. Of course this
doesn’t rule out asymptotic uniformity, but in fact we shall see that the
card-cyclic to random insertion shuffle is far from uniform.

We begin with the behavior of the distribution of the card in the first
position and of the card in the last position. The bias with regard to the

first position turns out to be quite strong.

Theorem 1. Under p,(id,-), the random variable o1, denoting the number
of the card in the first position, has the following behavior:

(1.1)

pulid for = j}) = A1 (140() +

J
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ey/n n
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uniformly in j as n — oo, where Y(t) = / e_%fc dz.
t

1
n

N

In particular then, the following limits hold.

lim np,(id, {o1 = byn}) = €71, if lim b, = b€ (0,1],
orif lim b, =b=0 and lim n%bn = 0.
n—oo n—oo

Thus, defining the probability measure v on [0,1] by
vE(A) = pp(id, {o1 € nA}), A C [0,1],

one has

w — limy—oovl (dz) = e Lo (x) 4+ e* Lda.

U(==)(1+0n™0%)) + 0(e™"),
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o 2
lim n%pn(id, {o1 = dnn%}) = e_l/ e T dy,
(1.3) n—00 d
if lim d, =d € [0, 00).

Thus, defining the probability measure uf on [0,00) by
pE(A) = pu(id, {0y € n%A}),A C [0, 00),

one has
oo 2
v— lim pf(dz) = 6_1(/ e_%dy)d;v,

T

the total mass of the measure on the right hand side above being e~ !.

Remark. From Theorem 1, it follows that the most likely numbers for the
first position lie “right next to” the least likely numbers. More precisely, the
following facts follow from Theorem 1:

1. (Most likely asymptotic numbers for first position) Let {7} ; denote a
sequence satisfying 1 <, < n, for each n. Then

V2
sup limsupnzp,(id, {o1 = 7}) = 5 =
{m}pz, n—> €

In particular, the supremum is attained for sequences {v,}°°; satisfying
Tn = o(n%), as n — oo
2. (Least likely asymptotic numbers for first position) Let {v,}>°; denote

a sequence satisfying 1 <+, < n, for each n. Then

inf liminf np,(id, {o1 = 7,}) = e~ 1.

{m}pz, n—oo

In particular, the infimum is attained for sequences {7, }°> ; satisfying v, =

o(n) and \/n = o(7,), as n — oo.

The bias with regard to the last position is considerably tamer than the

bias with regard to the first position.

Theorem 2. Under p,(id,-), the random variable oy, denoting the number
of the card in the last position, has the following behavior.
i.

b

(1.4) lim npy(id, {0 = ban}) = e%

o f lim by = b€ [0,1).
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In particular then, defining the probability measure vE on [0,1] by

n

vE(A) = pu(id, {0, € nA}), A C [0,1],

n

one has
w — limy sl (de) = ° _da.
e—1
(1.5)
lim npy(id, {0, = byn}) = Ll’ if lim b, =1 and lim (n
n—o00 e — n—o0o n—oo
e—e!
(1.6) lim np,(id, {0, =n —1}) = ST 1=0,1,

Remark. The following facts follow from Theorem 2.
1. (Most likely asymptotic numbers for last position) Let {7,

sequence satisfying 1 < ~,, < n, for each n. Then

sup limsupnpy(id, {on = Wm}) =
{yn}3e, n—oo e—1

In particular, the supremum is attained for sequences {v,}32, satisfying

limy, oo 22 =1 and limy, oo (n — ) = 00.

—bpn) = 0.

o0

o2, denote a

2. (Least likely asymptotic numbers for last position) Let {7,,}7° ; denote a

sequence satisfying 1 <, < n, for each n. Then

1
inf liminf np,(id,{o, =Wm}) =

{m}sz, n—oo e—1"

Y = 0(n).

In particular, the supremum is attained for sequences {v,}°°; satisfying

Theorem 1 showed that the cards with numbers on the order n% are

more likely to occupy the first position than cards with larger

numbers. In

fact, more generally, cards with numbers on the order n? are more likely to

occupy any position at the beginning of the deck than are cards with larger

numbers. We can quantify this and use it to prove that the total variation

norm between the card-cyclic to random insertion shuffle measure and the
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uniform measure converges to 1 as n — co. Recall that the total variation

norm between two probability measures p and v on S, is defined by

= vy = sup (n(4) —v(A)) = % Y lu(o) = v(o)l.

CSn gESy

Theorem 3. Let
AE\Z)L ={0€8,:0;< Mn%, for some j < L}

be the event that a card with a number less than or equal to Mn> appears

in one of the first L positions. Then

(L.7) Am pm i pa(id, Afers) =1
In particular then,
(L8) im [|pa(id, ) — Unl[7v = 1.

The first two theorems dealt with the distribution of the number of the
card in special positions—namely, the first and the last positions. We now

consider the distribution of the position of the card with a general number.

Theorem 4. Under p,(id,-), the random variable Ub_nln’ denoting the posi-
tion of card number b,n, has the following behavior. Assume that lim, . b, =
b€ [0,1]. Then the weak limit of the distribution of %ab_nln exists. Its distri-

bution function
Fy(x) = T}Lnolopn(id, {Ub_nln <an}), z €[0,1],
is given as follows. Define Gy : [0,1] — [0,1] by
yel=b 0<y<1—(1-0b)e
9™ _ (1 —g)el=b, 1—-(1—-bel<y<1.
Then Fy, = G, .
We have the following corollary. Part (iii) of the corollary follows from

part (i) of Corollary 5 below. The rest of the parts are a pedestrian calculus

exercise.
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Corollary 1. Let f;, denote the density of the distribution function Fy, that
is, the density function for the limiting rescaled position of a card with a
number around bn. Let x, = '™ — (1 —ble, 0 < b < 1, and let by,
0 < x < 1, denote its inverse. Note that by = 1. Then fi = 1, and for

be[0,1),
i. fo(z) =€t 0< o < ay;
.. b—1
i, folz)) =17
eberzfl

1109, fb(.%') = a1 Tp < T < 1.

Remark. Note that f, is constant on [0, zp), where it attains its minimum.
It is decreasing on (xp, 1] and its supremum is fb(:nzr). The corollary shows
that for a card with a number around bn, with b € (0,1), the most likely
positions in which it will end up are those just to the right of nay, = n(e! b —
(1 — b)e), and the least likely positions are all of those less than nzp. In
particular, the most likely positions for a card with a number around bn
lie “right next to” the least likely positions. See figure 1. Note also that
f0(0) = 0o, which means that for all b and d, the probability of a card with
a number around bn ending up in a position around dn is the greatest for
b=d = 0. (This connects up with Theorem 1.) The probability measures
corresponding to the densities f; are weakly continuous with respect to
b € [0,1]. For each b € (0,1), the density f;, has a discontinuity, however
considered as cadlag functions, the densities f; vary continuously in the

Skorohod topology for b € (0,1). This continuity does not extend to b = 0,

where fy(0) = oo, or to b = 1, where f; = 1 but limy_1 sup,cp 1] fo(z) =

e

e—1"

Let EP»(d) denote the expectation corresponding to the card-cyclic to
random insertion shuffle starting from id, so that Ep"(id")abjl 1n is the expected
position for card number b,n at the end of the shuffle. It follows from the
theorem that if lim, o, b, = b, then E(b) = lim, %Ep"(id")al;ln exists
and is given by fol(l — Fy(z))dr. Making a substitution and integrating
by parts shows that this integral is equal to fol Gy(y)dy. Computing this

integral then gives the following corollary.
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F1GURE 1. Density for limiting rescaled position of a card

with a number around bn.

Corollary 2. Let E(b) = lim,,_, %Ep"(id")ab;ln, where lim,_ .o b, = b, de-
note the rescaled limiting expected position for a card with a number around
bn. Then

E(b) =eb+ %elfb — e,
The function E(b) has the following properties:
i. B(0) = ge—1=.359;

i. B(1) = 3;
iii. E(-) increases for b € [0,b*] and decreases for b € [b*, 1], where b* ~ .722
is the solution to e — e® — 2el=0 = 0. The mazimum value of E(-) is

E(b*) ~ .564;
. E(b) > b, for b€ [0,b] and E(b) <b for b c [b,1], where b~ .545.
v. [ B(b)db=1.

Remark. In particular, a card starting out very near the left end of the deck
will end up on the average around 35.9 percent of the way through the deck,
while a card starting out anywhere else will end up on the average further
to the right than this. A card starting out around 72.2 percent of the way
through the deck will end up on the average around 56.4 percent of the way

through the deck, while a card starting out anywhere else will end up on the
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FIGURE 2. Limiting rescaled expected position of a card with

a number around bn.

average further to the left than this. A card in the first 54.5 percent of the
deck will end up on the average further to the right than where it started,
while a card in the last 45.5 percent of the deck will end up on the average
further to the left than where it started. See figure 2. But of course, as
(v) indicates and as is clear from considerations of symmetry, the average

ending position of the average card must be the 50th percentile.

The following corollary shows that the random positions of a finite number
of cards are asymptotically independent. The result follows easily from the

proof of Theorem 4, as will be shown after the proof of that theorem.

Corollary 3. For m > 1, let 1 < bipn < bopn < -+ < byppn < n sat-
isfy limy, o0 bjn = bj € [0,1]; 50 0 < by < by < -+ < by, < 1. Then un-
der py(id, ), the distribution of the random vector %(ob_lin, ab_;m, e ,ab_mlnn)
converges to the m-dimensional product distribution with density [ T2, fo, (;),

where © = (X1, ,Tm).

We can use the above corollary to say something about the probability of

inversions. For ¢ < j, if card number j appears to the left of card number ¢
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in a permutation o, then we say that the pair of cards with numbers ¢ and
j form an inversion for the permutation o. This concept is described more
fully below, two paragraphs above Lemma 1. For m = 2 in Corollary 3, let
(El_;;l, 2. 1172) denote a random vector distributed according to the density

I, (1) fo, (x2). We will prove the following result.

Corollary 4. i. Let b~ .768 be the root of the equation (1—b)el — % =0.
Then

P(Zl_;;l < 22_;;2) > =, for by < by < b and by sufficiently close to by;

[ = DN =

P(Zl_;;l < 22_;;2) < =, forb < by < by and by sufficiently close to by;

27
i. Let b~ .380 be the unique root of the equation E(b) = %, for b€ [0,1),
where E(b) is as in Corollary 2. Then

1 ~
P(31, < $5.7) > 5, for b€ [0,b);

== N

P(31, < ¥g) < 5 forbe (b,1).

Remark. The first part of the corollary indicates that for large n, if one
takes a card with a number around byn and a card with a number around bon,
with bg > by and sufficiently close to by, then under p,(id, -), the probability
that these cards form an inversion is less than % if b < b~ .768 and greater
than % if by > b ~ .768. (We suspect that the restriction that by be close
to by is unnecessary for the above result.) The second part of the corollary
indicates that for large n, if one takes a card with a number around bn,
b e (0,1), and a card with a number around n (that is, a card from the very
end of the deck), then under p,(id, -), the probability that these cards form
an inversion is less than % if b < b and greater than % if b > b. Furthermore,
the point b = b where the probability is equal to % is exactly the point b
where the limiting average rescaled position E(b) is equal to % Despite the
above corollary, the measure p,(id, -) favors permutations that do not have
a lot of inversions, in a sense made precise in Corollary 6 below. See also,

the remark after that corollary.

The results in Theorems 1 and 2 are local limit theorems. If we had such

a local result in Theorem 4; namely lim,,_,o, npy(id, {al;ln = x,n}) = fi(x),
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whenever lim,, .., b, = b and lim,,_, o z, = & with x # z}, rather than only
(1.9) lim p,(id, {0}, }, < 2n}) = Fy(z),
n—00 n

then it would follow by a compactness argument that lim,, o pp (id, {og,n <
bpn}) = fé’ fi(x)dt whenever lim,_,oc , = , lim, o b, = b and at least
one of x and b is different from 0. Unfortunately, we don’t see how to prove
this rigorously just from (1.9), nor do we see how to prove directly that
limy, o0 pr(id, {05, n < bn}) exists, although it is intuitively obvious that it
does. And if it does exist, then it is easy to show that the corresponding
density must be h;(b) = fp(z), except at = 0 and at points of discontinuity
of fp(x). We prove the following corollary concerning h,(b), the limiting
rescaled expected card number occupying a position around zn. The proof

of part (i) of the corollary gives a proof of part (iii) of Corollary 1.

Corollary 5. The density function h,(b), the limiting rescaled card number
occupying a position around xn, has the following behavior.
For x = 0, one has ho(b) = ¢*~1,0 < b < 1. This is a sub-probability

Loat

density with total mass 1 — e~ 1. In addition there is a 5-mass of size e~
b=0.

For x =1, one has hy(b) = %,0 <b< 1.

Let by, 0 < x < 1, denote the inverse of the function x, = ¢!~ — (1 —b)e,
0<b< 1. ForO<xz<1, one has
i ha(b) = Sl 0 < b < by;
i. hg(b) =P, by <b < 1.

1 connects

Remark. The fact that at = 0 there is a § mass at 0 of size e~
up with Theorem 1. The corollary shows that the most likely numbers to
find in a position around zn, 0 < x < 1, are numbers slightly smaller than
nby. If e’ < 2, or equivalently, z < %e — (1 — In2)e ~ .525, then the
least likely numbers to find in a position around zn are numbers slightly
larger than nb,; if z > %e — (1 — In2)e, then the least likely numbers to
find in a position around xn are numbers on order o(n). In particular, for

all x € [0,1], the most likely numbers for a position around xzn are “right

next to” numbers that are much less likely to be in such a position, and
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F1GURE 3. Density for limiting rescaled card number

occupying a position around xn.
if © < 3¢ — (1 — In2)e ~ .525, then these latter numbers are the least
likely ones to be in such a position. See figure 3. The probability measures
corresponding to the densities h, are weakly continuous with respect to
x € (0,1], and the densities h,, considered as cadlag functions with the

Skorohod topology, vary continuously for z € (0,1).

We now turn to the study of the entire distribution p,(id,-). We need
to introduce some additional concepts and notation. Fix a positive integer
n. Let I = (I1,--+ ,lp,—1) be an (n — 1)-vector of positive integers satisfying
i <l; <n—1. Consider the collection of all integer-valued paths {Y;}7 ,
satisfying 1 <Y} <Yy <-.. <Y, = n, with the strict inequality Y;+1 > Y;
holding if Y; < [;. Note that one always has Y; >4, forall¢=1,--- ,n. Call
such paths nondecreasing l-paths of length n. Denote the number of such
paths by N, (l). Note that N,({) is strictly decreasing in each of its n — 1
variables.

Recall that for o € S,, and ¢, j € [n] with ¢ < j, the pair (4, 7) is called an
inversion for o if o; < ;. According to our convention, (z,j) is an inversion
for o if the card in position 7 has a higher number than the card in position
j. Thus, (4,7) is an inversion for the inverse permutation o1 if the card

numbered i appears to the right of the card numbered j in the permutation
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o. In this case, as we have already noted before Corollary 4, we also say that
the cards with numbers ¢ and j form an inversion for o. For 2 < j <n—1

and o € 5, let
j—1

Ii(o) = Z 1%_1>Uj_1 = # of inversions in o
k=1

involving the card numbered j and a card numbered less than j.

For convenience, we also define I;(0) = 0. Define (o) = (l1(0),- - ,lh—1(0))
by

lilo)=jd+1I—j(0), j=1,---,n—1.
Note that j <lj(c) <n-1, j=1,--- ,n—1

Lemma 1. For each | = (l1,--- ,l,—1) satisfying j <l < n—1, for j =

1,---,n—1, there exist exactly n permutations o € Sy, satisfying l(o) = .

Proof. Note that [(o) does not depend on o,, !, the position in o of the card
numbered n, with the relative positions of cards 1,2,--- ,n — 1 held fixed.
It is easy to see that any o € S, is uniquely determined by the value of o, !
and by the condition [(0) = [, where | = (I3, - ,l,—1) is as in the statement

of the lemma. O

Theorem 5. Let o € S,,. One has
Nn(l(o))

nn

pn(id, o) =

where Ny (1) denotes the number of nondecreasing l-paths of length n.

Theorem 5 gives a qualitative picture of the nature of the bias in the
pn(id, -)-shuffle. Indeed, using the strict monotonicity of N(I) and the defi-

nition of /(o), the following corollary is immediate from Theorem 5.

Corollary 6. i. p,(id, o) does not depend on o, !, the position in o of card
number n, with the relative positions of cards 1,2--- ,n — 1 held fized;
. Let o', 0" € Sy. If I;(0) < I;(0"), for all j € {2,--- ,n — 1}, then

pn(idy U/) > pn(id7 0//)’

with strict inequality holding if I;(o") < I;(c”), for some j € {2,--- ,n—1}.
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Remark. Of course, we don’t need the theorem to get part (i) of the corol-
lary. From the definition of the shuffle, it is clear that the distribution of
card number n is uniform. Part (ii) shows in particular that among cards
numbered from 1 to n— 1, if every such pair of cards that forms an inversion
for ¢’ also forms an inversion for ¢”, then p,(id, ') > p,(id, ¢”). Thus, in
the above sense, the more a permutation preserves the order defined by id,
but ignoring card number n, the more it is favored by p,(id,-). We have
qualified the above sentence with the words “in the above sense,” because
Corollary 4 shows that if n is large and by > by > b 768, with ba close to
b1, then py(id,-) assigns a probability greater than % to those permutations
for which card number [bin] and card number [ban] form an inversion!

It seems quite difficult to estimate N, () for general [. However, the

maximum and minimum over [ can be calculated explicitly.
Theorem 6. One has

1 2n
1.1 L < N, (1) <
(1.10) <n = ()

for alll = (l1, -+ ,lp—1), with j <l; <n—1, forj=1,--- ,n—1. The
left hand inequality above is an equality if and only if I; = n — 1, for all

j=1,---,n—1, and the right hand inequality above is an equality if and
only ifl; = j, forallj=1,--- ,n—1.

Remark. Note that the right hand term in (1.10) is equal to C,,, the nth

Catalan number.
The following corollary is immediate from Theorems 5 and 6.

Corollary 7. One has

2! : ()
< pn(id, o) < (nt

The right hand inequality above is an equality if and only if o possesses

(1.11) -

the increasing subsequence 1,--- ,n — 1, and the left hand inequality is an

equality if and only if o possesses the decreasing subsequence n — 1,--- 1.

Note that the left hand side of (1.11) is %2—2 and the right hand side of

(1.11) behaves asymptotically as n — oo like —L— i—z, while the uniform

Vn?2
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probability measure U, (o) = % behaves asymptotically as n — oo like

1
21

2—2. Thus, we have the following tight uniform bounds over o € S,,:

Va1

S

(1o (T3 < LT < (3 4 o)

)", as n — oo.

In particular, the separation distance between U,, and p,(id,-) approaches
1 exponentially fast as n — oco. (Recall that the separation distance s is

defined by s(pn (id, ), U) = maxyes, (1 - 2i42)) )

Consider now the random walk with increment distribution given by

pn(., )

Corollary 8. The random walk on S, with increment transition measure

pn(-,*) is not reversible.

Proof. From the formula in Theorem 5, it is easy to see that the equality
pn(id, o) = pp(id,0~1) does not hold for all o € S,,. O

In a prior preprint version of this paper, we posed the question: how long
does it take for this random walk to mix? That is, letting (p,)™(id, -) denote
the m-fold convolution of p,(id, ), which is the distribution of the random
walk at time m given that it started from id, how large must {m,}>°, be
so that limy, .« |[|Un — (pn)™"(id, -)||7v equals 07 In light of the discussion
below, one would expect that m,, would be on the order logn. This has now

been proven with a very clever argument in a recent preprint [5].

The original motivation for this paper comes from the results on mixing
times for a number of classical shuffles; in particular, the random to random
insertion shuffle, a random walk on .S,, whose transition is implemented by
choosing a card at random, removing it from the row, and then reinserting
it in a random position in the row. Denote this random walk by {X,,}7°_,
and let chn) denote probabilities for the random walk starting from o. The
random walk is irreducible and the uniform distribution U, is its invariant
measure. It’s aperiodic since pim (X1 = 0) = 1 Thus Pi(dn) (Xm € 4)
converges to U, as m — oo. One is interested in the rate of convergence

in the total variation norm as the parameter n grows. It is known that
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the mixing time is on the order nlogn. A long-standing open problem
is to establish the cut-off phenomenon; namely to establish the existence
of a ¢* such that if m,, > enlogn with ¢ > ¢*, then lim,, . ||P151n) (X, €
) =Uyl|Tv = 0, and if m,, < enlogn with ¢ < ¢*, then lim,,_, HPl(dn) (Xm, €
) = Upllrv = 1. It has been conjectured that ¢* = %. Very recently,
using very delicate probabilistic estimates [11], it has been proven that for
any € > 0, (% — e)nlogn shuffles is not enough to mix the deck. Using
analytic methods, it was shown that for any € > 0, (2 + €)nlogn shuffles
does mix the deck [9]. Thus, if the cutoff phenomenon occurs, then c¢*
must satisfy % < ¢* < 2. For other similar looking shuffles, such as the
random transposition shuffle (where at each stage, two cards are selected
independently—so the same card might be selected twice—and then their
positions are swapped) and the top to random insertion shuffle (where at
each stage, the current top card (left-most card in our setup) is removed and
randomly reinserted), the cut-off phenomenon has been proven with m,, in
the same form as above, with ¢* = 3 and ¢* = 1 respectively [1].

Note that the mixing times of all the shuffles above are on the order
nlogn. Now recall that the coupon collector’s problem is the problem of
determining how many samples of an IID random variable, distributed uni-
formly on [n], are required until every number has been selected at least
once. Denoting the required number of samples by T}, it is well known that
lim,, oo P(T,, > nlogn + ¢,n) equals 0 if lim,,_,o ¢, = 0o and equals 1 if
lim,, .o ¢, = —o00. More delicate estimates show that if 7). denotes the
number of samples required until all but k cards are selected once, then
limy, 00 P(T}, ;0 > (1 —1)nlogn + c,n) equals 0 or 1 with ¢, as above. The
coupon collector phenomenology is an integral part of the proofs of some
of the results noted above. This leads one to wonder whether the order
nlogn for mixing in the above shuffles is caused exclusively by the coupon
collector’s phenomenology, that is exclusively by the fact that one needs
order nlogn shuffles to move most of the cards at least once, or whether

this order is inherent in these shuffles for additional reasons. (Indeed, after

order nlogn shuffles, most of the cards have been removed and reinserted
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many times.) It was natural then to consider a shuffle that moved every
card exactly once. To make such a model as close as possible in spirit to
the random to random insertion shuffle, one should randomize the order in
which the n cards are removed and reinserted exactly once. However, this
seemed intractable, so we were led to study the problem presented in this
paper, where the order in which the cards are removed and reinserted is
not random, but rather is the original left to right order of the cards. As
was noted, the fact that n! { n™ when n > 3 shows immediately that the
distribution of our shuffle cannot be uniform after one shuffle. If one ran-
domizes the order in which the n cards are removed and reinserted, then
this argument breaks down. However, even this shuffle does not give the
uniform distribution; indeed, one can check by hand that for n = 3, the
resulting probabilities can take on the values % and %.

The reason we use the terminology card-cyclic is that in the card-shuffling
literature the term cyclic to random shuffle (by which one means cyclic to
random transposition shuffle) is used for the shuffle where at step k one takes
the card currently in position k mod n and transposes it with a random card.
This kind of shuffle is position-cyclic, whereas ours is card-cyclic. In position
cyclic shuffles, after one cycle, there are usually many cards that have not
been moved at all. For results on position-cyclic to random transposition
shuffles in the spirit of some of the results in this paper, see [8], [10], [3].
For results on position-cyclic to random transposition shuffles in the spirit
of the question noted above from a prior preprint version of this paper, see
[4] and [6].

We prove Theorems 1-6 in sections 2-7 respectively. The proofs of Corol-

laries 3, 4 and 5 are given immediately after the proof of Theorem 4.

2. PROOF OF THEOREM 1

We will prove (1.1). With the exception of the final claim in the theorem
that the total mass of a certain measure is equal to e~ !, the other claims in

the statement of the theorem follow directly from (1.1).
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To prove the above-mentioned final claim, we need to show that

(2.1) /OOO(/:O e oY dy)dz = 1.

Note that F(z) = \/gfo 6_%y2dy is the distribution function of |Z|, where
Z ~N(0,1). Thus

(2.2) /000(1 — F(z))da = E|Z| = \/E/OOO ze 2% dy = \/z

1

But 1 — F(x) = \/gfx e~ 2%’ dy. Substituting this in (2.2) gives (2.1).

We now prove (1.1). We first derive the exact combinatorial formula for
pn(id, {o1 = j}). Of course we have p,(id, {o1 = n}) = +. Now consider
1 < j < n-—1. If card number j is moved to the k-th position, with
2 <k <n—j+1, then at the end of the shuffle it will be in the first position
if and only if the following occur. Cards numbered 1 up to j — 1, which were
moved before card number j was moved, must move successively to the right
of card number j + k — 1. If this occurs, then after card number j is moved
to position k, the cards numbered j + 1 up to j + k — 1 will be to the left
of card number j. These cards numbered j + 1 to j + k — 1 now must move
successively to the right of card number j. If this occurs, then card number
j will be in the first position. Now cards numbered j + k up to n must all
move to positions greater or equal to two, so that card number j remains
in the first position. We now calculate the probability of this occurring.
The probability that cards numbered 1 up to 5 — 1 move successively to the
right of card number j+ k — 1 is H{:g %_k“ The probability that cards
numbered j + 1 to j + k — 1, which occupy the first k¥ — 1 positions, move

successively to the right of card number j, which occupies the k-th position,

is Hé:ll n=k+l The probability that cards numbered j + k up to n all move

n

to positions greater or equal to two is ("T_l)”*j —k+1 Thus, conditioned on

card number j moving to position k, with 2 < k < n — j+ 1, the probability
(n—1)!  (n—1)r—Ji—k+t1

n—j—k+1)! nn—1 )

Conditioned on card number j moving to position k with & > n — j+1, the

that card number j will end up in the first position is i

above considerations show that the probability of it ending up in the first

position is zero.
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Now consider the case that k£ = 1; that is, j is moved to the first position.
At the end of the shuffle, card number j will be in the first position if
and only if the following occur. Cards numbered 1 up to j — 1 may move
unrestrictedly. Then after card number j is moved to the first position,
cards numbered j + 1 to n must move to positions greater or equal to two,
so that card number j remains in the first position. Thus, conditioned on
card j moving to the first position, the probability that it will end up in the

n—1

first position is (%),

From the above considerations and calculations, we conclude that

. , Ln-1, . m-1)"T" (n—1)n-i-k+
pn(1d7{01:]}):*(7) j‘f‘u Z:: ((n—j)—k+1)!:

(2.3) X . ( fl),nn ( _1):9 =
E( n " n _Z (n—06)!

Note that the above formula also holds for j = n, the resulting summation

expression interpreted to be 0.

Let
I e VL N (e O
(2.4) S]ﬂl = n Z (n— 9)!
0=j+1
We have
n—1)(n—1)""
( - ) ((n—)Q)! <nf(n—1)(n—2)(n—(0-1) =
1 0 1 0—-1 1 _ee-1n
——(1-=)1==)--(1— <—em
S B
Thus, if § > [n%5] + 1, then
1\ _ 1\n—0 10612
(nnnl)' (Tn _1)9)' < %5—% = O(e_”o'l), uniformly in 6 as n — oo.
SO
(2.5)
) " —1)n?
Lnl)' Z (Tzl)e)‘ = 0(67”0'1), uniformly in j asn — co.
n - .

O=max(j+1,[n06]+1)
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For < nl%l we have from Stirling’s formula,

(2.6)
(n—1)n-1)""*% 1 n 1 e(n—1), 4 1
= =\2mn(—)" =01+ 0(=)) =
nn (n—0)! n 7rn(en) 27r(n—9)< n—=0 ) (n))
1 n L\ 9+ (n—6)log(1+2=1)
1+ 0 w135 =
n\n-—=0 n
1 04y —0+(0-1-1 007 502y 1 162 —0.2 : :
—(1+0(n"%))e 2 =0 =—e 27 (14+0(n 7)), uniformly in 6.
n en
Let
[nO.G} _lﬁ
Tj’n = e 2n
0=j+1
Then if follows from (2.6) that
1 .
2.7) Sin=—Tin(1+0n""?))+0 e , uniformly in j as n — oo.
Js Js
en
Let
o~ _10?
Ujn= e 2n
f=j+1
Then clearly,
- 162
(2.8) |Tjm — Ujnl < Z e 2n = Upoo) p.
6=[n0-6]+1
We have
o0 o041 U 00 0
noo_ 1.2 J,n noo_ 12
< <
ezj;rl/\% e 2V dxr < T _6;_1ﬁ)nl e 2% dzx,
SO
00 . 00
(2.9) e_%$2d1‘ < Ui < / e_§x2dx
Let
o
W(t) :/ e 2 dx, t >0
t
We have the inequality
1 142 1 1,
(2.10) e 2 S¢(t)§;e2 , t>0
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The upper bound is well-known and follows from (t) < % ftoo :re_%””2d:r:,

while the lower bound can be found in [7]. From (2.9) and (2.10) we have

[ 6]
Uppo6)n < V1t =0(e™" ), asn — o0
Thus, from (2.8) we have
(2.11) Tin=Ujn+ O(e_”o‘l), uniformly in j as n — oo,

and consequently from (2.7) we conclude that
1 A

(2.12) Sjp = —U;n(1+0(n %) + O(e_"O 1), uniformly in j as n — oo.
en

We now show that we can replace U;, above with \/fub(ﬁ) We break
the estimate up into three different ranges of j. From (2.9) it follows that
for all 7,

o

W)l € e

(2.13) Y NG

v Vi
From (2.13), if follows that

Ujn
vn

)+ O(e_”o'l), uniformly in j > [n%°], as n — oc.

— (-

(2.14) NG

N

J

On the other hand, if j < /n, then w(ﬁ) > (1) and e~2w < 1, so from
(2.13) we have

Ujn J 1
—= =p(—==)1+O0(—
vn w(\/ﬁ)( - (\/ﬁ

Finally, consider v/n < j < [n®5]. Then from (2.10) we have
(2.16)

(2.15) )), uniformly in j < +/n, as n — oc.

1 -1 .
vat ot O(i) = O(n~%%), uniformly in j for v/n < j 0-6
—— = = , y injfor vn < j < [n”°lasn — co.
¢(ﬁ) "
ow (2.13) and (2.16) give
(2 17)
Ujn

ﬁ = w(ﬁ)(l +0(n™%)), uniformly in j for v/n < j < [n%®] as n — oc.
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From (2.14), (2.15), and (2.17), it follows that we can replace Uj,, in (2.12)
with \/ﬁw(ﬁ) to obtain

(2.18) ‘
Sin = exl/ﬁw(\jﬁ)u +0(n7°2)) + 0(e™""), uniformly in j as n — occ.
Since
1 n—-1 | , 1 i 1
—(n ) = —e(n=ilog(1-3) — —en 1 (14+0(=)), uniformly in j as n — oo,
n.on n n n
it follows from (2.18), (2.4) and (2.3) that
(2.19)

palid o1 = 7)) = 1eF (14 O() + =) (1 + O™ 0) + O™,

uniformly in j as n — oo.

3. PROOF OF THEOREM 2

We first derive the exact combinatorial formula for p,(id, {0, = j}). Of
course, py,(id, {o,, = n}) = % Now consider 1 < j < n — 1. If card number
j is moved to the k-th position, with 7 < k£ < n, then at the end of the
shuffle it will be in the last position if and only if the following occur. Cards
numbered 1 to 7 — 1, which were moved before card number j was moved,
must all move to the left of card number k + 1 (if k& = n, these cards can
move unrestrictedly). If this occurs, then after card number j is moved to
position k, the cards numbered 1,--- ,7 — 1 and j 4+ 1,--- ,k will be to the
left of card number j. Now cards numbered j + 1,--- , k must all move to
positions smaller or equal to k—1 in order that they remain to the left of card
number j. And then cards numbered k+1,--- ,n must successively move to
the left of card number j (if & = n, this step is vacuous). We now calculate
the probability of this occurring. The probability that cards numbered 1
up to 7 — 1 move to left of card number k + 1 is (%)j_l. The probability
that cards numbered 5+ 1,--- , k, which are all in positions smaller than or
equal to k — 1, will all move to positions smaller than or equal to k — 1 is
(%)k*j. The probability that cards numbered k£ + 1, --- ,n, which occupy

the positions k 4+ 1, -+ ,n, move successively to the left of card number j
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which occupies the k-th position, is Hl";kl % Thus, conditioned on card

number j moving to position k, with j < k < n, the probability that card
- o
= 1(1(Ck—_1§') - (27?_11)' Conditioned

on card number j moving to position £ with 1 < k£ < j — 1, the above

number j will end up in the last position is

considerations show that the probability of it ending up in the last position
is zero.

From the above considerations and calculations, we conclude that

, , (n— 1) o= kI~ Yk — 1)k
1 n(id, {on = = g s
which we rewrite in the form
n—1
. . (n — 1)! 1 j—1 mm
32 n d7 n = — 1 _ —_—
B2l =) =5 5 ()

where 0° and (1 + %)O are understood to be 1. Note that the formula is also

correct for j = n. Let

1,21 m™
(3.3) Sjn = (1)

m!

1 .
1+ )y l<@a
(+m) < (1+ -

and for all m we have m! > ("2)™. Thus

1 ....mm mm
—y-12 <~
(1+m) m! _e(m)m

From this it follows that

n—[vn] . m
(3.4) Z (1+ i)J_l UL O(e"~v™), uniformly in j as n — oo.

. m m!
m=j—1

However, by Stirling’s formula, the last term in the sum Sj, is at least

n— n—1 n— .
((ni)l)! = \/27;“_1)6 L1 4 o(1)) as n — oo. Thus, it follows from (3.4)
that
n—1
1,51 mm
(3.5) Sjn = ( Z (1+ %)] W) (140(1)), as n — oo.

m=max(j—1,n—[/n]+1)
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For the range of m being considered in (3.5), Stirling’s formula gives

m! =+ 27rm(@)m(1+0(1)), uniformly in m and uniformly over all j as n — oo.
e

Also, uniformly in m for the range considered in (3.5),

(1+ %)“ U DIos(L ) — (G-DG0m ) YT (1)),

uniformly in j as n — oo.

We conclude then that

(3.6)
-1 1 — m . .
Sin=c¢mn > ( Z e )(1—1—0(1)), uniformly in j asn — oo.
V271

m=max(j—1,n—[v/n]+1)
From (3.6), (3.3), (3.2) and Stirling’s formula, we conclude that
) ‘ 1 51— emax(j—l,n—[\/ﬂ—l—l)—n

pn(id, {0, = = —en

(3.7) (id, { = |

uniformly in j as n — oo.

(1+0(1)),
The three parts of the theorem follow immediately from (3.7).

4. PROOF OF THEOREM 3

Let L, M > 0, with L being an integer. In the calculations that follow,
we will use the generic P to denote probabilities of events concerning the
shuffling mechanism. Let B](\Z) be the event that at least one out of the first
[M n%] cards (that is, the cards numbered from 1 to [M n%]) gets removed and
reinserted in a position that is no greater than [M n%] Note that P(B](\Z)) =
1—(1- [MTMI])[M"%]; S0)

(4.1) lim P(B{) =1—¢ M.

n—oo

If the event B(Mn) occurs, let j](\;}) < [M n%] denote the number of the card
with the smallest number that gets removed and reinserted in a position no
greater than [M n%] For convenience, we define j](\Z) = oo if the event B(Mn)
does not occur; thus, BJ(\Z) = {j](\Z) < [Mn%]}

For L < [Mn%] — 1, define C’](\Z?L to be the event that no more than L

out of the first [M n%] cards are removed and reinserted in a position to the
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left of card number 2[M n%] — L — 1 (by the restriction on L, card number
2[M n%] — L —1 is guaranteed not to be among the first [M n%] cards). From

the definitions, it is easy to see that

P<C(Mn,)L) > P(Xyumr <L),

1
where X, a1 ~ Bin([Mn%], W) Since EXp a1, Var(Xp am,n) ~

2M? as n — oo, it follows that

(4.2) Jim lim P(CP ) = 1 if L(M) > 3M.
We claim that if C'J(\Z’)L occurs and jj(\:;) <M n%], then immediately after

card number j](g) is removed and reinserted, there will be no more than L

cards with numbers less than j](\?) appearing to the left of card number j](\?).

Indeed, assume to the contrary that at least L + 1 cards with numbers less

than j](\Z) appear to the left of newly reinserted card number j](\Z). But then

since C](\;)L has occurred, card number 2[M n%] — L — 1 is also necessarily

to the left of newly reinserted card number j(Mn). Since every card with a

number greater than [M n%] has not yet been removed and reinserted, it
follow that all these cards maintain their original relative order; thus in fact
all the cards from [Mn%] + 1 up to 2[Mn%] — L — 1 are to the left of newly
reinserted card number j](\Z). We conclude that these [M n%] — L —1 cards

as well as at least L + 1 other cards are to the left of newly inserted card

number j](\Z); but this contradicts the assumption that the position of card

number j](\;[l) is no greater than [M n%]

If j(Mn) < [M n%], let pos(j](g)) denote its position immediately after it is

removed and reinserted. For the rest of this paragraph, when we use the

word “now,” we mean at the time immediately after card j](\;}) is removed

and reinserted. If j](\Z) < [M n%] and Cl(\?,)L has occurred, then immediately

after card number j](\Z) is removed and reinserted, it will find itself in position

pos( jJ(\Z)) < [M n%], and the number of cards with lower numbers than j](\Z)

that will be occupying positions to the left of position pos(j(Mn) ) will be

between 0 and L; call this number L’. All the cards with numbers higher

than j](\? will be in their original relative order; thus, pos( j(Mn)) —1—L of

them will be in positions to the left of pos(jj(\z))7 and n—j](\?) —pos(j](\?))+1+l/
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of them will be in positions to the right of pos(j](g)). Let D](\Z)L denote the
~("))

event that no more than L out of these pos(j,,’) —1 — L' cards that are now

to the left of card j(Mn) in position pos(j(M”)) end up to the left of card j(Mn)
)

after being removed and reinserted, and let E](\Z Lp denote the event that no

more than pL out of these n —j(Mn) — pos(j(Mn)) +1+ L' cards that are now to

the right of card j](\?) in position pos( j](\Z)) end up to the left of card j](\:;) after
they are finally removed and reinserted, thereby ending the shuffle. Here pL

is an integer.

By looking at the worst case scenario (by choosing L’ = 0 and pos( j](\;})) =

[M n%]), it follows easily that

P(DJ(\Z,)L|C](\Z,)L7B](\Z)) > P(Yomrp <L),

1
where Y,, a1, ~ Bin([Mn%]—l, [Mns]_l). Since EY;, ar.1, Var(Yo, ar,n) ~ M?

as n — 00, it follows that

(4.3) lim lim P(D\}, 0[OV BSY) =1, if L(M) > 202,

M—o00 n—o0 MvL MvL(M),

Now we consider P (E(Mn)L p\D](\Z?L, C](\Z,)L, B(Mn)). Conditioned on B(Mn), C](\;[LV)L
and D(Mn?L, when event DE\Z?L ends and event EJ(\Z)L , starts, the card j](\:;) will
be in a position between 1 and 2L + 1; call the position k. Then the worst
case scenario would be to set n — j](\Z) - pos(j](\z)) + 1+ L' equal to n — k;
that is, equal to the total number of cards to the right of card j(Mn). Thus
a lower bound for P(E](\Z’)L p\D](\Z?L, C](\ZL?L, B](\Z)) is the minimum over those k
between 1 and 2L + 1 of the probability that in a deck of n cards ordered
from 1 to n, if one removes and randomly reinserts the last n — k cards,
then no more than pL of them get reinserted to the left of card k. We
can write these probabilities in terms of certain probabilities for certain
geometric random variables. For any ¢ > 1, let T;Z_ denote a geometric
random variable with parameter ¢; and with values in {1,2,---}, and let
T;i and quj be independent for j # i. For a fixed k, the above probability
is P(Z‘l"io Tre > n — k). To see this, think of the number of cards that
are removed ;nd randomly reinserted until the first time one of them gets

placed to the left of card number k as a Té random variable, think of the

number of cards after the first one gets plaged to the left of card number j
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until a second one gets placed to the left of card number j as a T& random
variable, etc. (In fact, these numbers are not distributed accordiﬂlg to these
random variables, because there are only a finite number of cards. What is
true precisely, for example, with regard to the first time a card gets placed
to the left of card number k is that for [ < n — k, the probability of needing
exactly [ cards to be removed and reinserted until the first time one of them
gets placed to the left of card number k is equal to the probability that Té
is equal to [.) '
So we have

4.4 P(EM™. 1D () gy > T -
(4.4) (ErL,l ML?CM,D M) 2 1<1§212%+1 Z kil > T

Now for all 0 < k < 2L + 1,

p pL
1 k+pL+1 2L 42+ pL
BY Teu=nY = > plog it PETL S jpg 2e T AT PY

pr k - 2L +1
and
pL
Var(z Tri) < Cn?,
=0

for a constant Cp independent of k and L. Thus, by Chebyshev’s inequality,
for any A(L),

pL

2L+ 2+ pL Cy
4.5 P Ti >nlog———— —nA(L)) > 1 - —.
(45) (; b 2 nlog == —nAL) 2 1= s
Let p be sufficiently large so that logﬂTp > 2. Then log 2L2+L2:1” L 2, for

sufficiently large L. Thus, letting A(L) = 1 log 2L222:1p L it follows from (4.4)
and (4.5) that

Co

(4.6) lim lim P(EY, DY), OV BY) > 1~ vy

L—o00n—00 ( log

If events B](\Z), CZ(\Z,)L’ D](\Z?L and E](\;,)L,p occur, then at the end of the shuffle,
(n)

card number j,,” < [Mn%] will end up in a position between 1 and 2L +
pL + 1. Thus, by (4.1)-(4.3) and (4.6), we conclude that (1.7) holds.
1

n—[Mn2]

Finally, we have Un(AS\Z?L) =1- ((ﬁ), from which it follows that

L

lim,, o0 Un(Ag\Z?L) = 0. This in conjunction with (1.7) proves (1.8). O
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5. PROOFS OF THEOREM 4 AND COROLLARIES 3, 4 AND 5

Proof of Theorem 4. Let b, satisfy lim, oo b, = b € (0,1) with b,n an
integer, and let d,, satisfy lim,, . d,, = d € (0,1), w ith d,n an integer. Let
QIS:? d, (z), 0 <z <1, denote the rescaled distribution function of oy ln under
pn(id, +), when conditioned on card b,n having been removed and reinserted

in position d,n; that is
Ql():)dn (x) = pn(id, Ub_nln < nz|card b,n was reinserted in position d,n).

Let Gy(y) be as in the statement of the theorem. We will show that if
d # 1 — (1 —b)eb, then the distribution ng:)dn (dz) corresponding to the
distribution function Q,(]:)dn (x) converges weakly to the J-distribution at

Gy(d):
(5.1) w— lim Q" (dz) = by, d#1—(1-0b)e".

It is easy to check that the function Gy(y) is increasing in y € [0, 1]. Thus,
since the probability that card b,n is inserted in a position no larger than
dyn is dp, it follows that Fy,(Gy(d)) = d; that is, G, = F, '. Thus, to
complete the proof of the theorem, we need to prove (5.1).

We use the generic P to denote probabilities of events concerning the
shuffling mechanism, conditioned on card b,n having been removed and
reinserted in position d,n. For notational convenience, we will sometimes
write j = byn and k = d,n. After card number j is removed and reinserted
in position k, a certain number of cards from among those with numbers
less than j (which were removed and reinserted before j was) will be to the
left of newly reinserted card number j. Denote this random number of cards
by M. Of course then, the other cards to the left of newly reinserted card
number j are the cards j +1,---,5 4+ k —1— M. These cards are the next
to be removed and reinserted. Let R denote the random number of cards
out of these k — 1 — M cards that end up to the left of card number j. So
now card j is in position M 4+ R 4+ 1. Now it is the turn of the remaining
n—j—k+ M+ 1 cards, with numbers from 5 + k — M up to n, all of
which are to the right of card number j, to be removed and reinserted. Let

S denote the random number of cards out of these cards that end up to the
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left of card number j. Then at the end of the shuffle, card number j will be
in position M + R+ S + 1.
We will show that if d # 1 — (1 — b)e®, then as n — oo, the distribution

of % converges weakly to &, q), where

(5.2) = (b d) = b—(1—d)(1—e7?), ifd>1-(1-0b)e

d, if d<1—(1—b)eb.
Note that (b, d) > 0 for all 0 < b,d < 1. Assume now that d # 1 — (1 —b)e’.
We will show that as n — oo, the distribution of % converges weakly to
01—y—(1-djet—- Let t =t(y,d) =1—v— (1 - d)ed=7. We will show that as
n — oo, the distribution of % converges weakly t0 0(,4)(e1-v-d+y_1). Thus
Ql(;:? 4, » the rescaled distribution of the final position of card j, namely, the
distribution of %, will converge t0 0.4, (y44)(et-b-d+v—1)- Using the
equations above to write everything only in terms of b and d, we obtain
() (1) = de'=?, ifd<1—(1-b)e

e0=De™ _ (1 —d)el=b, ifd>1—(1—0b)e,

thus giving (5.1).

We now prove the claims in the above paragraph regarding the distribu-
tions of %, % and % We start with % We consider the probability that
M = m. From the definitions, it follows that in order for this probability
to be nonzero, we need 0 < m < min(j — 1,k—1)and j — 1 —m <n —k.
In the sequel, these restrictions will be assumed. A careful analysis of the
shuffle up until the time that card number j is removed and reinserted in
position k will reveal that if j < kand 0 < m < j—1, orif k < j and
0 <m < k — 2, then the random variable M will be equal to m if and only
if at least m cards from among the first j — 1 cards were inserted to the left
of card number j + k — m, and at most m cards from among the first j — 1
cards were inserted to the left of card number j + &k — m — 1. However if
k < jand m = k—1, then the random variable M will be equal to m = k—1
if and only if at least m = k — 1 out of the first j — 1 cards were inserted to

the left of card number j + 1.
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Let By, j k;m denote the event that at most m cards from among the first
j — 1 cards were inserted to the left of card number j 4+ k —m — 1. From the
previous paragraph, it follows that except for the boundary case m = k—1,
one has By, j k:m = {M < m}.

We can express the probability P(B;, j x:m) in terms of certain probabili-
ties for certain geometric random variables. For any i > 0, let Tqii denote a
geometric random variable with parameter ¢; and with values in {1,2,---},
and let Tgi and T; g] be independent for j # . we have

]ml

(5.3) P(By, jkm) = Z jtkemaim1 < j—1), as n — oo.

The explanation for this is similar to that given at the point in the proof
of Theorem 3 where geometric random variables were introduced. (Think
of the number of cards that are removed and reinserted until the first time
one of them gets placed to the right of card number j +k —m — 1 as a
Tll_ j+h-m—2 Tandom variable, think of the number of cards that are removed
and reinserted after the first one gets placed to the right of card number
j+k—m — 1 until a second one gets placed to the right of card number
j+k—m-—1lasa T _itkm=a ) etc., with the same caveat as noted in the
proof of Theorem 3.)

We now note a fact that will be used several times below. If for each
positive integer n, {Tl } " are independent geometric random variables,
where m,, is a positive mteger, and if

(5.4) lim inf mln pnl >0 and pu= lim —ZETI . exists,

n—oo 1<I< n—oo n

then a direct application of Chebyshev’s inequality shows that % T ,ﬁn .
converges weakly to u.

Recall that j = byn and k = dyn. Write m in the form m = ~,n
and assume that v = lim, . ¥, exists. By the restrictions on m noted
earlier, we may assume that v < min(b,d). Note that (5.4) holds for

{T  jtkmeie 1}] m=L ifb+d—~ < 1. Assume that this condition holds now.

Then by the weak law of large numbers, it follows that + Z] m—1 Tll Stkemolo1

converges weakly to its limiting expected value. The expected value of the
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1

above sum is * Zlbn_%)n rE— thus the limiting expected value

+n+HL ’
is [T L 4z = log -—=% . On the other hand, lim,_ .. 2=t = b
0 1—b—d+vy+=x 1—d—b+v" ’ n—oo n .
Thus, from (5.3) we obtain
1, if log < b;
(5.5) lim P(Byjgm) = e

n—oo

0, 1f10g1 - b+7>b

Recall that By, j k:m = {M < m} except for the boundary case m =k — 1.
In this boundary case, we have d = . So we conclude from (5.5) that if
v < dand b+d—~ < 1, then % converges weakly to the v satisfying
— b+7 = b; that is, to v = b — (1 — d)(1 — e~?). This value of v indeed
satisfies b+d—v < 1. It will satisfy v < d if and only if b—(1—d)(1—e?) < d;
that is, if and only if d > 1 — (1 — b)eb. This gives the first possibility in
(5.2).

If on the other hand, d < 1— (1 —b)e®, then one can check that necessarily

log

d < b, and thus we may assume that k£ < j . As noted above, if k£ < j and
m = k — 1, then the random variable M will equal m if and only if at least
m = k — 1 out of the first j — 1 cards were inserted to the left of card
number j 4 1. Let A, jz.x—1 denote the event that at least £ — 1 cards from
among the first j — 1 cards were inserted to the left of card number j 4 1;
so {M =k —1} = A, j k:k—1. Using the same kind of reasoning as in (5.3),
we have

] k+1
(5'6) P(A gy ksk— 1 Z 1=l > 5 — 1).

Since m = k — 1, m = y,n and k = d,n, it follows that v = d. Note that
(5.4) holds for {Tl s l}] kH. Thus, by the weak law of large numbers

it follows that + Z" k1 Tl it converges weakly to its limiting expected

value. The expected value of the sum is = Zlbn_d” Jntl T thus the

L_dr = log 1%‘;. On the other hand,

1-b+x

limiting expected value is fof

limy, o0 % = b. Thus, we conclude from (5.6) that

1, if log 1= > b;
(5.7) lim P(Apjrk—1) =
n—oo

0, 1flog1 < b.
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The inequality log %Z > b is equivalent to d < 1— (1 —b)e®, which is exactly
the assumption we have made in this paragraph. Since {M = k — 1} =
Ay i kik—1, we conclude that if d < 1—(1— b)eb, then % converges weakly to
d. This gives the second possibility in (5.2). This completes the proof that
if d # 1 — (1 — b)e?, then the distribution of % converges weakly to d,,q),
where (b, d) is given by (5.2).

Now we turn to the distribution of %. Recall that as we begin to imple-
ment the random variable R, card number j is in position k, to the left of
card number j are M cards that have already been removed and reinserted,
as well as kK — M — 1 cards that are now to be removed and reinserted. The
random variable R is the number of these k — M — 1 cards that end up to
the left of card number j. For the calculation below, let A\,n denote a pos-
sible value for M, and assume that A = lim,,_, A, exists. Using geometric
random variables, similar to the case for the random variable M, we have

R k—Ann—1—tn
— _ l
P(— < t{M = Ayn) = P( ;; T\ e <k =Aun —1).

Note that (5.4) holds for {Tll,ﬂ f;f‘”"fl*t” Thus, by the weak law of

k—Apn—1—tn ]
1 Tl

large numbers, it follows that %Zl _,_; converges weakly to

its limiting expected value, which is fod_k_t ﬁdm = log 111\?' On the

other hand lim,,_, % =d — A. Thus, we conclude that

1, if log 2=t < d — \;
lim P(E < t|M = M\yn) = 5714

nmee m 0, if log L2221 > d — A,

This proves that the distribution of %, conditioned on M = A,n, converges
weakly to the d-distribution at the ¢ = #(\,d) which solves the equation
log lIi‘;t = d — \. The solution is t(\,d) = 1 — XA — (1 — d)e?*. Since in
fact, if d # 1 — (1 — b)e®, the distribution of % converges weakly to the o-

distribution at v = (b, d) given in (5.2), we conclude that if d # 1—(1—b)e’,

the distribution of % converges weakly to the d-distribution at t = t(~,d) =
1— v — (1 —d)e?, with v = (b, d).
We now turn to the distribution of % Recall that as we begin to imple-

ment the random variable S, card number j is in position M 4+ R + 1, and



32 ROSS G. PINSKY

there are n — j — k 4+ M + 1 cards, all to the right of card number j, which
need to be removed and reinserted. The random variable S is the number
of these n — j — k+ M + 1 cards that end up to the left of card j. For the
calculation below, let A\,n denote a possible value for M, let p,n denote a
possible value for R, and assume that A = lim,, ., A\, > 0 exists and that
w = lim, . p, exists. Using geometric random variables again, we have

S n—+1 l ‘
]%EglezAMHR:umU:PKz:Qﬁ%ﬁ%>n—]—k+&m+1}
1=

1
Since we are assuming that A > 0, it follows that (5.4) holds for {T" o + L Pt

Thus, by the weak law of large numbers, it follows that + Z”"H /\ L

converges weakly to its limiting expected value, which is fo pw +xdl’ =

log 25 ’\+“+” On the other hand, lim,,_. % =1—-b—d+ X Thus,

we conclude that

S 1, if log 2EE0 S 1 —p—d 4 ),
lim P( <wu|M =X \yn, R = ppn) = Ath

e 0, if log 2 <1 —p—d 4\

This proves that the distribution of %, conditioned on M = A\p,n and R =
tnn, converges weakly to the d-distribution at the v = v(\, u) which solves
the equation log = )‘Jr’”” =1—>b—d+ \. The solution is v = v(\, p, b,d) =

(A + p) (et =07d+A — ) Since the distribution of 2 converges weakly to the

S-distribution at v = (b, d) > 0, and since the distribution of £ - converges

weakly to the d-distribution at ¢ = (v, d), it follows that the dlstrlbutlon of
5 converges weakly to the d-distribution at v(y,t,b,d) = (y+1¢)(e! 70747 —
), with v = ~(b,d) and t = t(v, d). O

Proof of Corollary 3. The proof of Theorem 4 shows that with regard to
the position of a particular card at the end of the shuffle, the only random-
ness that remains when n — oo is the randomness incurred by removing
and reinserting that particular card, and not the randomness incurred by
removing and reinserting other cards. Furthermore, as is clear intuitively
and also from the above proof, a finite number of changes with regard to
the positions of other cards does not change the limiting distribution of the

card in question. The corollary follows from these facts. O
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Proof of Corollary 4. First we prove part (i). Since P(Zf;l < Z‘;ll)l) = %, to
dP(z7l <zl

prove part (i) it suffices to show that % byt = (1 — by)eb — 3.
We have
(5.8)
1
P < %b) = [ @i = [ @) - Fiu(e))ds,
0<w<y<1 0

From the equation Gy(F,(z)) = x, we obtain

ARy, G AE)
db G (Fy(2))

Differentiating (5.8) with respect to b and using the above equation along

with the fact that fy(x) = m, we have
b

dx.

dP(S7;, < ¥3,,) em /“ﬁfmm (Fy, (2))
db =0 2
: 0 (G, (B (@)

Making the substitution x = Gj, (y) in the above equation, we obtain

(5.9)

—1 —1
dP(ELIn = E?,bz) |b b= /1 dg;b ’b=b1 (y)dy
2=b1 — :

dby Gy, (y)

Recalling the definition of G from Theorem 4, we have

Gy | —ve'™ 0<y<1-(1-b)e’
db (1 _ y) (61_b _ e—be(l—y)e—b> . 11— (1 _ b)eb <y<l,

and

el 0<y<1—(1-0b)e
Gyly) = \

el=0 —ebel=v)e™ 1 _(1-heb <y <1

%h;:bl (v)
Gy, W)
b1)e?, and reduces to 1 —y on 1 — (1 — by)e? <y < 0. Thus, from (5.9),

Note then that the quotient reduces to —yon 0 <y <1—(1—

we obtain

dp(g*; < E’é ) 1—(1—b1)eh 1
L& 2""Ib2b1==/ zﬂy+/ (1-y)dy =
2 0 1—(1—b1)eb1

1
(1 — bl)ebl — 5
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Now we prove part (ii). Recall that fi(z) = 1. Thus,

1
PR <= [ pedids = [ (1) s =1 B@)
STIYS

)

where E(b) is as in Corollary 2. Furthermore, from that corollary, it follows
that E(b) > L for b € (b,1) and E(b) < i, for b € [0,b), where b is the
unique b € [0,1) for which E(b) = 1. O
Proof of Corollary 5. Since h,(b) = fy(x), the statements regarding ho(b)
and hy(b) as well as statement (ii) follow from Corollary 1 and the definition
of b;.

For the proof of statement (i), write x = Gy(y),y = Fp(z). In the range
0<b< by, wehave x >z = !0 — (1 —b)e, so y > Fy(xp) = 1 — (1 — b)eb,

and
(5.10) = Gp(y) = e® — ep, where ¢ = (1 —y)e >
Therefore,
oF, 1 1 el
(5.11) hy(b) = fo(zx) = — = 56 = 5655 = .
Ox Tyb Td)b(% e —e?

However, from (5.10), ¢ depends only on x, and not on b, so if 0 < b < by,
then

Ohg(b)
5.12 = hg (D).
(5.12) 0) et
Thus
ha(b) = cpe®, 0 < b < by,
for some c¢,. We now evaluate c,. We have fo(z) = ——L——, and Gj(y) =

GGy @)
e — el7¥. Note that Go(y) and z; are the same function (one of y and one
ebm—l

of b). Thus, h(07) = hy(0) = fo(x) = — 1t = Consequently,

e—el=bax ebz —1-

br—1
_ €
Cor = 7 U

6. PROOF OF THEOREM 5

To prove the theorem, we will need to consider a related shuffle. Fix two
(not necessarily distinct) permutations o,7 € S,. Start the deck from o
and then use 7 in the following manner to remove and randomly reinsert

each card exactly once: for each 7 = 1,--- ,n, the j-th card to be removed
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and randomly reinserted is the card with the number 7; on it. Let pJ (o, ")
denote the resulting distribution. (Note that in terms of these shuffles,
we have p,(o,-) = p?(0,-); in particular, p,(id,-) = pd(id,-).) Let id°PP
denote the permutation in S, satisfying id;™ =n—j+1, j =1,---,n.

Note then that p

idopP
n

(0,id) is the probability of ending up with the identity
permutation, if one starts from o and removes and reinserts the cards one
by one, in the order n,n —1,--- 1.

There are n" possible ways to implement the p,(id, -) card-cyclic to ran-
dom insertion shuffle since each of the n cards is removed once and reinserted
in one of n positions. The number of ways that result in the permutation
o is thus n"p,(id,o). By “undoing” any such way, we get a one to one
correspondence between the ways of going from id to ¢ using our original
shuffle, which removes and reinserts the cards in the order 1,2,--- ,n, and

the ways of going from ¢ to id using the shuffle which removes and reinserts

the cards in the order n,n — 1,---,1. Thus, we conclude that
(6.1) pa(id, o) = pid™" (0, id).
idoPP

We will now calculate p)¢  (o,id). The cards begin in the order o. Card

n
number n is removed first and randomly reinserted, then card number n —1,
etc. There are n™ different ways of implementing this, and we need to know
how many of these ways will result in the cards ending up in the order id.
For any such way, we construct a path {W;}”_; as follows. For each j € [n],
let W; denote the position in which card number j was inserted. It is clear
that if the cards are to end up in the order id, then we need W; < Wj g
for all j. However sometimes this is not enough and we will need instead
W; < Wjy1. To see when we only need W; < Wj;;q1 and when we need
W; < Wj41, consider the state of the cards after the cards numbered n
down to n — j + 1 have been reinserted in such a way that they appear in
increasing order from left to right. The current position of card number
n — 7+ 1is by definition W,,_;11. To the right of position W;,_; 1 one finds
all the cards numbered n down to n — j 4+ 2. If card number n — j is also
to the right of position W,,_;;1, then when it is removed and reinserted in

a position which we call W,,_;, it will find itself to the left of card number
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n — j + 1 if and only if W,,_; < W,,_;41. However, if card number n — j
is to the left of position W,,_; 1, then when it is removed and reinserted in
a position which we call W,,_;, it will find itself to the left of card number
n—j+1if and only if W,,_; < W, _j41.

Now given W,,_;11, in fact we know to which side of W;,_; 1 card number
n—j is to be found. Recall that I,,_;(o) is the number of inversions involving
card number n — j and a card with a lower number. Since none of the cards
with a number lower than or equal to n — j have been moved yet, it follows
that these I;,_;(o) cards are to the right of card number n — j. Furthermore,
as noted, all of the cards numbered from n down to n— j+2 are in positions
to the right of W;,_;11, and card number n — j + 1 is in position Wj,_;11.
From this it follows that card number n — j will find itself to the left of
position W,y if and only if (n —j —1—1I,—j(0)) +1 < Wy—j41 — 1, or
equivalently if and only if n — j — I,,_;(0) < Wy_j11.

So we conclude that in order for the cards to end up in order id, it is
necessary and sufficient that {W,,_; ;L:_& satisfy Wy, _; < Wy_j41, with strict
inequality holding if n — j — I,,_j(0) < Wj,—j4+1. By induction starting with
n and descending, it follows that W,,_; <n —j, forall j =0,--- ,n —1;in
particular, W7 = 1.

Now define Y; =n+1—-W,_ ;11,7 =1,---,n. We have Y; <Yj;1. In
terms of {Yj}?:l, in order for the cards to end up in order id, it is necessary
and sufficient that {Y;}7_, satisfy Y; < Y; 1 if V; < j+ I,—j(0) = l;(0).
We have thus established a one-to-one correspondence between the number
of ways of implementing the shuffle according to pid™" (o, -) and ending up
with the cards in the order id, and the number of nondecreasing [(c)-paths
of length n. The number of such paths has been denoted by N, (I(0));

thus we conclude that pid™" (g,id) = M, and by (6.1), we also have

n nmn

Nali(e) 0

n

pn(id, o) =

7. PROOF OF THEOREM 6

Since we know that N,(l) is strictly monotone in [, it suffices to show

that N,(n —1,---,1) = 2" ! and that N,(1,2,--- ,n—1) = 7#1(27?)
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For k € [n], there is a one-to-one correspondence between paths {Z;}5_,
satisfying 1 < 7; < Zy < -+ < Z = n and solutions (ay,--- ,ax) with
positive integral entries to Zle a; = n. The correspondence is given by
a1 =Z1and a; = Z; — Z;_1, for i = 2,--- , k. As is well known, the number
of such solutions is (Z:}) [2]. Now a path {Y;}? , is a nondecreasing [-
path of length n with [ = (n —1,--- ,n — 1) if and only if there exists a
k € [n] such that Y; = n for j > k and such that 1 <Y; <--- <Y}. For
any fixed k& the number of such paths was just shown to be (Z:}) Thus
Na(l =1, 1=1) = Y5, (o)) =271

We claim that for I = (1,2,--- ,n — 1), there is a one-to-one correspon-
dence between nondecreasing [-paths of length n and Dyck paths of length
2n. Recall that a Dyck path of length 2n is a path {Z; 1220 satisfying
Zy = Zoyy = 0,Z; > 0 and |Z; — Zj—1| = 1, for all j € [2n]. As is well
known the Catalan number C, = 7#1(2:) gives the number of such Dyck
paths [12]. It remains to show the correspondence. A Dyck path can be
represented as a string of 2n bits, n of which are labeled H and n of which
are labeled T', and such that starting to count from the left, at no interme-
diate stage are there fewer H’s than 7”s. Let {Y;}"_; be a nondecreasing
[-path of length n corresponding to [ = (1,2,--- ,n — 1). Now we map this
path to the Dyck path which begins with Y7 consecutive H’s, then has one
T, then has Yo — Y7 consecutive H’s, then one T, then Y3 — Y5 consecutive
H’s, then one T, and continues in this way until it ends with Y,, — Y,,_1
consecutive H’s and one T'. Recalling that by definition, Y; > 4 and that
Yit1 is allowed to be equal to Y; whenever Y; > i, it is easy to see that this

gives the appropriate one-to-one correspondence. O
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