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ABSTRACT. The Donsker-Varadhan rate functional I(u) for Markov pro-
cesses has a simple form in the case that the generator of the process
is self-adjoint, or equivalently, that the Markov process is reversible. In
particular, in the case of a reversible diffusion generated by a second-
order elliptic operator L on a compact manifold, this allows one to give a
simple necessary and sufficient criterion on the measure p in order that
I(p) < oo, and it also shows that I(p) is continuous as a function of the
coefficients of L in the sup-norm topology. In this paper, we first show
that the same criterion for finiteness holds for non-reversible diffusions,
and then show that I(u) is locally Lipschitz continuous as a function of
the coefficients of the generator L in the sup-norm topology. We then

prove similar results in the setting of random evolutions.

1. INTRODUCTION

The Donsker-Varadhan rate functional I(u) plays a decisive role in de-
scribing the large deviations of the occupation measure of a sufficiently well-
behaved Markov process. In particular, the probability that the n-step oc-
cuapation measure for the process is in a small neighborhood of a probability
measure g is of the order exp(—nl(u)) (in the logarithmic sense). It is thus
important to know when I(p) < oo and when I(u) = oo, since in the latter
case the above probability is negligibly small. It follows from the classical
Donsker-Varadhan papers that for reversible diffusions, I(u) < oo if and
only if ;1 possesses a density in an appropriate W2 space. In this paper,

we prove that this same condition holds for nonreversible diffusions and also
1
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in the more general framework of random evolution equations (randomly
switching diffusions). We also address the question of the stability of the
rate functional with respect to the coefficients of the generator of the dif-
fusion or random evolution. It is easy to see from the definitions that the
rate functional is lower semi-continuous with respect to the coefficients. In
fact, we show that the rate functional depends Lipschitz continuously on the
coefficients of the generator.

We point out that these finiteness and continuity results are needed in [4]
for the study of the long time behavior of the slow motion in fully coupled

averaging with random evolutions as the fast motion.

2. DIFFUSIONS

Let M be a d-dimensional, compact Reimannian manifold and let L be a

second-order elliptic operator written in local coordinates as
1
= QV -aV + bV,

where a = a(z) is a positive definite d x d matrix with entries in C1(M)
and b = b(z) is a continuous d-vector. Let X = X(¢) denote the diffusion
process on M which solves the martingale problem for L, and denote the
corresponding probabilities for the process starting at x € M by P,. Let
I = I% denote the occupation measure up to time ¢ for the path X; that is,
I ( fo xB(X(s))ds, for B C M.

Let 77( ) denote the space of probability measures on M with the topol-

ogy of weak convergence. Define the I-function by

2.1 I(p) = f “%a
( ) (Iu) uEC’Ql(IZ}J u>0 /M H-

As is well-known, the Donsker-Varahdan large deviations theory [1] states

that

1
litminfflogP (= lt €G)> —inf I( ), for open G C P(M);
— 00 NE
(2.2)

hmsup log P, ( I' € C) < — inf I(u), for closed C C P(M).

t—00 nelC
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(In fact, in [1], the I-function is defined with the restriction u € C?(M)
appearing in the infimum above replaced by the restriction that w be in the
domain of the generator of the Markov process X (t). The exact domain
is generally not known. The passage to u € C2(M), which allows for the
possibility of explicit calculations, was carried out in [5].)

If the drift vector b is of the form b = aVQ, for some C'-function @, then
(and only then) L can be realized as a self adjoint operator—on the space
L2(M, pirey), where diye, = exp(2Q)dz; equivalently, the diffusion process
X (t) is reversible with respect to the measure fiey. In the self-adjoint case,

the I-function was shown in [1] to have a succinct form:

(2.3)
1, dy (1 e d . du N1
’|(_L)2(duiv)2 H%Mev, if duﬁ exists and (dﬂiv)2 belongs to
I(p) = the domain of (—L)%;
00, otherwise,
where || - ||2,,e, denotes the norm on L?(M, firey). When written out explic-

itly, this becomes
(2.4)
1 1
1 / VO oxp(2Q)da =+ / (VgaVyg) exp(2Q)da, if
8Ju ¢ 2 Jm

exists and g = gb%;

I(p) = o= 7
Hrev

o0, otherwise.

Note in particular that (2.4) shows that in the self-adjoint case, I(u) is
finite if and only if p possesses a density % and (%)% € WHA(M). (We
write WL2(M) for W12(M, dz).) We will prove that this is also true in the
non-self-adjoint case.

In order to emphasize the dependence of the I-function on the operator
L, or equivalently, on a and b, from now on we will use the notation I, ;(1)

in place of I(u).
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(SIS

Theorem 1. I, (1) < oo if and only if i1 possesses a density Z—’; and (3—’;) €

Wh2(M).

Remark 1. As a complement to Theorem 1, we note that in [6] it was proved
that if p possesses a density % and g = (fl—’;)% € W12(M), then there exist
positive constants ¢;,= 1,2, 3,4, depending on a and b, but not on u, such

that

cl/ IVg|?dx — ca < I, p(p) < 03/ |Vg|2dz + 4.
M M

Remark 2. It follows from (2.1) that I, is lower semi-continuous on P(M).
. . . o rdunt

It is clearly not continuous since any measure p for which (%£)2 € Wh2(M)

can be approximated arbitrarily closely on P(M) by a discrete measure, and

by Theorem 1, the I-function evaluated at a discrete measure is infinite.

It also follows from (2.1) that I, (1) is lower semi-continuous as a function
of a and b in the sup-norm topology on M. However, equation (2.4) shows
that in the self-adjoint case I, (i) is in fact continuous as a function of
a and b in the sup-norm topology. We will show that this holds in the
non-self-adjoint case as well, and we will give a bound on the modulus of
continuity.

Assuming a priori that p possesses a density and that g = (‘;—‘x‘)% €
WL2(M), I(i) has the following relatively explicit form in the general case:

(2.5)
1 \V4 _ Vv _
Loln) = 5 | 2 = a a2 — o tb)gis

. 1 - _ . dp. 1
- £ = h—a ' h—a 'h)¢?dx, if ¢g=(— L2,
hech%(M) B /M(V a”b)a(Vh —a " b)g°dx, if ¢ (dzzj)2 e WH*(M)

(See [6] and [2]. In [6], I, (1) is evaluated for diffusions in bounded domains
with oblique reflection at the boundary, with the same smoothness require-
ments on the coefficients a and b as stated here, and under the assumption
that p possesses a density. Ignoring the boundary terms there gives (2.5). In

2], Ip(1) is evaluated for diffusions on R? under the assumption that the
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coeflicients a and b are C*° and under the assumption that p is compactly

supported with a C*°-density.)

Let ||allaxd = supyenroeps 25

: : 1
Theorem 2. Let ;1 € P(M) possess a density % with g = (z—g) 2 € Wh2(M).
Let
D(ab,.8) = [la™ @~ o) laxa [ (ba't)gPds
M

1 1

+ (/M(IS “b)a b - b)gzd:c> ’ </M(ba_1b)92dx> i

Lan(i) = I, ()] < 2lla™ (@ = @) laxa /M(Vgan)dx

Then

1

26 ( [ -va i b)g%zx)é ( /M(Vgavg)dx> 2

+ 2 max (D(a, b,a,b), D(a.,b, a, b)) .

Remark. Theorem 2 shows that for each p € P(M) with (3—’;)% c Wh2(M),

I, (1) is locally Lipschitz continuous as a function of @ and b in the sup-norm

topology on M. In fact, the theorem shows that for any positive number NV,
. . _ odpni

the family of functions {I, (1) : g = ()2 € WH2(M), [,,|Vg|*dz < N}

is locally Lipschitz equicontinuous as a function of ¢ and b in the sup-norm

topology on M.

Theorem 1 is proved in section 4 and Theorem 2 is proved in section 5.

3. RANDOM EVOLUTIONS

Consider the random evolution X = X (t) = (Y'(¢),0(t)), where Y (t) € M
and o(t) € {1,---,m}, corresponding to the generator £, which acts on
smooth vector-valued functions u = u(y) = (ui(y),...,um(y)), y € M, by

the formula

(Lui(y) = Liur(y) + M) D au () (wly) — u(y)),
=1
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where for each k, Lj satisfies the conditions satisfied by L in section 2,
where for each y € M, q(y) = {qu(y)}}—; is a stochastic matrix for a
Markov chain on {1,--- ,m}, and where A\;(y) > 0. We assume that g(y)
and A(y) are continuous on M. In words, the diffusion component Y ()
runs like a Ly-diffusion whenever the discrete component o(t) = k, and the
discrete component o(t) jumps with the following intensities: P(o(t+ h) =
llo(t) =k Y(t) =y) = \e(y)au(y) + o(h), as h — 0. (See, for example, [3,
chapter 5.4].)

We need to guarantee that the Markov process X is irreducible. This is
equivalent to guaranteeing that the discrete part o of the Markov process X
can get from any state k to any other state [. Of course, a sufficient condition
for this is that for each y € M, the stochastic matrix ¢(y) generates an
irreducible Markov chain; that is, for each y € M and each k,l € {1,--- ,m},
there exists a positive integer n such that (¢")g(y) > 0. However, it is not
hard to see that in fact one can make do with considerably less. It is enough
to assume that for each k,l € {1,--- ,m}, either there exists a y € M such
that gii(y) > 0, or else there exists a positive integer j, integers i1, --- ,i; €
{1,---,m} and points yo,--- ,y; € M such that gz, (y0) - - - gi;1(y;) > 0.

The above-defined random evolution is a Feller process with nice reg-
ularity properties; consequently, the Donsker-Varadhan theory applies [1].
Let P(M x {1,--- ,m}) denote the space of probability measures on M X
{1,--- ,m} with the topology of weak convergence. A measure p € P(M X
{1,--+,m}) can be written as g = (u1,--- , tm), where the u; are sub-
probability measures on M and Y ;" ; urp(M) = 1. The occupation measure
' = 1Y is given by l%(B) = fg Ip(Y(s),o(s))ds, for B C M x {1,---,m}.
The I-function is given by
(3.1)

I(p) = —inf;/M (cu)kdﬂm for = (p1,- -+, ptm) € P(M x {1,--- ,m}),

Uk
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where the infimum is over vector-valued functions v = (uy, - - , uy,) satisfy-
ing ux > 0 and uy, € C2(M), for k € {1,--- ,m}.

It is not hard to show that the random evolution is a reversible Markov
process if and only if the drifts by are of the form by = axVQ (note that @ is
independent of k) and also the stochastic matrices ¢(y),y € M, correspond
to reversible Markov chains, with a common reversible measure, independent
of y € M. (See [7], which treats the case that A and ¢ do not depend on y.)
We will prove the analog of Theorem 1 for general, not-necessarily reversible
random evolutions.

In order to emphasize the dependence on the coefficients, from now on
we will use the notation I, 4, Where a = (a1, - ,am), b = (b1,--- ,bm)

A= ()‘17 T a)‘m) and q = {le}zlzl'

Theorem 3. I, 4(1t) < oo if and only if p = (g1, , ptm) € P(M x

{1,--+ ,m}) possesses a density (%, e dg—y’”) with g, = (d“—’“)% e Wh2(M),
fork=1,---,m. Furthermore, if p possesses a density d“ = (dd‘;l R dg—y’”)
and (%)% € Wh2(M), k = 1,--- ,m, then there exist positive constants

ci,=1,2,3,4, depending on a,b, A\ and q, but not on u, such that

(32) 012/ IVardy — ca < Taprg(p) < 032/ Var*dy + ca.

The same type of analysis in [6] leading to formula (2.5) for diffusions
gives the following relatively explicit formula for the I-function for random
evolutions:

(3-3)

v _ Vg
ab/\,q Z/M gk aklbk)a (gT —aklbk dy+2/ )\kgkdy

. 1 - -
—inf <§ z_: /M(th — a; o) ar(Vhy, — ag i) gidy

dpg 1
+ Z / AkQr1grgr exp(hy — hl)dy> if gp = (S5)2 e WHA(M), k=1,

k=1
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where the infimum is over those functions h = (hy, ha.- -+, hy,) satisfying
hy € C?(M), for k € {1,2,--- ,m}.

Before continuing, we note briefly how the terms Y ;*, [ M )\kgidy and
> omi=1 Jar Mearigrgr exp(hy — hy)dy enter into (3.3). In [6], one writes the
test function u in (2.1) in the form u = (g2 + §) exp(—h) for § > 0, where
ge is a mollified version of g. One works with a mollified version because g
might not be smooth, and one adds ¢ because g might not be bounded from
0. Eventually one lets ¢ — 0 and then § — 0. In the random evolutions case,
one proceeds analogously, defining ug = (gz; .+ 0)exp(—hy), where g, is a
mollified version of gi. Substituting this in (3.1), one sees how the above
terms arise.

The next theorem is the analog of Theorem 2 for random evolutions.

Theorem 4. Let pn = (1, , ptm) € P(M) possess a density (dL oo, Qi
with g = (C%’“)% c WY2(M), fork=1,--- ,m. Let

~ ~

Ak Gk Ak . A
+ WI==(y) — 1 (y)—1]) A _
Kyesjl\}pkz Ak (y)|le ) =1+ yzup |>\k( y) |> <m,?XHak (ax ak)”dxdﬂ X

m—+1
22/ (bray, "br) gkdy+T( sup Ag(y )))

yeM;k

1

+ (4;:1/M(bka,;lbk)g£dy+(m+1)( sup Au(y ) x Z(/M b — b (b — by)gRdy) .

yeM;k 1

with the convention that @( ) =1if Gu(y) = au(y) = 0.

qki
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Then

[Lapag(k) — Iaj,,j\,q(/l)‘ <

e, — .
3 2l @ = )l | (VorauTn)dy
k=1

[N

(3.4)  + gj ( [ =~ 6k>g,%dy)§ ( /M<ngamk>dy)

+Z/ Ak — Aelgidy
k=1"M

+max (D(a,b, A, ¢,d,b,X,), D(a.b, X, ¢, a,b, ), 9)).
If q(y) and ¢(y) are doubly stochastic for each y € M, then the term m + 1
appearing twice in D may be replaced by 2.

Remark. Theorem 4 shows that for each p = (u1,-+ ,pm) € P(M) X
{1,--+ ,m} with (%)% € WH2(M), for k = 1,---m, Ioprq(p) is locally
Lipschitz continuous as a function of a, b and X in the sup-norm topology
on M. It also shows that I, 4(1) is locally Lipschitz continuous in ¢
over the set {¢ = {qum} : infycrrki qu(y) > 0}. In fact, the theorem shows
that for any positive number N, the family of functions {I,p»4(1) : gx =
(%)s € WHA(M), [y, [Varl*dy < N.k = 1,---,m} is locally Lipschitz
equicontinuous as a function of a, b and X in the sup-norm topology on M,

and as a function of g over the set {q¢ = {qu} : infyenrr1 qr(y) > 0}.
Theorem 3 is proved in section 6 and Theorem 4 is proved in section 7.

4. PROOF OF THEOREM 1

Let
1
L() =-V. aV,
2
and let P? denote probabilities for the diffusion corresponding to Ly and
starting from « € M. The operator Ly is self-adjoint and the corresponding
diffusion is reversible. Thus, in order to prove the theorem, it follows from

(2.4) that it suffices to show that I, (1) = co whenever I, o(p) = oo.
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Note that from (2.2) and the lower semi-continuity of I, , it follows that

the condition I, (1) = oo is equivalent to the condition

1 1 _
(4.1) lim hmsup;logP (=1' € B1(p)) = —o0,

n—00 {00
where Bi(p) C P(M) is the ball of radius € centered at p. Since, by

assumption, I, o(p) = oo, we have

1 1 _
(4.2) lim limsup n log Pa?(glt €B

1 (p)) = —oo.
n—oo 400 n

Using the Girsanov transformation, we have
(4.3)

Po(5l € B (1)) =

E° <exp (/0 a1b(X(s))dX (s) — ;/0 (ba™1b) (X (5))ds ) “l € B%( )) ,
where X (s) = X(s) — 3 5 (V - a)(X(r))dr. Applying Cauchy-Schwarz to

0
(4.3) gives
(4.4)
P.G1' € By(n) <

(Eg(exp (2 /Otalb(X(s))d)_((s) - /t(ba11))()((3))ds>>é <P£(1lt € B%(M))

0

Since for ¢ > 0, exp (q JEa1b(X (s))dX () — & fg(ba—lb)(X(s))ds) is a

PY-martingale with mean 1, we have

B (2 [ 000X (s) — [ H0X(9)ds) <

Y exp ( / ' (bab) ) ([ [ba~ bl oct)
nd (4.5

Now (4.1) follows from (4.2), (4.4

(4.5)

5. PROOF OF THEOREM 2

Let
1

= / (Vh —a™'b)a(Vh — a~'b)g?dx.
2 /m

We need the following lemma.

Ja,b(h) =

[N



RATE FUNCTIONAL FOR DIFFUSIONS AND RANDOM EVOLUTIONS 11

Lemma 1. If J,3(h) < 5 [;,(ba='b)g*dz, then

1
(5.1) 2/ (VhaVh)g*dx < 2/ (ba~'b)g*dz.
M M

Proof. By assumption, we have
1
(5.2) - / (VhaVh)g*dx — / (bVh)g*dz < 0.
2 Jm M
Using the inequality A- B < %|A[2 + %\B|2, for d-vectors A and B, we have

(VhaVha)g* + (ba~'b)g>.

»JMH

(5.3)  (bVh)g® = (V2gba"2) - (%a%w)
The lemma now follows from (5.2) and (5.3). O

Consider now two sets of coefficients a,b and a, b. We need to estimate
[Lap(1) — I, 3(p)]. Recall the formula for the I-function in (2.5), and note

that the formula can be rewritten in the following equivalent form:

/ (VgaVyg da:—/ (bVg)gdz
M M

l\')\»—l

(5.4)
— inf ( (VhaVh)g*dz — / (th)Qde).
heC?(M M

We have

(5.5) ]/ Vg(a —a)Vgdz| < |la™(a — d)ded/ |VgaVyg|dz,
M M

and by Cauchy-Schwarz
(5.6)
1

[ (@ b¥)gs] < ( [ G-vai- b)f@:)é < / wmw) :

Let lop = infreczn (3 [1,,(VhaVh)g?dz — [,,(bVh)g*dz). Let {h,} be
a minimizing sequence satlsfymg 3 Jy (VhaaVhy)g*ds — [, (bVhy)g?de <
lop + % Note that lop = infpecoan Jap(h) — %fM(ba_lb)g2dx. Since
Jap(0) = 5 [1,(ba™1b)g?dx, we may assume that Jo (k) < 3 [;,(ba™'b)g?dz.
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We have
(5.7)
1 R . 1
s <5 / (VhnaVhy)g?dae — / (bVhy) g dz = 3 / (VhnaVhy)g?da
M M M
—/ (thn)QZdCL‘—i-l/ (th(a—a)wn)g?dx—/ ((b—b)Vhy,)g?dx
M 2 /m M

1 1 A
<lgp+—+= / (Vhn(d —a)Vhy)g*dx — / (b — b)Vhy)gdz.
n 2 M M

Usmg Lemma 1 and the fact that J,5(hn) < 5 fM (ba=1b)g?dx, we have

|/ (Vhi( a)Vh )g dz| < fHa*l(a - a)ded/ (ththn)QQdI <

20~ (a ||/ (ba=1b)g2dz.

Using Lemma 1 and the fact that J,p(h,) < 5 [5,(ba=1b)g*dz, along with
Cauchy-Schwarz, we have

(5.9)

y/ ((b—b)Vhy)g?dx| < </M(b—b)afl(ia—b)ggdx>é (/M(ththn)dex>2

1

<2 (/M(B —b)a" (b — b)g?dgc>é </M(ba_1b)gzd:v> ’

Using (5.7)-(5.9) and letting n — oo gives

Lo~ lap < 2l (@ ||/ (ba=1b)g2dz

+2 </M(z§ —b)a" b — b)g2d:p> : (/M(ba_lb)fd:c)é .

Reversing the roles of [,; and [, ; in the above analysis, we obtain (5.10)

(5.10)

with the roles of a,b and @, b reversed. The theorem now follows from this

last comment along with (5.4), (5.5), (5.6), and (5.10). O

6. PROOF OF THEOREM 3

The bound (3.2) follows from the formula for the /-function in (3.3) and

the analysis in the proof of Theorem 4 below.

1
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We now turn to the finiteness condition. We will prove that if u =
(1, fm) € P(M x (1,--- ,m)) has a component pj which does not pos-
sess a density in Wh2(M), then I, 5 4(p) = oo. Fix such a p and assume
without loss of generality that u; does not possess a density in W1h2(M).

Consider the process Y constructed by following the process Y = Y (t)
only when o(t) = 1, and stopping the clock for Y7 when o(t) # 1. That
is, if {[s7,2;)}521, with 0 < 81 <t1 < sy <1ty <:--, is such that o(t) = 1
when ¢t € [s;,t;), for some j = 1,2,---, and o(t) # 1 otherwise, then
Yi(t) = Y(s1 4+ t), for t € [0,t1 — 1), Yi(t1 — s1 +1) = Y(sg + 1), for
t € [0,ta—s2), etc. Note that }71 has been constructed to be right-continuous.
Denote probabilities for this process starting from z € M by P,. This
process is a diffusion with jumps. The diffusion is governed by L;, and the
jumps occur according to the spatially dependent exponential clock with
density A\1(y). If a jump occurs at y € M, then the after-jump distribution
is given by some density 7,(z) which is bounded and bounded from 0 in y
and z. The generator £ for Y; acts on smooth functions f by

£10) = L) + ) [ () = F)ny )
Let J, = J,(Y1) denote the time of the n-th jump of ¥; and let N(t) =
Nj(t; 171) denote the number of jumps of Y7 up to time ¢.

Recall how one defines a metric on P(M): for a dense sequence { f,}2° ; in

C(M), one defines d(6,v) = > °° g Fnd0= oy Ind¥] - ppis petric extends

n=1 1+| f]\/[ fnde_fM fndV| ’
to a metric on the space of sub-probability measures on M. We define a

metric dp,(+,-) on P(M x (1,---,m)) in the natural way from the metric
d(-,-) on P: dm(0,v) = >y d(Ok, vk).

For any non-zero sub-probability measure v € P(M), we denote its
normalized version by 7 = 7. Consider the balls B 1 (n) C P(M x
(1,---,m)), n =1,2,---. From the above description of the metrics, it is

easy to see that there exists a ¢ > 1 such that

(6.1) {7:v=(n, - vm) € Bi(u)} C Be(fn),

1
n
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where B;(ji1) denotes the ball in P(M) of radius r, centered at fi;. By
(2.2) and the lower semi-continuity of I x4, it follows that the condition

Iopxq(p) = 00 is equivalent to the condition

(1)) = —o0.

1
n

1 1 _
(6.2) lim lim sup n log Px(glt €B

=0 t—oo

Let It = l~§~,1 denote the occupation measure for the process Yj. By con-
struction, the normalized version of the first component of I}, is l%—in the
notation above, (I},); = l%. Using this with (6.1), it follows that (6.2) will
hold if

1 S _
(6.3) lim limsup - log P.(-1" € B1(ji1)) = —oo.
n—oo t—oo t t n
Thus, to prove the theorem it suffices to show that (6.3) holds.
Let f’g denote the probabilities for the ¥; process in the particular case
that A\i(y) = 1 and ny(z) = ﬁ; that is, in the case that the generator

operates on smooth functions f by Lf(y) = L1f(y)+ ﬁ S (f(2) = f(y))dy.
Recall the definitions of J,, and N;(t) above, and define Jy = 0. We have

APy(Jng1 > Jp + 6, Y1 (Jn + 5) = y(5),0 < s < t|J,)

= exp(— g M(y(s))ds) dPo(Yi(Jn + ) = y(s),0 < s < t]Jn),

and similarly for f’f , with A1 replaced by 1. We also have
pa:(?l(Jn) = d'z’}}l(‘]r:» = n?l(J;)(z)dZ7

and similarly for 153 , with the right hand side above replaced by ﬁdz. In
light of the above formulas, it follows that the Radon-Nikodym derivative
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| 7, is given by

dPU

(6.4)

dP

dPU‘ft( ):
Ny(t) 5 Ji _ t -

exp(t) I u(Fi) expl- /J N (9)d) (sl /J . M (Fi (5))ds ) x
Ny(t)

’M‘Nj(t) H n)?l(J,;)(?1<Jk))’
k=1

where F; denotes the standard filtration on right-continuous paths.
Let v > 0. We write

(6.5)

I

Pm(gl €B

(in), Ny(t) < t) = BV I € Ba(fn), Ny(t) < t).

1
n

By (6.4) and (6.5), it follows that there exist constants cg,c; > 0, indepen-
dent of ~, such that
(6.6)

exp(—covt — e1t) Po(S1' € Bu(fun), Ny(t) < 1) < P (

H\H

- -
t

< exp(cot + c1t) P ( Lt e Bi(jfi1), Nj(t) <t).

By standard large deviations estimates, it follows that

(6.7)
lim limsup P,(Ny(t) > yt) = —co and lim limsup PY(N;(t) > vt) = —oc.
V=00 too V0 t—oo

From (6.6) and (6.7) it follows that (6.3) holds if and only if

1 ~or 1 _
(6.8) lim lim sup n log Pg(fl €B

n—00 ¢ 00

(fn)) = —oo.

S=

Thus, to prove the theorem it suffices to prove (6.8).

Let L1g = %V -a1V and let 155 0 denote probabilities for the }71 process
in the particular case that L1 = L1, \i(y) =1 and ny(z) = ﬁ Note that
under PY°, the random variables {.J,, }°° , and {Y7(J,)}°2, are independent
of the paths {Y1(t) — Y1(Jp), Jn <t < Jni1}5%,, because in this case A;(y)
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is independent of y and n,(z) is independent of y and z. Because of this

independence, the Girsanov transformation can be applied to give

dpPY

W’Ft =
oo (Je1At)~ ) B B 1 t L _

o ([ o b (Ta(s)ATa(s) = 5 [ (b b (Fi(s)ds )
k=0 Jp At 0

where Y} (s) = Yi(s) —1 fOS(V-al)(f/l (r))dr. (We need to write the stochastic

integrals in the form ). f};f\;rl/\t)_

instead of simply as fg in order to skirt
the problem of the jumps in }71.) Now the same argument used in the proof
of Theorem 1 shows that (6.8) will hold if

(1)) = —oo.

1
n

1 ~ 1- _
(6.9) lim lim sup : log Pg’o(glt €B

=00 t—oo

We will now complete the proof of the theorem by showing that (6.9) holds.
Let 1V denote the I-function for the process ¥; under PL"°. By (2.2) and
the lower semi-continuity of the I-function, (6.9) is equivalent to IV9(fi;) =
o0. The generator £ for Y; under Py operates on smooth functions f
by Lf(y) = 3V - a1V f(y) + ﬁfM(f(z) — f(y))dz. Tt is easy to check
that [, gLfdy = [,; fLgdy; thus the process is reversible with respect to
Lebesgue measure, and the generator £ can be realized as a self-adjoint op-
erator. Since (—Lf, f) =3 [,,(VfarVfdz+ [y, [1,(f(z) = F()) [ (y)dzdy,
for smooth f, it follows that
(6.10)

2 (Y farV f)de + [, [y (F(2) = F() f(y))dzdy,

N(-L)2flBaw =9 if f € WE2(M);

oo, otherwise.

Recall that by assumption, i1 does not possess a density in W12(M); thus,
fi1 also does not possess a density in W12(M). Therefore, in light of (6.10)
and (2.3), which gives the formula for the /-function in the self-adjoint case,

we conclude that 1Y9(fi1) = oo. O
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7. PROOF OF THEOREM 4

Consider two sets of coefficients a, b, A, ¢ and a, 13, ;\, G. We need to estimate

Laprg(tt) = 15 55.4()]- The formula for the I-function in (3.3) can be

a

rewritten in the following equivalent form:

(7.1)

1 m m m
Lapag(p) =5 Z/ (VararVgr)dy — Z/ (06 Vgr)gedy + Z/ Megidy
k=1"M k=1"M k=1"M
1 m m
— inf (5 ; /M(thathk)gidy - ; /M(kahk)gidy

+ Z/ AkazgkgzeXp(hk—hz)dy>-
ki=1"M

Now the first two lines on the right hand side of (3.4) follow from the esti-
mates in the proof of Theorem 2. The third line on the right hand side of
(3.4) follows directly from (3.3). Thus, letting

. 1 m m
laprg = H;llf (5 ; /M(thathk)gidy - ; /M(kahk)gidy
(7.2) - -

+ > / Ak k9Kl exp(hk—hz)dy),
Ei=1"M

it remains to show that
(73) “a,b)\,q - l@ [; 5\ q’ S max (D(a> ba )\7 q, d, Bv 5\7 (j)> D(d, Bv 5\7 (ja a, b: )‘a Q)>7

where D is as in the statement of the theorem.

Let

1 & _ _
Jabrg(h) = 5 Z /M(th — ag tb)ag(Vhy — a; ') gidy
k=1

+ Z/ AkQrigkgi exp(hy, — hy)dy,
ki=1"M

We need the following lemma.
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Lemma 2. If Jo 3 4(h) < %Zznzl fM(bkaglbk)g,%dy-f-ZZfl:l fM AkQrigrgidy,
then

5 Z/ (VhgarVhi)gidy + Z / AkQrigkgr exp(hy, — hy)dy

k=1

m m 41
E / bkak bk kdy+ 72 ( sup )\k( ))
=1 yeM;k

If q(y) is doubly stochastic for each y € M, then the term m + 1 above may
be replaced by 2.

Proof. By assumption, we have

Z/ (VheaVhy)gidy + Z / Ak@rigrg exp(hy — hy)dy

k=1

<Z/ kahkgkder Z/ AkQk1Grg1dy-

k=1

From (7.4) and (5.3) along with the fact that ZZ?Z:l fM MeQr19kg1 exp(hy —
h;)dy > 0, we have

Z/ (VhiarVhi)gidy + Z / Ak@rigregr exp(hy, — hy)dy
k=1
(7.5)

< 22/ bkak by, gkdy+2 Z/ Akk1grg1dy-

k=1

Using the inequality AB < %A2 + %B2 and the fact that 0 < g < 1, we

have
Z/ /\kalgkgzdy< (sup Ak(y Z/ ari(g; + 97 )d
(7.6) k=1 2 yeMik k=1
m+1
< —5—(sup Ax(y)).
yeM;k

If q(y) is doubly stochastic for each y € M, then it is easy to see that m + 1
may be replaced by 2 in the last inequality above. The lemma now follows

from (7.5) and (7.6). O



RATE FUNCTIONAL FOR DIFFUSIONS AND RANDOM EVOLUTIONS 19

Let {h"} = {h},--- ,h}}} be a minimizing sequence in the definition of

lap g in (7.2), satisfying

1 % n n % n
32 [ (Vigahgy =Y [ Gty
k=1"M k=1"M

1

n.

m
+ > / Merigrgr exp(hy; — hi')dy < lap g +
ki=1"M

Since lopag = infp J(h) — 337, [, (bkay, 'by)g2dy and since J(0) =

S [up(beay, tor) gidy + >omi=1 Jar Akarigrgidy, we may assume that

> / AkQrigegidy-
M

1 _
(N ASVUDES 5 SY UTRUSY 8
k=17M

k=1
We have
(7.8)
1 - na n S 7 n
NSVEEDY /M(thathk)gidy - /M(th)gidy
k=1 k=1

+ Z/ Nedrigrgr exp(hf — ') dy
ki=1"M

1 = n n “ n
=3 E / (VhiaxVhi)gidy — E / (b VA gidy
k=1"'M k=1"M

+ Z/ Ak@rigrgr exp(hy; — hi')dy
ki=1"M

1 - n(a n = 7 n
#5300 [ (Than— @) ViR~ 3 [ (G- b VAR
k=1"M k=1"M

+ ) /M Me(Grt — art)grgr exp(hy — hi')dy
ki=1

+ > / (Ak = o) qurgigr exp(hi — hit)dy
ki=1"M

1 1 . " % . n
Slaprg+ - +5 ; /M(th(ak — a)Vhi)grdy — ; /M((bk — b)) VA gidy

+ > / Ne(Gri = Gra)gngr exp(hf — h)dy + > / (Ak = M) arigrgr exp(hy — hi')dy.
ki=1"M ki=1"M



20 ROSS G. PINSKY

We estimate from above the last two terms on the right hand side of (7.8)

as follows:

| Z / Me(Grt — k) grgr exp(h — hiY)dy|

k=1
(7.9) ) m
A
< ( sup )\k( % y) — 1) Z/ MeQrigrgrexp(hy — hi')dy
yeM:k,l Mk Y
and
|Z/ Ak — M) qragrgr exp(hy — hi')dy|
k=1
(7.10)
< ( sup | y) — 1)) Z/ MeQrigrgrexp(hy, — hy')dy.
yEMk kl 1

And we estimate from above the first integral term on the right hand side
of (7.8) as follows:
(7.11)

1« . n, Thn
312 [ (Vi — 0 Vgt < 5 §j|rak o= a)llaxa | (THaSH)gkdy.
k=1

Using (7.9)-(7.11) along with (7.7) and Lemma 2, we have
(7.12)

{] / (VR (i — a) VAT )g2dy

+| Z / Me(Grt — qr) grgr exp(hl — hiY)dy|
=1

+|Z/ (Ak = M) arigrgr exp(hi — hi')dy|
ki1

Ak, Gkl Ak 14
< (s O @)~ 1+ sup (75 w) — 1) A (max]lag (@ — ap)llaxa) x
yeMikl M Gkl yeMik Ak k

Z / (beai b)gidy + " (sup Me(w))).

yeM;k

It follows trivially from (7.7) and Lemma 2 that

m
/ (VhiarVhi)gidy < 42/ (bsay, "bx) giedy-+(m+1)( sup Ai(y)), k=1,---,m.
M i yeM;k
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Using this along with Cauchy-Schwarz, we estimate the second integral term
on the right hand side of (7.8) as follows:
(7.13)

)3 /M«Bk — b VA gdyl
= gj (/ VhZQthZ)gidy> ’ (/M(Bk: — bi)ag ' (b — bk)gl%d?/> ’
<~ (1 ot om0 sup M) () G g b

yeEM;k

—_

Using (7.8), (7.12) and (7.13) and letting n — oo, we obtain

(7.14)
laéﬁ\q_la,b,k,qﬁ
ka A L
-1 -1 _
(s 02 =11+ sup 19500 ~11) A (o = )
( Z/ (bray, 'br)g kdy"‘T( sup Ag(y )))
k= yeM;k

+ kzl (4 /M(bkaklbk)gidy + (m+1)( sup Ak(y)))%(/M(Bk ~ byart (b — bk)g,%dy)%.

yeM;k
Reversing the roles of [, 4 and lab A in the analysis above, we obtain
(7.14) with the roles of a, b, A, ¢ and a, b, \, § reversed. This proves (7.3). O
Acknowledgement. The author thanks Yuri Kifer for posing to him the
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