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ABSTRACT. We present a new proof of a fundamental result concerning
cycles of random permutations which gives some intuition for the con-
nection between Touchard polynomials and the Poisson distribution. We
also introduce a rather novel permutation statistic and study its distri-
bution. This quantity, indexed by m, is the number of sets of size m
fixed by the permutation. This leads to a new and simpler derivation of
the exponential generating function for the number of covers of certain

multisets.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper, we present a new and perhaps simpler proof of a funda-
mental result concerning cycles of random permutations which gives some
intuition for the connection between Touchard polynomials and the Poisson
distribution. We also introduce a rather novel permutation statistic and
study its distribution. This quantity, indexed by m, is the number of sets of
size m fixed by the permutation. This leads to a new and simpler derivation
of the exponential generating function for the number of covers of certain
multisets.

We begin by recalling some basic facts concerning Bell numbers and

Touchard polynomials, and their connection to Poisson distributions. The
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facts noted below without proof can be found in many books on combina-
torics; for example, in [12], [14]. The Bell number B,, denotes the number
of partitions of a set of n distinct elements. Elementary combinatorial rea-

soning yields the recursive formula

(1.1) Buy1= (Z) By, n >0,

k=0
where By = 1. Let

(1.2) Ep(z)=)_ %x”,

n=0
denote the exponential moment generating function of { B, }32 . Using (1.1)

it is easy to show that Ey(z) = e*Ep(z), from which it follows that
(1.3) Ep(z) =" 71

A random variable X has the Poisson distribution Pois(A), A > 0, if
P(X =k) = e_“]‘c—l;, k=0,1,.... Let My(t) = Ee!* denote the moment
generating function of X, and let p,.\» = EX" denote the nth moment of
X. Since M)(\n)(O) = [in:), We have

oo
(1.4) My(t) = S Hmidyn,
However a direct calculation gives
(15) Zetk 2 e,

From (1.2)-(1.5), it follows that the nth moment ji,,.1 of a Pois(1)-distributed

random variable satisfies

(16) Hn;1 = Bn
Since
n - — 1 n
pn = EX™ = Z(e 19)1:: ,
k=0

we conclude that
1 o= k™

which is known as Dobinski’s formula.
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The Stirling number of the second kind {Z} denotes the number of parti-
tions of a set of n distinct elements into & nonempty sets. We will need the

formula

(1) " = j; e

where (z); = z(x —1)--- (x — j + 1) is the falling factorial, and one defines
(z)o = {g} = 1. It is enough to prove this for positive integers x, in which
case x" is the number of functions f : [n] — X, where |X| = z. We now
count such functions in another way. For each j € [z], consider all those
functions whose range contains exactly j elements. The inverse images of
these elements give a partition of [n] into j nonempty sets, {Bi}gzl. We
can choose the particular j elements in (f) ways, and we can order the sets
{B;,}]_; in j! ways. Thus there are {?}(f)]' = {?}(m)j such functions.
Now using (1.8) and the fact that (k); = 0 for j > k, we can write the

nth moment p,.) of a Pois(\)-distributed random variable as

0 k 00 k " (n

fimix = ’;O(e—A;)k" = kz_o(e”z!)(jz; {j}(k)j) =

S LNy o e S ok (R)
o L Aw(;{j}“‘“)") - Ajzo{j}kz::fk!]:

Thus, (1.9) gives the formula

(1'10) Hng\ = Tn()‘)

Since
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we conclude from (1.10) that

n

(1.11) i -
k=0

Since T,,(1) = 77, {’;} = By, the Dobinski formula (1.7) is contained in
(1.11).

Let S, denote the set of permutations of [n] =: {1,...,n}. For o €
Sn, let C’T(??) (o) denote the number of cycles of length m in o. Let P,
denote the uniform probability measure on S,,. We can now think of o € .S,
as random, and of C’,(# ) as a random variable. Using generating function
techniques and/or inclusion-exclusion formulas, one can show that under
P, the distribution of the random variable CT(,? ) converges weakly to Z 1,

where Z 1 has the P01s( )-distribution; equivalently;

() — 5y — o~ 1
(1.12) nh—>120P Ccy=jg)=e il

7=0,1..

More generally, we consider the Ewens sampling distributions, P9, 6 > 0,
on S, as follows. Let N (o) denote the number of cycles in the per-
mutation o € S, and let s(n,k) = |[{o € S* : N™ (o) = k}| denote
the number of permutations in S, with k cycles. It is known that the
polynomial > ;_, s(n, k)6 is equal to the rising factorial #(), defined by
0(") = 0(0+1)---(0+n—1). For 6 > 0, define the probability measure P,.¢
on S, by

gN (o)

Prol{o)) = =

Of course, P,.1 reduces to the uniform measure P,. The following theorem

is well-known.

Theorem C. Under P, g, the random vector (C(”) C’(n) SO .) con-
verges weakly to (Zy, Ze R/ o, -), where the random variables {Z o o0

m=1
are independent, and Ze has the Pozs( )-distribution:

(1.13) ™ el o™ B (2, Ze, e Za )
2

0
m
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equivalently,

v 0\jk
n . n . n . _6
lim Pnye(cf )_Jlacé ):j27"'>0( )_jm) = | I € k(k) ’

m

(114) n—o0 el ]k'

for allm > 1 and ji,...Jm € Z+.

Theorem C can be proved using moment generating functions; see for
example, [1], [11]. We will use the method of moments to give a new and
perhaps simpler proof of Theorem C. More significantly, it which will give
intuition for (1.10), or equivalently, for (1.11); that is for the connection be-
tween the moments of Poisson random variables and Touchard polynomials.
The key to this connection comes by representing the random variables Cr(,? )
as sums of indicator random variables. We note that, at least in the case of
uniformly distributed permutations, one can ostensibly find a different proof
by the moment method in the literature [2], but that proof seems more com-
plicated than ours, and more importantly, doesn’t provide the above-noted
intuition. The paper [2] gives a formula from [13] on factorial moments, and
then states that with this formula the proof follows by the moment method.
However, the derivation of that formula in [13] is not explicit and seems

more complicated than our proof.

We now consider a permutation statistic that hasn’t been studied much.
(Indeed, it was only after completing the first version of this paper that we
were directed to any papers on this subject.) For o € S,, and A C [n], define
o(A) ={oj:j € A}. If 0(A) = A, we will say that o fixes A. Let .7-}(,?)(0)
denote the number of sets of cardinality m that are fixed by o. (Note that
.7-"1(”) (0) = C£n) (o), the number of fixed points of .) A little thought reveals
that

1.15 Fil(w) = J :
(1.15) ) > 1"
(G lm):zgnzljl]-zm 7j=1
1;<C\™ jem]
For example, if o € Sy is written in cycle notation as o = (379)(24)(16)(5)(8),
then .7-:&9) (w) = 5, with the sets A C [9] for which |A] =4 and 0(4) = A
being {37 57 77 9}7 {37 77 87 9}’ {]-a 27 47 6}7 {27 45 55 8}7 {1’ 5) 67 8}
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We consider the uniform measure P, = P,,.1 on S,. From Theorem C and
(1.15) it follows that the random variable ]—"7(# ) under P, converges weakly

as n — oo to the random variable

(1.16) Fon = > ﬁ @j)

(Tqseens lm):zgnzl jlj=m
;<71 ,j€[m]
J

where {Z1}7" | are independent and Z: has the Pois(%)-distribution.
J J

Remark. Note that 1 = 21, Fo = (221> + 21, Fa=21+ 24121 + (Zsl)
2 3 2

For k,m € N, consider the multiset consisting of m copies of the set [k].
A collection {I';}]_; such that each I'; is a nonempty subset of [k], and such
that each j € [k] appears in exactly m from among the r sets {I'}}]_,, is
called an m-cover of [k] of order r. Denote the total number of m covers of
[k], regardless of order, by vj.,,. Note that when m = 1, we have vi,; = By,
the kth Bell number, denoting the number of partitions of a set of k£ elements.
Also, it’s very easy to see that vy, =1 and vy, = m + 1.

By calculating directly the moments of ]:,(,ff ), we will prove the following

theorem.
Theorem 1. For m,k € N,
Effl = Vkym-
In particular, EF,, =1 and EF2 = m + 1; thus, Var(F,,) = m.

Remark. It is natural to suspect that F,, converges weakly to 0 as m — oo;
that is, limy,—oo P(Fp, > 1) = 0. This is in fact a hard problem. In [9] it was
shown that Pn(ffr?)) < Am_ﬁ, for 1 <m < % and n > 2. Thus indeed,
Fm converges weakly to 0 as m — co. A lower bound on P(F,, > 1) of the
form Alm% was obtained in [6]. These results were dramatically improved
in [10] where it was shown that P(F,, > 1) = m~%t°() as m — oo, where
§ =1 —Hoelos2 () 08607. And very recently, in [8], this latter bound has

log 2
been refined to A;m (1 + log m)_% < P(Fp > 1) < Agm™9(1 + log m)_%
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Let

e

&

I
(]2

<
| &
BE
8

-

k=1
denote the exponential generating function of the sequence {vj.,}32,. Of
course, by Theorem 1 V,, is also the moment generating function of the
random variable F,: Vi,(x) = Ee** ™. Using (1.16) and Theorem 1, we will

give an almost immediate proof of the following representation theorem for

V(). We use the notation [2|P(z) = apm,, where P(2) = 0 amz™.
Theorem 2.

_ym o1 T
1.17 Vin = F TFm =17 Tym (u)
(1.17) (@) = BePr=em=ma 50 (J]55)e

where

Ym(u) = [2™] H(l + 20),
j=1

Remark. When m = 2, 3, the above formula reduces to

The formula for m = 2 was proved by Comtets [4] and the formula for m = 3
was proved by Bender [3]. The case of general m was proved by Devitt and
Jackson [5]. They also prove that there exists a number ¢ such that the
extraction of the coefficient vy, from the exponential generating function
Vin(z) can be done in no more than ck™ log k arithmetic operations.

In section 2 we will give our new proof of Theorem C via the method of

moments. In section 3 we prove Theorems 1 and 2.

2. A PROOF OF THEOREM C VIA THE METHOD OF MOMENTS

If a sequence of nonnegative random variables { X, }52; satisfies sup,,~; EX, <
o0, then the sequence is tight, that is, pre-compact with respect to weak con-

vergence. Let X be distributed as one of the accumulation points. If for
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some k € N, lim, ;oo EXF* exists and equals pz, and sup,,>; EX}T < oo,
then the {X*}2° | are uniformly integrable, and thus EX* = y;. Thus, if

(2.1) pe =: lim EXP” exists for all k € N,

n—oo

then EX* = yu,, for all k. The Stieltjes moment theorem states that if

1
P
(2.2) sup —+ < 00,
E>1
then the sequence {p}32, uniquely characterizes the distribution [7]. We
conclude then that if a sequence of nonnegative random variables {X,,}5°
satisfies (2.1) and (2.2), then the sequence is weakly convergent to a random
variable X satisfying EX* = p,.
An extremely crude argument shows that the Bell numbers satisfy By <
k*: thus
1
k
(2.3) sup —& < o0.
e>1 k

By (1.10), the kth moment 11, o of the Pois( 9)_distributed random variable

m

Z% is equal to Tj,(2). Now Ty(£) is bounded from above by Tj(6), for all
m > 1, and Ty(0) < By max(1,6%). Thus, in light of (2.3) and the previous
paragraph, if we prove that
(2.4) lim E,.o(CI)E =1, (ﬁ) k,m €N

. oo m k m y vy ’
where E,.p denotes the expectation with respect to P9, then we will have
proved that C’T(ﬁf ) under P,.¢ converges weakly to Z , for all m € N. And if

we then prove that

m

gk T 0
(25)  lim Eng [Ty =TT, (), m =2,k eN,j=1,...,m,
j=1

j=1 J

then we will have completed the proof of Theorem C.
We first prove (2.4). In fact, we will first prove (2.4) in the case of the
uniform measure, P, = P,.;. Once we have this, the case of general ¢ will

follow after a short explanation. Assume that n > mk. For D C [n] with
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|D| = m, let 1p(0) be equal to 1 or 0 according to whether or not o € S,

possesses an m-cycle consisting of the elements of D. Then we have

(2.6) (o) = > 1plo),
DC[n]
|D|=m

and

k
(2.7) E.(CiE = Y E.[[1p,
j=1

DjC[n],\Dj\:m
J€[K]

Now FE, H§:1 Ip, # 0 if and only if for some I € [k], there exist disjoint
sets {A;}!_; such that {Dj}le = {A;}L_,. If this is the case, then

k
(n — Im)!((m — 1)!)}
(2.8) E. ] 1p, = .
e

n!

(Here we have used the assumption that n > mk, since otherwise n — ml
will be negative for certain [ € [k].) The number of ways to construct a
collection of I disjoint sets {A;}!_;, each of which consists of m elements

from [n], is ( )l("' Given the {A;}!_,, the number of ways to choose

m! n;lm)! "
the sets {Dj}§:1 so that {Dj}é?:1 = {A;}l_, is equal to the Stirling number
{]; }, the number of ways to partition a set of size k into [ nonempty parts,
multiplied by [!, since the labeling must be taken into account. From these

facts along with (2.7) and (2.8), we conclude that for n > mk,

b n—uitm).({m — .l n.
oy _ 3 (L tm!( 1>'>)(( ! ){l;}:

n!

=
Q
3

proving (2.4) in the case 6 = 1.
For the case of general 0, we note that the only change that must be made

in the above proof is in (2.8). Recalling that s(n, k) denotes the number of
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permutations in .S, with k£ cycles, we have

(2.10)
k . n—ml _ k+ (n—ml) - l
~ (m =N s(n — Im, k)OFTE 6 ((m = DY

Eng [ [ 1p, = o0 - 6t "

—mD)!((m — 1))} -
(n ml).(Sm DY i — 0'E, [ 1p;, as n — oc.

n:
j=1

Thus, instead of (2.9), we have

k

0 k 0
En;é'(cr(r?))k ~ Z(m)l{l} = T’“(E)’ as n — oo.
=1

We now turn to (2.5). The method of proof is simply the natural extension
of the one used to prove (2.4); thus, since the notation is cumbersome we

will suffice with illustrating the method by proving that

1 1
(n)yk1 ((r(n)yk2 _—
(2.11) Jim B (G (CUDP = Ty (o) Thal )
Let n > miky + meka. By (2.6), we have
k1 ko
n)\k n)\k
(2.12) B (CoNM (@R = > > EJ]I Lp I1 Lpe.
plcin]|D}=m D2C[n),|D2|=my Jj=1 Jj=1
j€k1] j€k2]

Now E,, H] 1 1p H 11p2 # 0 if and only if for some [ € [k;] and some
ly € [ky), there exist disjoint sets {Al}'L |, {A?}2 such that {D;}]:
{AT}Z 1, 7 =1,2. If this is the case, then

- - ! —1)Hh — 1l
(2.13) E, H1D1H1D2: (n — hima — lyma) ((77:1 1)1 (my — 1))
n:

The number of ways to construct disjoint sets {A}}\L |, {A2}2 | with the A}
each consisting of m; elements from [n] and the A? each consisting of my el-

: ! 2
ements from [n], is EYe )lQ(nnhml l2m2)'ll'l ;- Given {Al}Z 1 {4 }1 1

j= 17{D2}k2 1 80 that {Dl}g 1=
{All}ilzl and {D?}fil = {A?}le is equal to ({];11} ll.)( I 2115!). We have

(n —limyg — Zng)!((ml — 1)!)11 ('m2 — 1)!)12
n!
n! 1

(ma)i (ma!)e2 (n — lymy — lama)!hlla! — mbiml2i 1!

the number of ways to choose the sets {Dl}

X
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From these fact along with (2.12) and (2.13), we conclude that for n >

miki + moka,
ke
1 k 1 1
B Oy (e { }{ 2} _T T 7
12211121 mlfmlf ly kl(ml) kQ(m2>

proving (2.11). O

3. PROOFS OF THEOREMS 1 AND 2

Proof of Theorem 1. Since .7-}(,? ) converges weakly to F,,, it follows from the

discussion in the first paragraph of section 2 that it suffices to show that

(3.1) lim E,(FM)* = vp.

n—o0

Let n > km. For D C [n], let 1p(o) equal 1 or 0 according to whether or

not o € S, induces an embedded permutation on D. Then we have

(3:2) Fiw)= Y 1pw),
DC|[n]
|D|=m
and
k
(3.3) E (FSNr = > E.]] 1,
DjC[n],\Dj|:m 7j=1
J€lk]

There is a one-to-one correspondence between collections {D; L j—1, satistying

Dj C [n] and |Dj| = m, and collections {A;} ;[ of disjoint sets satisfying
A C [n] and satisfying

(3.4) Z I =m, for all i € [k],
Iael

where

(3.5) lr = 1A, I CIk]

The correspondence is through the formula

(3.6) A = (miel Dl) N (mie[k]—l ([n} — Dl)), IC [k]
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Now H§:1 1p,(w) = Lif and only if for all I C [k], o induces an embedded

permutation on A;. Thus, we have

n-— Zlc[kz] lr)! ch[k} !

n!

i (
(3.7) E.[]1p, =
j=1

Given the values I; = |Af|, I C [k] the number of ways to construct the

disjoint sets {AI}IC k] is ey l1) o i Using this with (3.3)-(3.7),
it follows that E,( T(n)) equals the number of solutions {l;} ;[ to (3.4).
To complete the proof, we will show that the number of solutions to (3.4)
is k.. Consider the set Ug‘?:le C [n]. Label the elements of this set
by {z;};_;. Of course, m < r < km. Now construct the sets {I';}I_; by
I'; = {j : © € D;}. By construction, the sets {I';}/_; form an m-cover of

[k] (of order r). There is a one-to-one correspondence between solutions to
(3.4) and m covers of [k]; indeed, I; = |{i € [k] : T; = I}|. O

Proof of Theorem 2. We use (1.16) to calculate V;,(z) = Ee®/ ™. We have

Vin(z) = Eexp(zFy,) = Eexp (z 3 f[ <Z;>) _

(U15enolm ) ZFL ) ly=m j=1 lj
7 <Z1,j€[m]
(3.8)
u
> Ieritests X IV
u1 >0, um>05=1 (I15eees lm)ZJ L dly=m j=1
l<uj7je[ }

Thus, to complete the proof, we only need to show that

(3.9) > ﬁ (32”) = Ym(u),

(15l Ty jly=m j=1
lj<ug,j€[m]

where

m

(3.10) () = " [T (1 +27)%

J=1

Expanding with the binomial formula, we have

(3.11) H 4 ) :H z( )Zﬂ)

From (3.11) and (3.10), it follows that (3.9) holds. O
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