THE SPEED OF A RANDOM WALK EXCITED BY ITS
RECENT HISTORY

ROSS G. PINSKY

ABSTRACT. Let N and M be positive integers satisfying 1 < M < N,
and let 0 < po < p1 < 1. Define a process { X, }nzg on Z as follows. At
each step, the process jumps either one step to the right or one step to
the left, according to the following mechanism. For the first N steps,
the process behaves like a random walk that jumps to the right with
probability po and to the left with probability 1 — pg. At subsequent
steps the jump mechanism is defined as follows: if at least M out of the
N most recent jumps were to the right, then the probability of jumping
to the right is p1; however, if fewer than M out of the N most recent
jumps were to the right, then the probability of jumping to the right is
po. We calculate the speed of the process. Then we let N — oo and
% — 7 € [0,1], and calculate the limiting speed. More generally, we
consider the above questions for a random walk with a finite number [

of threshold levels, (Mi,pi)ézl, above the pre-threshold level po, as well

as for one model with [ = N such thresholds.

1. INTRODUCTION AND STATEMENT OF RESULTS

Over the past couple of decades, quite a number of papers have been
devoted to the study of edge or vertex reinforced random walks and excited
(also known as “cookie”) random walks. These processes have a simple
underlying transition mechanism—such as simple symmetric random walk—
but this mechanism is “reinforced” or “excited” depending on the location
of the random walk and its complete history at that location. For survey

papers which include many references, see [5] and [4].
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In this paper, we consider random walks with a different kind of excite-
ment. These random walks are excited by their recent history, irrespec-
tive of their present location. Let N and M be positive integers satisfying
1 <M < N, andlet 0 <pg <p <1. Define a process {X,,}’2, on Z as
follows. At each step, the process jumps either one step to the right or one
step to the left, according to the following mechanism. For the first IV steps,
the process behaves like a standard random walk that jumps to the right
with probability pg and to the left with probability 1 — pg. At subsequent
steps the jump mechanism is defined as follows: if at least M out of the
N most recent jumps were to the right, then the probability of jumping to
the right is pi1; however, if fewer than M out of the N most recent jumps
were to the right, then the probability of jumping to the right is po. We
call this process a random walk excited by its recent history. We call N the
history window for the process, M the threshold value and % the threshold
fraction.

This process and the more involved multi-stage threshold process defined
below are natural models for the fortunes of various economic commodities,
such as stocks, which respond positively to recent success and negatively to
recent failure. These processes {X,,}5° ; are not Markovian, however, the
corresponding (I + 1)-dimensional processes {Xj, Xji1,- -, Xj4n}72, are
Markovian. We note that these processes are examples of random walks
with internal states; see [3, page 177]. In particular, if N = 1, the process
defined in the previous paragraph is known as a persistent random walk; see
[3], [6], [2] and references therein.

We are interested in the deterministic speed of the process, which we

denote by s(N, M;po,p1):

. X
s(N,M;po,p1) :== nl;ngof a.s.

The following theorem shows that s(N, M; pg, p1) exists, and gives an explicit

expression for this speed.
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Theorem 1. The speed s(N, M;pg,p1) exists and is given by

(1.1)
S(N7M;p07p1> =

= Ly (2 — D)2 + 1 1p1<1f%o>ME§V=M(2%—1>(]§>(<15%>)ij

i et () (2855 + 5 ()M s () (@)
Remark. The form of the speed function s(N, M; pg, p) is quite complicated,
even for small values of V. The one case where the form is somewhat simple
is the case in which N = M, that is, the case in which the process is excited
only at those times at which it has just experienced at least N consecutive
jumps to the right. We have

Nf(N)(“)jzi@)( Py (B0 (L yv (B0

AN el L=po” "1—=po L =po L —=po

and

N
; Po N-=1\ po - Npo 1 _
() v e () -
1—po L=pom\i—1/"1=po L—=po 1 —po
Making the calculations and doing a little algebra, one finds that

Py (p1 —po) + (1 — p1)(2po — 1)
pd (p1 —po) +1—p1

(N N; pOapl)

We now consider a sequence { N (”)}OO, of history windows increasing to

infinity and correspondlng threshold values {M® }°° 1 such that the thresh-

OO

old fractions {4 ° , converge to some limiting value r € [0,1]. There

N(n)
exists a critical value of r below which the speed converges to 2p; — 1 and

above which the speed converges to 2pg — 1.

Theorem 2. Let
log }:po
r*(po,p1) = ﬁ7 0<po<p1<l.
(po 1-p1

Then r*(po,p1) is strictly monotone increasing in each of its variables, and

po < r*(po,p1) < p1.
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One has

2p1 — 1, if 0< 7 <7*(po,p1);
lim  s(N™, M™;po,pr) = ( )
n%oo,xf:; —r 2p0 — 1, if *(po,p1) <7 < 1.

M) M =N )7 (po,pr)

(n) . .
If M0 s 1 (pg, p1) and lim, e (p1(1—p0)

N®)
then one has

=« € [0,00],

lim s(N® M@, po.py) = 2P0 = DO =p1) + p1 = (1= po)ar
e 1—p1+(1—po)e

(If & = o0, the above limit is of course interpreted as 2p; — 1.)

Remark 1. Note that r*(pg,p1) can be characterized as the unique value
of r € (0,1) for which (%)T(%)I*T =1

Remark 2. For fixed pg, p1, if 7*(po,p1) is irrational, then every limiting
speed between 2pg — 1 and 2p; — 1 is possible, by varying the behavior of M,
while if 7*(pg, p1) is rational, then a dense countable set of speeds between
2pg — 1 and 2p; — 1 are possible, by varying the behavior of M; however
the only speeds that are stable with respect to small perturbations of M
(or ) are 2py — 1 and 2p; — 1. (By stable, we mean that the speed remains
unchanged under small perturbations.)

Remark 3. If ]\]\/[[((:)) converges to r*(pg, p1) sufficiently rapidly, then o = 1

and the limiting speed is % (2po—1)+ (17;;11)_% (2p1—1), which

is larger than the average between the speeds 2p; — 1 and 2py — 1, obtained

respectively when r < 7*(pg, p1) and when r > r*(pg, p1).

[eS)
n=1

Remark 4. The reason that we work with sequences {N (™ of history

windows instead of just letting N — oo and letting M = M(N) is that

in the critical case, limpy_sq0 % = 1*(po, p1), it is not possible to obtain
: po(1—p1) \M—Nr*(po,p1) _ . .
limpy o0 (m) = a € (0,00). Either this sequence con-

verges to 0 or oo, or it doesn’t converge at all.

We now consider a multi-stage threshold version of the process. Let [ > 1
be an integer, denoting the number of threshold stages. (The case [ = 1
is the case treated above; we include it here so that Theorem 3 below will

include Theorem 1 as a particular case and Theorem 4 below will include
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Theorem 2 (except for the claim regarding r*(pg, p1)) as a particular case.)
Let N > [ denote the history window. Let {Mj}é.:l satisfy 1 < M7 <
- < M; < N and let {p; 5-:0 satisfy 0 < pg < p1 < --- < p; < 1. For
notational convenience, define My = 0 and M;1; = N + 1. We define the
process {X,}22, on Z as follows. At each step, the process jumps either
one step to the right or one step to the left, according to the following
mechanism. For the first IV steps, the process behaves like a random walk
that jumps to the right with probability pg and to the left with probability
1 — pg. At subsequent steps the jump mechanism is defined as follows: for
1=20,1,--- 1, if between M; and M; 1 — 1 out of the N most recent jumps
were to the right, then the probability of jumping to the right is p;. We
denote the speed of the process by s(N, My, -+, My;po, -+ ,pp):
s(N,My,--- ,Mp;po,--- ,pr) == lim An a.s.

n—oo 1

Again, we show that the speed exists and give an explicit expression for it.
Throughout the paper, we use the standard convention that a void product

of the form ngl is equal to 1.

Theorem 3. The speed s(N, My, -+, My;po,--- ,p) exists, and is given by

(1.2)
S(N)Mlv' o 7Ml;p05” : 7pl) =

l 1 i —1 \Mjp—M;_ Mit1-1/6 j N i \j—M;
Dm0 gy (e (F25 )M M) 5220 (24 — D) (525

l i — — M;y1—-1 (N i Ni— M,
2i=0 ﬁ(ﬂizl(%)m M) 57520 () (25,7

As in the case of the single stage threshold, we now consider a sequence

{N (n) o°_, of history windows increasing to infinity, and corresponding thresh-

old values {Mi(n)};’f’:l, 1 =1,---,1, and we let the threshold fractions con-
(n)
verge to limiting values: lim,, .~ % =ryi=1,---,1. (Ther;’s are not re-

quired to be distinct.) For notational convenience, define g = 0 and ;11 =

1. Recall the notation argmax;c 4 f(i) = {j € A : f(j) = max;ca f(7)}.
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Theorem 4. i. If

1 i Pr—1  \r .
ATGMAT; 10 .. g < <1 i : FTES1 = L)
ZE{O, ,l} ri<pi<riti p:z(l o pi)l_TZ Pt 1 - pkil) { }
then
(1.3) Jim s(NO MM oM™ po, - ) = 2pi — 1
M

e A

w. If
(1.4)
1 : p
k=1 Nrp—ri1 _ g5 ;
ArgMaT;cio.... [Nop <p: <rs - — =, Uy,
1€{0,- 1 }iri<pi<riti p;‘ (1 _ pi)l i ;}_Il(l *pk—l) { }
d>2, and
(1.5)
: Pi; \~MEOENO TE Pl (0N -, N )
Oéi]. = lim (7) J J H(7> k k=1 € [07 OOL
n—oo" 1 — Di; k1 1 — Pk-1
for j=1,---,d, with at most one j for which o;; = oo, then
(1.6)
(o799
2?71 1 - (2pl - 1)
. - —Pi,; 7
(n%lm S(N(n)aMl(n)a 7Ml(n);p07"' 7pl) = d ’ Qi :
n%oo,%—wi, =1, 1 Zj:l 1=pi;

(If @i, = 00, the above limit is of course interpreted as 2pi;, — 1.)

Remark 1. Similar to the situation described in Remark 2 after Theorem 2,
for fixed {p;}!_,, depending on their particular values, either every limiting
speed between 2py — 1 and 2p; — 1 is possible or a dense countable set of
speeds between 2pg — 1 and 2p; — 1 are possible, by varying the behavior
of {Mi(n) 2:1, however the only speeds that are stable with respect to small
perturbations of {Mi(n)}é:1 (or {r;}!_,) are {2p;—1}._,. (By stable, we mean
that the speed remains unchanged under small perturbations.) Furthermore,
for fixed {p;}_, and {r;}\_;, if the speed is stable then it must be from
among the speeds {2p; — 1}, <p,<r,- We note that necessarily there is at

least one 4 for which r; < p; < riy1.
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Remark 2. The requirement in part (ii) that at most one of the a;; = oo was
made in order to avoid complications in the statement of the theorem. The
method of proof of part (ii) would also show, for example, that if more than

one of the a;,’s are equal to infinity, and there is a particular jo such that the
oy (n). - n n n N

order of (2 y ™M NG [T (Phoa QD -NOIn) = (M =N
Pi; = Pk—1

n — oo is larger when j = jg than it is for any other j, then the limiting

speed is 2p;; — 1. One can refine this further when two or more of the terms
above are on the same order.

Remark 3. In part (ii) of the theorem, the set {i,--- ,i4} need not consist
of consecutive integers. For example, consider [ = 2 and denote the expres-
sion corresponding to ¢ appearing on the left hand side of (1.4) by J;. Then
o = e ()7 = s () ()7, and

similarly, after some algebra, Jo = (%)”(%)”%Jl. Choose 0 < py <

p1 < 1 and choose 71 to satisfy py < 7*(po,p1) < 11 < p1, where r*(pg, p1)

is as in Theorem 2. Then Jy > Ji. Since limy, ,,, (2)"2(1=22)72 1221 — |,

one has Jy =

P2 1=p1/ 1-p2
; ; ; p1yro(l=p2yrol=p1 _
uniformly over rz € [0, 1], and since limy, 1 (7)) (;=£2)" =% = oo, for all

ro € [0,1), we can choose 19 > p; sufficiently close to p; to guarantee that
there exists pg such that p; < r9 < po < r3 = 1 and such that Jo = Jp.
Then the left hand side of (1.4) will be equal to {ig, i2}.

Remark 4. Fix py as the pre-threshold stage. It is possible to have a
situation in which each individual threshold stage, (Mi(") ,Di), is such that
if it were the only threshold stage, then the limiting speed as the history
window increases to infinity would be 2pg — 1, however when all the stages
are present the limiting speed is larger than this. For example, let [ = 2
and consider for simplicity the case py = %; so 2pg — 1 = 0. The condition
r < r*(3,p) in Theorem 2 can be written as W > 2 (see Remark 1

after Theorem 2). Thus, if — < 2, for i = 1, 2, then from Theorem

-1
Pyt (1—p;)t—Ti
2, if (Mi(n)7 p;) were the only threshold stage (and pg = %), the limiting speed
would be zero. One can arrange things so that the above conditions hold

) 1 i Pk—1 \rp—rr—1
but such that MaX;e{0,1,2}:r;<p;<rit1 P (—pi)l i szl(lfpkfl) > 2,

in which case the limiting speed is greater than zero, since the term on the
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left hand side above, over which the maximum is being taken, is equal to 2
when ¢ = 0. Indeed, for i = 2, the expression above over which the maximum
1 p1 ro—1T1 : C
T (pa) (t557) . From the strict monotonicity of
r*(%,p) in p, we can select py, po and r1 such that % < p1 < pg and r*(%,pl) <

is being taken is

r1 < r*(3,p2). Then if we choose 5 > r*(3,p2) such that ro — r*(3,p) is

. . 1 _
sufficiently small, we will have peT——— (13;1)7@ > 2and ro < po <
ry = 1.

Remark 5. Consider the random walk with [ threshold stages (Mi(n),pi)
(n)
with % — 14, 1 <14 <. Now consider a random walk with (I 4 1) thresh-

n)

N
(n) .
pi; < p < pi+1 and % — r, with

old stages, with the [ stages above and with an additional stage (M (
satisfying Mi(ln) < M® < Mz'(an)rp
ri; <1 <7141, for some i; € {0,1,--- ,l}. Theorem 4 allows one to make
a comparison between the limiting speeds of the two processes as the his-
tory window increases to infinity. Assume that the condition in part (i) of
the theorem is in effect so that the limiting speed for the [-stage process
is 2p;, — 1. If 49 > 41, then the limiting speed of the (I + 1)-stage process
will also be 2p;, — 1; that is, the additional stage cannot affect the limiting
speed. On the other hand, if i9 < ¢, then the limiting speed of the (I + 1)-
stage process might be greater than that of the [-stage process and might
be equal to that of the [-stage process, depending on the particular values
of the relevant parameters.

Remark 6. The reason that we work with sequences { N(™}2, of history
windows instead of just letting N — oo and letting M; = M;(N) is that
in the critical case considered in part (ii), the only possible limits of the

sequence in (1.5) are 0 and oo. (See Remark 4 after Theorem 2.)

For our final two theorems below, we will not need to work with sequences
{N(1  of history windows; rather we will let N — co and M = M(N).
We now present a weak convergence result which shows that in the case
that the limiting speed as N — oo is stable, the random walk excited by its
recent history, and shifted sufficiently forward in time, converges weakly to

a simple random walk.
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Theorem 5. Let Py denote probabilities for the random walk excited by
1ts recent history with history window N and multistage thresholds {Mi}f;:l
Assume that L, i=1,---,1, and that

(1.7)

1 Pk—1 e .
argma%’e{o,m Lhri<pi<riya p:l(]. — pi)lim kl_[l( 1 — D1 )Tk TRl = {10}7

in which case the limiting speed as N — oo is 2p;, — 1. If the determin-
istic times {Tn}3_, converge to infinity sufficiently fast, then the process
{XN+Ty+n — XNt1y }02 converges weakly to the simple random walk with
probability p;, of jumping to the right and 1—p;, of jumping to the left. That
18,

(1.8)

A}gn PN(XNiTy41 — XNi1y = €1, XN+ Ty+m — XN4Ty+m—1 = €m) =
oo

pl{le[m] ez_l}l( p'o)‘{ie[m}:eizflﬂ, for allm >1 and (e1,- - ,em) € {—1,1}".

io
Remark. The necessary rate of convergence to infinity of {7 }%_; is related
to the mixing time of the auxiliary Markov process defined in section 2.
The model treated in the theorems above involves a fixed number [ of
threshold stages, independent of N. We now consider a class of models
in which the number of threshold stages is N. Let G : [0,1] — (0,1) be
continuous and nondecreasing. We consider the random walk excited by its
recent history with history window N and with N threshold levels {M;}Y,,
defined by M; = i. The corresponding probabilities {p;}}¥; are given by
pi = G(&),i=1,---,N. Tt follows from Theorem 3 that for fixed N, the

N
limiting speed, which we will denote by s(N;G), exists and is given by

25\701 G(& )(ch 17- C(;(i)l))(N)( %_1)
s(N;G) = T .

25\701 G(% (Hk 14 T)1))(];[)

(In Theorem 3, use l = N, M; =j,1<j <N, andpj:G(%),OgjgN.)

Note that from the assumptions on G, it must have at least one fixed point;
that is, a point p € (0,1) for which G(p) = p. We will prove the following

result.
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Theorem 6. Let

F(p) := /Oplog %dw —plogp— (1 —p)log(l —p), 0 <p<1.

Then F' attains a maximum, and any point at which F' attains its maximum
is a fixed point for G. In particular then, a sufficient condition for F to
attain its mazximum uniquely is that G have a unique fized point. If F

attains its maximum uniquely at p*, then

(1.9) (N;G) =2p" — 1.

NS

An interesting model, which constitutes a randomization of the basic sin-
gle threshold model, can be fit into the N-threshold model treated in The-
orem 6. Let N > 1 be a positive integer and let 0 < pg < p1 < 1. Define
a process {X,}°°, on Z as follows. At each step, the process jumps either
one step to the right or one step to the left, according to the following mech-
anism. For the first IV steps, the process behaves like a random walk that
jumps to the right with probability pg and to the left with probability 1 — pg.
At subsequent steps, the jump mechanism is defined as follows: uniformly
at random select one step from among the most recent N steps. If that step
was a jump to the right, then the probability of jumping to the right is pq,
while if that step was a jump to the left, then the probability of jumping to
the right is pp. This model is in fact equivalent to the N-threshold model
with G being the linear function G(p) = pp1 + (1 — p)po. Indeed, note that
for any 0 < j < N, if in fact j of the IV most recent jumps were to the right,
then when selecting one step from among the most recent N steps uniformly
at random, the probability that that step will be a step to the right is %
Thus, if j of the N most recent jumps were to the right, the probability of
jumping to the right will be %pl +(1- %)pg. The above function G has a

unique fixed point p* = = /ﬁ°+p0. Thus, for this model, the limiting speed
i Po _
as N — oo is 21*p1+p0 1.

In the above case, when G is linear, the result in Theorem 6 can be
understood heuristically as follows. Let G(p) = pp1 + (1 — p)po. Fix any
p € (0,1) and consider a simple random walk with probability p of jumping
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to the right. If after many (at least N) steps, we were to impose on the
process for one step the N-threshold model with this G, then the probability
of that step being to the right would be G(p) = pp1 + (1 — p)po. If we were
then to let the process continue as a simple random walk with probability
G(p) of jumping right, and then again after many steps we were to impose
the above mechanism for one step, then the probability of the next step
being to the right would be G(G(p)) = G®(p). Comparing this process to
the actual process, a little thought suggests that as N — oo, the limiting

speed of the actual process should be 2p* — 1, where p* is the fixed point of
G.

As already noted, Theorem 3 includes Theorem 1 as a particular case and
Theorem 4 includes Theorem 2 (except for the claim regarding 7*(po,p1))
as a particular case. In section 2 we define and compute the invariant
probability measure of an auxiliary Markov chain that encodes the N most
recent jumps of the original process. Using this result, the proof of Theorem
3 is almost immediate; it appears in section 3. In section 4 we prove part (i)
of Theorem 4 and in section 5 we prove part (ii) of Theorem 4. Theorem 5 is
proved in section 6 and Theorem 6 is proved in section 7. Finally, we prove
here the statement in Theorem 2 about the behavior of 7*(pg, p1); namely
that it is strictly monotone increasing in each of its variables, when py < p1,

and that it satisfies pg < r*(po,p1) < p1, when py < p1. We have

87"* 1 1 P1 1— Po 1— Po
Po,P1) = — —log — + log =
a100( ) 1 =po (log Bt }_5(1’)2 ( Do Do 1- Pl)
1 1
R(po,p1)-
_ p1 1=po\2 !
1 —po (log E 1_pl)

It is easy to see that limy,, 0 R(po,p1) = oo, Iimpoﬁp;

R(po,p1) = 0 and
%(poml) < 0. Thus 7*(po,p1) is strictly monotone increasing in pg. A
similar calculation shows that r*(pg,p1) is strictly monotone increasing in
p1. Using ’'Hopital’s rule, it follows easily that

lim r*(po,p1) = lim r*(po,p1) = po = p1.

Po—Dy P1—Dg
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This in conjunction with the monotonicity shows that py < 7*(pg, p1) < p1,

when pg < p1.

2. AN AUXILIARY MARKOV CHAIN AND ITS INVARIANT MEASURE

Let {X,,}72, denote the random walk excited by its recent history, with
[ threshold stages, [ > 1. Define the N-dimensional process {Z,}22, by

Zp = (Xns1 — Xn, Xovo — Xog1, -+ s Xy — X n—1)-

The process {Z,}22, encodes the most recent N jumps of the original pro-
cess {Xp}02o. It is clear from the definition of the original process that
{Z,}2, is a Markov process; its state space is Hy := {—1,1}". Denote
probabilities for this Markov process starting from v € Hy by P,, and de-
note the corresponding expectation by E,. Clearly, {Z,}5, is irreducible.
For v = (v1,---,uy) € Hy, let #t(v) = 2N, L{y,=1} denote the number
of 1’s from among its N entries. It turns out that the invariant probability
measure py on Hy for the process {Z,,}5°, is constant on the level sets of
#T. It is this fact that allows for the explicit calculation of the speed in
Theorem 3. Recall that we have defined for notational convenience My = 0

and Mj1 =N+ 1.

Proposition 1. For:=20,1,---,l, one has

pz(v) =C

(2.1) (1—pi) 1 —p; PE—1

1 Di 4ot T P _
v )# (v)—M; H(l_i)Mk Mk—l’
k=1
if My < #7(v) < My,
where C, the appropriate normalizing constant, is equal to the reciprocal of

the denominator in (1.2).

Proof. Let A = {Ay.v}woeHy denote the transition probability matrix for
the Markov chain {Z,}>°,; that is, Ay, = P(Z,41 = v|Z, = w). The
invariant probability measure uz = pz(v) is the unique function satisfying
uzA = uy and ZUGHN puz(w) = 1. The equality uzA = pyz is a set of
equations indexed by v € Hy via the term pz(v) on the right hand side of
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the equality. We will attempt to find a solution to the above set of equations
with pz constant on the level sets of #7.

Let ap = pz(v), for #7(v) = k, k = 0,1,--- , N. We substitute this
into the above equations. Consider first the equation corresponding to a
v € Hy satisfying #1(v) = k with 1 < k < Mj; — 1 and vy = 1. There
are exactly two states w that lead to v; namely w; = (1,v1,--- ,on—1) and
we = (—1,v1,- -+ ,uny—1). We have #(w1) = k and #7(w2) = k — 1.
Because we have assumed that k¥ < M; — 1, we have # 1 (w;) < My — 1,
i = 1,2. Consequently, conditioned on Z, = w;, it follows that at time
n + N, no more than M; — 1 of the most recent N jumps of the process
{Xk}32, were to the right. This means that conditioned on Z,, = w;, the
probability that Xn4n4+1 = Xn4pn+11s equal to po; equivalently, Ay, » = po.
Thus, from the equation indexed by v in the equality uz A = pz, and from

the definition of {«;}, we obtain
(2.2) pok + pog—1 = ag, 1 <k < M —1.
From this we conclude that

(2.3) o = ( Yag, k=0,---,M; — 1.

Now consider the equation corresponding to a v € Hy satisfying #1 (v) =
k < M; —2 and vy = —1. There are exactly two states w that lead
to v; namely w; = (1,v1,--- ,ony-1) and we = (—1,v1, -+ ,on—-1). We
have #1(w1) = k + 1 and # ' (w2) = k. Because we have assumed that
k < My — 2, we have #7(w;) < My — 1, 7 = 1,2. Consequently, as in the
previous case, conditioned on Z,, = w;, it follows that at time n + N, no
more than M; — 1 of the most recent N jumps of the process { X} }72, were
to the right. This means that conditioned on Z,, = w;, the probability that
XN4nt+1 = XN4n — 1 is equal to 1 — pp; equivalently, A,, , = 1 — po. Thus,
from the equation indexed by v in the equality uzA = uz, and from the

definition of {«;}, we obtain

(1 —po)agy1 + (1 —po)ag = ag, 0 <k < My —2,
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which is consistent with (2.2).

Now consider the equation corresponding to a v € Hy satisfying #(v) =
M1 —1 and vy = —1. There are exactly two states w that lead to v; namely
wy; = (Lvy, -+ ,on—1) and we = (=1,v1,-+- ,uy_1). We have #1(w;) =
My and #*(ws) = M; — 1. Consequently, conditioned on Z, = wy, it
follows that at time n 4+ N, exactly M;p of the most recent N jumps of the
process { X} }7° , were to the right. This means that conditioned on Z,, = wy,
the probability that Xnin+1 = Xni4n — 1 is equal to 1 — py; equivalently,
Aw, v =1 —p1. However, conditioned on Z, = wo, it follows that at time
n+ N, exactly My — 1 of the most recent N jumps of the process { X},
were to the right. This means that conditioned on Z,, = ws, the probability
that Xnyyn+1 = Xnyn — 1 is equal to 1 — po; equivalently, Ay, = 1 — po.
Thus, from the equation indexed by v in the equality uz A = uz, and from

the definition of {e;}, we obtain

(2.4) (I =p1)anm, + (1 —po)an,—1 = an—1.

From this and (2.3) we conclude that

1 —
(2.5) = AM—1 = 7 _i? % Miag.

Now consider the equation corresponding to a v € Hy satisfying #(v) =
k with M7 +1 < k < My —1 and vy = 1. As before, the two states that
lead to v are w; = (1,v1, -+ ,vn-1) and wy = (—=1,v1, -+ ,uon—_1). We
have My < #(w;) < My — 1, for ¢ = 1,2. Consequently, conditioned on
Z, = w;, it follows that at time n + N, between M; and My — 1 of the most
recent N jumps of the process {X}}7°, were to the right. This means that
conditioned on Z, = wj;, the probability that Xyin+1 = Xni4n + 1 is equal
to p1; equivalently, A, ,» = p1. Thus, from the equation indexed by v in the
equality pzA = pz, and from the definition of {«;}, we obtain

(2.6) prog +prag_1 =, My +1<k<M;—1
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From this we conclude that oz, 4 = (1271 Yapy,, forj=1,---, Ma—1—Mj.

In conjunction with (2.5), this gives

1—190( PO\, D1

Jag, j=1,-++ ,My—1— M.
1—p1 1—po 1—]91)

(2'7) QM +j =

Now consider the equation corresponding to a v € Hy satisfying #(v) =
k with M7 < k < My — 2 and vy = —1. The two states that lead to v
are wp = (1,v1, -+ ,on—1) and wg = (—=1,v1, -+ ,ony—-1). We have M; <
#T(w;) < My —1, for i = 1,2. So by the same reasoning as in the previous

case, we obtain
(1 =p1)og + (1 —p1)agyr = ag, My <k < My —2,

which is consistent with (2.6).

Now consider the equation corresponding to a v € Hy satisfying #(v) =
M; and vy = 1. The two states that lead to v are w; = (1,v1,- -+ ,on—1) and
we = (—1,v1, -+ ,un—1). We have #(w1) = M; and # " (we) = My — 1.

Thus, the same type of reasoning as above gives

DP1OM, + POCM, —1 = Q-

This is consistent with (2.4).

Now consider the equation corresponding to a v € Hy satisfying #(v) =
Ms—1and vy = —1. The two states that lead to v are w; = (1,v1,--- ,on-1)
and wy = (—=1,v1, - ,un_1). We have #1(wy) = My and # 7 (ws) = My—1.

Thus, the same type of reasoning as above gives

(1 _pQ)aMQ + (1 - pl)aMz—l = OpMH—1-

This in conjunction with (2.7) gives

(2.8)

D1 prL—po, Po \my, PU\My—My—1
QMy—1 = @

I—py 72 1—p2l—p1 1—po 1—291)

1 _p0< Po My 4! )MQ_Mla

1—p2'1—po 1—pm

aN, = 0=

0-
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Note that (2.3),(2.5),(2.7) and (2.8) are consistent with the claim of the
proposition. Continuing in this vein completes the proof of the proposition.

The statement concerning the form of C' is immediate. (]

3. PROOF OF THEOREM 3

For v = (v, ,uy) € Hy = {=1, 1}V, let f(v) = N v = 247 (v) —
N. By the ergodic theorem,

. 1
(3.1) Jim ST A Zn) = Y F@na() as
]ZO UEHN
Since Zr = (Xir1 — Xi X2 — Xpg1,- s Xognv — Xgyn-1), we have

F(Zin) = Xgyn — Xjn, and thus Y770 f(Z;n) = Xpn — Xo. There-

fore, we conclude from (3.1) that

(v
62 tm = LS sy = Y e 0.

n—oo NN
vEH N vEH N

There are (JJV ) different states v € Hy satisfying #7(v) = j. Using this
fact along with (3.2) and the formula for pz in (2.1), we conclude that

limy, 00 );T;\J,V converges almost surely to the expression on the right hand
side of (1.2). We leave to the reader the standard, easy argument to go from
the almost sure convergence of lim,, .o )SLLNN to the almost sure convergence

of limy, 00 X# O

4. PROOF OF PART (1) OF THEOREM 4

For notational convenience, we will write N instead of N, M; instead
of Mi(n) and N — oo instead of n — oo.

To prove part (i) of the theorem, we need to determine which of the

. !
_ — M;+1—1 /N i j—M; .
[ + 1 terms {(szl(&ﬁ)]\@ Mk—1)2j:$[1i (j)(lgipi)j M, }i:O in the

denominator of (1.2) dominates as N — oo. (We have ignored the factor
1%% which does not depend on N.) Let {Y,,}>%; be a sequence of IID Ber(3)

random variables (P(Y,, = 1) = P(Y,, = 0) = ), and let S, = >}, Y,.
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For¢=0,1,---,1, we write
(4.1)
Mi+1—1
N . ,
J=M; ! ’

Y

oNE (e(SN_Mi)log =7

;MiSSNSMiH—l).

As is well-known [1, page 35], the large deviations rate function for {S,}°°
is given by I(s) = log (2s°(1 — 5)'7*), s € [0,1]. It follows then [1, page 19]
that for 0 <a < b <1,

(4.2)

1 1 1 1 .
A}gnoo N log P(NSN € (a,b)) = A}gnoo N log P(NSN € [a,b]) = 51611[(111}7] I(s).

Recall that % — r; when N — co. Then using (4.2) and applying the stan-
dard Laplace asymptotic method to (4.1) (for example, Varadhan’s lemma

[1]), it follows that

(4.3)

1 MET Ny pi
lim —log <2_N < > 71)]'_%) = sup <—I s) + (s — r;) log —— )
N—oo N ];Wz J (1 —Di sE[ri,riti) ( ( ) 1- bi

The function —I(s)+ (s —r;)log pip is concave for s € [0, 1] and attains its

1-p;

maximum at s = p;. Thus, it follows that sup,e, .., (—I(S) + (s — 1) log 15—%)
is attained at s = p;, if r; < p; <ripq;at s =1, if 7, > g, and at s = 741,

if 741 < p;. Substituting these values of s in —I(s) + (s — r;) log 12—’@ and
doing a little algebra reveals that

sup <—I(s) + (s — i) log bi > _

SE[Ti,Ti+1] - pl

(4.4) —log (2p]" (1 — pi)' "), if ri < pi < rigr
—log (2r]*(1 — r)*="1), if r; > p;;

—log (2r; i (1 — riﬂ)l—w(%)mrm), if rig1 < pi

Thus, letting

i Mip1—1

7 : 1 - Pk—1  \Mp—M, N Di -
] —1 (2 N( k k—l) J 1)’
JZ NgnooN 8 g(l_pkl) fugy j (1_pi)
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and letting

we have from (4.3), (4.4) and the definition of I(s) that

(4.5)
_ 1 TP Ph—1 \rp—Th—1_ if p. < p; < 1511
2]7:7'(1_171')17” Hk:l(l_pk—l) ) lf Ty > p’t = rl‘f‘l’
S 1 % Pr—1 Te—Thk—1 . .
JZ - 27,.:75(1_7,.1_)17” Hk:l(l_pk—l) 9 lf T > pl’
1 Pi Tit1—T5 7 Pr—1 Te—Tk—1 f . .
- — 1 .
27":14{1(1—7414-1)1_”*1 (171’1) Hk":]'(l*pk—l) » Tl < P

If maxg<;<; J; occurs uniquely at i = ig, then it follows from (1.2) and

the definition of the {J;} that the limiting speed is given by

lim s(N,My,---,M;po, - ,p1) =

N—o00

M; -1 i N ; i M
i Z]:Z?\/Z:) (2%_1)(3‘)(1?}20)] Mig
m
N Miy+1—=1 N\, Pig \j—M;
o Zj:?\/[io (j)(lfl;l;)z‘o)] v

From the Laplace asymptotic method noted above, it follows that the right

hand side above is equal to 2s; — 1, where

8] = argmaXye(y, v, 4] (—I(S) + (s —r;) log : —Zpi> :

In particular, if r;, < p;, < 14,41, then from the penultimate sentence above
(4.4) we conclude that this limiting speed is 2p;, — 1. For an alternative
more explicit derivation of this, see the proof of (5.10) in section 5.

In light of the above paragraph, (1.3) will follow under the assumption of
part (i) if we show that if maxg<;<; J; occurs at some ig, then r;, < p;, <
Tio+1. We won’t assume that this maximum occurs uniquely at ¢g; thus, the
proof will allow one also to restrict the maximum in part (ii) to those ¢ for
which 7; < p; < riy1. (We note that for the argument used in the previous
paragraph, it would be enough to show that r; < p; < r;+1. However, for the
method used in the proof of part (ii) in section 5, we need r; < p; < 741.)

We first show that it is not possible to have r;,41 < p;,. Assume that

Tig+1 < Dip- Then ¢g <1 —1, since 741 = 1. We will show that J;,41 > J;,,
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contradicting the definition of ig. From (4.5) we have

1 o
4.6 Jin = - — TE—Tk-1
(4.6) " 27’:;2:(1 — igq1) 0t kl_[l(l — sz—l)

From (4.5), the value of J; 41 depends on whether 7,12 < pjj4+1 or rig41 <

Dig+1 < Tig+2-
Consider first the case that r;,4+2 < pi,+1. Then from (4.5),
(4.7)

1 . i0+1
Jig+1 = — Pip+1 )lio+2~Tio+1 H (]%7—1 TR—Tk—1
i9+2 ) 1—r; — ] — .
2rio+2 (1 B TZO+2) 0+2 1 = Pigt1 k=1 1—pr_
Also,
M)”O”_Tioﬂ > (%7*'2)7‘1'0+2—m0+1.
?
1= pig+1 1 — rigs2
thus
(4.8)
Pio+1 Yrio+2 Mo+l > 1
Tig+2 . 1—7r; M. Tig+1 . r—
Tigta (1= Tig2) 02 "1 = Digt1 Tioha (1= Tigra)! Mo+t
1
Tig+1 1—r; 9
Tio—‘rl (]‘ - T’i0+1) o+l

where the last inequality follows from the fact that z"o+!(1 — x)1~Tio+1 ig
decreasing in x for 7,41 <z < 1. From (4.6)-(4.8) it follows that J;,4+1 >
Jio-

Now consider the case that 7,41 < pig+1 < Tig+2. From (4.5) we have

1 20+1 D1
(49)  Jipr1 = —= — [[———)
2 10(3:11(1 — Pigy1)! 0t o1 1T PRl

From (4.6), (4.9) and the above noted monotonicity of "o+t (1 — z)! Tio+1,
it follows that J;,+1 > J;, This completes the proof that p;, < 7i,+1.

We now show that it is not possible to have r;; > p;,. We assume that
ip > 1, since this is trivial for 7o = 0. Assume that r;, > p;,. We will show

that J;,—1 > J;,, contradicting the definition of ig. From (4.5), we have

1 i
4.10 Jin = - Th k=1,
( ) ‘0 27“:(:0(1 — 1iy) 70 I];[l(l —pk—l)
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From (4.5), the value of J;,_1 depends on whether r;,_; < p;,—1 < 74, Or

Tio—1 > Pig—1-

Consider first the case that r;,—1 < pj,—1 < r4,. Then from (4.5)

i0—1

1 Pk—1 _
4.11 Ji—1 = . TETTE—1
Ay K 2p;,° 7 (1 = pig—1)' o kl;[l(l —pIH)
We will show that
(4.12) ! L Pip—1 )lio~Tio—1,

Pigy (1= pig—1)' "o ] i (1= i)' 70 "1 = pig1
From (4.10)-(4.12) it follows that Ji,—1 > J;,, if 7ip—1 < pig—1 < riy. Now
(4.12) is equivalent to
1 1

e TR

(4.13)

But (4.13) follows from the fact that the function 2" (1—z)! " is increasing
in z for 0 < x < r;,, and by the assumption that p;,—; < r;,. This completes
the case rj,—1 < pig—1 < Tig-

Now consider the case r;,—1 > pj,—1. By (4.5) we have

1 ey DPk—1
4.14 Jin—1 = . Te—Th—1,
( ) 0 27":;0:11(1 —riy_1) 01 191_11(1 - pk—1)

Then J;,—1 > J;, will follow from (4.14) and (4.10) if we show that

(4.15) ! > ! Pio=l yrig=rig—1,

Tig—1 1—rj— "ig 1-7r; — .
Tigt (1= Tig—1) 707t 7y O (L —mp) ' "0 1 = pig—1

Since r;,—1 > pig—1, (4.15) will follow if we show that

1 1 Tig—1

- > -
Tig—1 ) 1—7i0 -1 Tig 11—y —
Tty (1= 7ig—1)" " A T I e

)0 ~Tio—1
)

or equivalently, that

1 1

- > - .
Pt (L= rig—1)' 70~ (L= ry,)' 0

(4.16)

Since r;,—1 < Tiy, (4.16) holds for the same reason that (4.13) holds. O
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5. PROOF OF PART (11) OF THEOREM 4

For notational convenience, we will write N instead of N, M; instead
of Mi(n) and N — oo instead of n — oco.

We assume that (1.4) holds. From the proof of part (i) of Theorem 4,
this means that of the [ + 1 summands in the denominator of (1.2), labeled
from 0 to [, the ones with the labels {i1,--- ,i4} dominate over the others
when N — oo. Note that r;, < p;, < ri,+1, for t = 1,--- ,d. (The proof
of part (i) established that this is a necessary condition for domination.) It
then follows from (1.2) that
(5.1)

T S0 M ) =
d 1 ; Pi— M, —M,,_ M, +1—1 : N i M
L D= ey (Tl ™) M, 24 - D G) )™
d 1 ] _ _ M; 171 N i M
Mo Y oy (T )M M) 505y, () G )

In order to evaluate (5.1), we need to analyze more closely the behavior
of these d summands from the denominator of (5.1). For this analysis, we
consider the following setup. Let {Y,,}7°, be a sequence of IID Ber(%)
random variables (P(Y,, = 1) = P(Y, = 0) = 3), and let S, = >}, ;.
For p € {piysPiys -+ s Diy}» let {Yn P} be a sequence of IID Ber(p) random
variables (P(Y*P = 1) =1 — P(Y*P = 0) = p) defined on the same space
as {Y,,}5°, (so that we can use the same P for probabilities and the same
E for expectations) and let Sy =37 | Y;"P. As is well-known,

FE ((L)SN;SN S )

1-p
E(Z;)5~

(5.2) P(SY €)=

To see this, note that the Radon-Nikodym derivative Fi(y) of the Ber(p)
distribution with respect to the the Ber(%) distribution is given by F3(0) =
2(1 — p) and F1(1) = 2p, and consequently, the Radon-Nikodym derivative
Fn(y) of the N-fold product of the Ber(p) distribution with respect to the
N-fold product of the Ber(%) distribution is given by Fn(y1,- - ,yn) =
NN (1 — p)N=sN where sy = SN |y, and y; € {0,1}, fori =1,--- | N.
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Thus,
P(S! € ) = B@p™ (1-p) "8y € ) = @-p) B2y €,

from which (5.2) follows since
P \s P wiw _Lop LN -N
. E(— ) N=(FE(—)")" =(z—+2)" =(2(1 - .
(6:3) EB(Eo)™ = (BN = G+ 5)" = @20 -p)
With this setup, we can analyze the summands in the denominator of

(5.1). We have

(5.4)
Mit+171
N Diy  \j—M; N Dis  \Sn—M;
S )y M = 2N B((—) M M, < Sy < Mg — 1) =
, J) 1 =pi 1 —pi,
J=M;,
2V () M () VP (M, < S < Miga — 1) =
1-— Diy 1-—- Diy
Diy M, N
it(——)" (1 4+0(1)), as N — o0,

(1—pit) (1—pit) (1+0(1))
where the last equality follows from (5.3) and from the fact that by the law

*,D4
of large numbers, S% i converges almost surely to p;, as N — oo, while

. M; . M,

Let

it » Miy41—-1 N D

k=1 \My—Mj;_ iy j— M,

5.6 L;, = kT Mk—1 , I= My
(56) " (kHl(l—pk_l) ) _XM: <J>(1—Pu)

= j=M;,

Then from (5.4) we have
it

IV (14 0(1)) T (2ot M= Mier —

oy L= Pr

Di; _ M. 1
L~ = it
Tt (1_pzt) (1_plt
. 1 it N
(5.7) <(1 f“ : )*Tit(l — ) ]fL)Tk*T‘k—l) «
Diy Diy k1 PE—1

it
Pit \—M;,+Nry, (g Pk=1_ \(My—Nry)—(Mg_1—Nry_1)
+o(1 | | .

Since we are assuming that (1.4) holds, the terms

( plt )_rit( 1 ) - pkfl )Tk_rk—l — 1 ZHt pk*l )rlc_rk—l

1—p;, L=pi,” -5 1= pe Pyt (1= pg, )t i L= Pe
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are identical, for ¢ = 1,--- ,d. Since we are assuming that (1.5) holds, it
then follows from (5.7) that

. L o
. lim =% = 2t t 1.--- .
(5 8) N1—>oo Lis (67 » % 6{ ’ ’d}

s

Similar to (5.4), we have

(5.9)
M;y1—1 .
)y (2‘7—1)(N>< =M~
o N J) 1—pi
. . *7pit )
e G A YA AN )
1t it

#:Djy

Using (5.4) and (5.9) along with (5.5) and the fact that Sfjv converges

almost surely to p;,, we have

M;11—1 1 i j—M;
St @& = D(5) (e85,

N1~>oo ZMit-H_l (N)( Piy )j—Mit

(5.10) =My AR
S*’pZt *,Pi
i E((22— —1); M;, < Sy < Mj, 41 — 1) _ope 1
N-voo P(M;, < S < My, 4y — 1) v
Now (1.6) follows from (5.1), (5.6), (5.8) and (5.10). O

6. PROOF OF THEOREM 5

Fix m > 1. We need to prove (1.8). Recall from section 2 the auxiliary
process {Zy, 22, defined by Z,, = (X,41 — Xpn, Xnt2 — Xng1, -+ s Xy v —
Xn4+N-1), and recall its invariant measure pyz, defined on {—1, 1}N , and

given explicitly in (2.1). In this section we write {X2V}%° o {ZN}o© / and

7z~ to emphasize the dependence on V.
For § > 0, let

#*(v)

AN,iO,J = {U S {—1, 1}N : N

€ (pio - 5api0 + 6)}

From (2.1) and (1.7), along with the Laplace asymptotic method used in

section 4, it follows that

(6.1) lim MZN(AN,Z'(),5) = 1.
N—o00
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We have 1, < pj, < ri,+1 since we are assuming (1.7). Fix once and for all
e > 0 sufficiently small so that r;, < p;, — 2¢€ and p;, + 2¢ < rj;+1. By the
convergence theorem for aperiodic irreducible Markov chains, we can choose
{T'n}3_, so that

lim [P(Z), € Anipe) — zx (Anine)] = 0.

N—o00
Thus, from (6.1) we have
(6.2) Jim_ P(Z7, € Anjige) = 1.

Since m is fixed, it follows from the form of ZV that
(6.3) {Z%V € ANige} C ﬂ;":_ol{Zé«VNﬂ € An,ip2¢}, for sufficiently large N.

Since limpy o0 % = 1y, it follows from (6.3) and the choice of € that if NV is

sufficiently large, then the condition {Zizp\lfV € AN} guarantees that
(6.4) M, < #1(Z7 1) < Mgy, for j =0, m—1.

If M;, < #*(Z%VNH) < M, 41 occurs, then from the connection between
ZN and XV and the definition of X, it follows that the random variable
X%V+N+j+1 - X%VJFNH will be distributed according to the Ber(p;,) distri-
bution, for j = 0,--- ,m—1. Note that the random variables {X]]\\,]+TN+j+1 —
x¥ AT }9”:_01 are independent of the random vector Z}VN. From these facts
and (6.3), we conclude that for sufficiently large IV,

(6.5)
if Z3, € Ang,e, then
PN(XN+Ty+1 — XN41y = €1, s XN Ty+m — XN+Ty+m—1 = €m) =

p‘_{ie[m}:ei:m(l — pgo ) M= “for (e1, -, em) € {=1,1}™.

20

Now (1.8) follows from (6.5) and (6.2). O

7. PROOF OF THEOREM 6

As noted before the statement of the theorem, s(IV; G) is given by The-
orem 3, using | = N, M; =4, 1 <i < N, and p; = G(&), 0 <i < N. We
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have

(7.1)  s(N;G) =

In order to apply the Laplace asymptotic method, we need to analyze the

_ . i G Ny L
behavior of the weights (szl Wl%l)) ( Z) as N — oo.
Let

(7.2) FN-—f[G(kNl)—' _Gx) for 0 <i< N
. i= [ = — <i<N.
i 1-GURH 5 1-G(3)

For v € (0,1), we have

1 G(%)

log Fiv jyv) = N (57 > log Tl ) =

(7.3) =0 - G(x)
! (x)

N( ; logl_G(x)dx—Fo(l)), as N — oo

Thus,
G()

(7.4) Fyjpn) = eV oW B T60Y s N oo

Stirlings’ formula gives

i L Y00 4 N 5 oo
05 () =Rl o

with @) uniform over y in compact subintervals of (0,1). Also, if imy_,ee v =

0, then for some universal constants ¢, C > 0,

N NINN cNINN CONINN+L NN
< < <
([”YNN]> T NPT (N = )N Elem v N T (g N)w

C’Ne'YNN’y;ﬂNN.

The logarithm of the right hand side above is o(/N) while the logarithm of
the right hand side of (7.5) is on the order N; thus, for any v € (0, 1), ([7%})
is on a larger order as N — oo than is ([W]\YN]) with limy_00 v = 0 or (in

light of the symmetry) with limy_,o v = 1.
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From (7.2), (7.4) and (7.5), we conclude that
(7.6)

NGk N O No(1) o log 1565 dw
(,El o) (hN]) TN o) N e

with o(1) independent of v and with O(1) uniform over 7 in compact subin-
ef(;f log %dm
A=
function F', defined in the statement of the theorem, satisfies F' = log H.

tervals of (0,1). Let H(y) := , for v € (0,1). Note that the
Since H extends to a continuous, positive function on [0, 1], the function F'
extends to a conintuous function on [0, 1]. We leave it to the reader to check
that F'(z) = 0 if and only if G(z) = z, and that F'(z) > 0 for z near 0 and
F'(z) < 0 for x near 1, because G(0) > 0 and G(1) < 1. The claims about
F' in the statement of the theorem now follow.

If F' attains its maximum uniquely at p*, then in light of (7.1), (7.6) and
the paragraph between (7.5) and (7.6), the Laplace asymptotic method gives
(1.9). To be a little more specific, let al™) = T, ﬁ) (]:7) and let

: et
bEN) = ﬁ(i), i=0,...,N. Then from (7.1) we have
N
N 3(N)_(N) 2
Y ob; (-1
(7.7) s(N;G) = Zizobi o (y 1)

St ay™
By the assumption on G, it follows that {bl(-N)}fio are bounded and bounded
away from 0. From (7.6) along with the sentence before (7.6) and the facts
stated immediately after (7.6), it follows that if F' attains its maximum
uniquely at p*, then

Z['mN] p) (V)

: i=[y1N] 73 % : *
(7.8) lim =1, if y1 <p* < 2.
S NArE
Now (1.9) follows from (7.7) and (7.8). O
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