
Work with M. BaruhLet E be an ellipti urve over Q.De�ne LE(s; �) = P1n=1 anns�(n).Question: Compute the values LE(1; �D) forall fundamental disriminants D.Conjeture 1 (Conrey,Keating,Rubenstein,Snaith)XjDj<T;LE(1;�D)=01 � ET3=4(logT)�5=8
Gross: for f weight 2 level N a prime, omputeL(f;D;1) for D < 0.Construt a weight 3=2 form, then use Kohnen-Zagier formula.Q: quaternion algebra rami�ed at 1 and NR: a maximal order of Q



Ii, i = 1; : : : ; n: representatives of right ideallasses of RRi, i= 1; : : : ; n: left orders of Ii2wi: the number of units in R�i
Mij = IiI�1j , q = e2�iz
fij(z) = 12wj Pb2Mij qNb=NMij = 12Pm�0Bij(m)qn:B(m) = (Bij(m))1�i;j�n: Brandt matriesS(Q): funtions on the ideal lasses of Rei: basis with ei(Ij) = Æij< ei; ej >= 1wiÆij: Height pairingef1; : : : ; efn: eigenvetors of B(m)t, orrespondsto weight 2 forms fi of level N



Si = Z+2Ri: suborder of index 8 in RiS0i : trae 0 elements in Sigi(z) = 12Pb2S0i qNb: theta series of weight 3=2
G(z) = Pni=1 gi(z)ei: generating funtiong(z) =< G(z); ef >= Pm>0 (m)qm: the de-sired weight 3=2 formTheorem 1 (Kohnen-Zagier)Let w 2 f�1g be the eigenvalue of Atkin-Lernerinvolution ating on f(z), let D be a funda-mental disriminant with D < 0 and (DN ) = w,then j(jDj)j2< g; g > = 2� jDj1=2L(f;D;1)< f; f > :



Let N = p1 : : : pl be the produt of distint oddprime. Let f be of weight 2k and level N . LetSN be the set of all prime divisors of N .Theorem 2 (Baruh, Mao)Assoiated to f(z) is a set of weight k + 1=2forms fgS(z)jS � SNg. For the fundamentaldisriminants D satisfying (Dp ) = �wp if andonly if p 2 S, we have: if (�1)jSj+k 6= sgn(D),then L(f;D; k) = 0; if (�1)jSj+k = sgn(D),thenj(jDj)j2< gS; gS > = L(f;D; k)< f; f > jDjk�1=2(k � 1)!�k 2l�t Yp2S pp+1:t: number of primes dividing both D and NN prime: g+(z) for D > 0, g�(z) for D < 0Level of g�(z): 4N , Level of g+(z): 4N2Constrution of g�(z): use the Waldspurgerorrespondene between Q and SL2



Example: N = 11, unique ellipti urve over Qof ondutor 11g�(z) = g1;�(z)� g2;�(z)g1;� = 12Pa�b mod 2 qa2+11b2+112g2;� = 12Pa�b mod 3;b� mod 2 q(a2+11b2+332)=3De�ne a funtion � : Z=11�Z=11 7! f1;�1;0g:(a; b) 2 Z=11� Z=11,  = a+ bi:� = 0 or is not a square in Z=11: �(a; b) = 0;� = 1: there is r = s+ ti suh that  = r=�r,�(a; b) = 1: r�r is a square, �(a; b) = �1 if not�(a; b) = �(ad; bd) for d 2 F �11



g1;+ = 12 X�b mod 2�(a; b)qa2+b2+112;g2;+ = 12 X � �2a mod 9b �  mod 2 �(4a; b)q(a2+112)=9+b2:
g+ = q1+3q4�5q5�2q9�5q12+4q16�5q20�6q36 + 5q37 � 10q48 + 3q49 + 10q56 � 5q60 +2q64+15q69 � q81 � 5q89 � 5q92+5q93+ : : :3g1;+(q) + 2g2;+(q) = 3P1n=1( n11)qn2Corollary 1 Let D > 0 be a fundamental dis-riminant. LE(1; �D) = 0 if and only ifX � b mod 2a2+ b2+112 = D �(a; b) = 0:
Tunnell: Congruene number problem



�: irreduible uspidal representation of PGL2' = 
v2S'v 
v 62S '0;v: a vetor in �W'(g) = RA=F '(n(u)g) (�u)duLv: loal Whittaker funtionalW'(e) = 1(�; S;  ; fLvg)Qv2S Lv('v)(v; v0) = RF �v Lv(�v(a)v)Lv(�v(a)v0) dajajvk'k = 2(�; S;  ; fLvg)Qv2S k'vkd�(S;  ) = j1(�; S;  ; fLvg)=2(�; S;  ; fLvg)jindependent of Lvd~�(S;  D) is de�ned similarly for ~� of SL2Theorem 3 Let ~�D = �(�;  D). Let S be alarge enough �nite set of plaes.jd�(S;  )j2LS(�;1=2) = jd~�D(S;  D)j2



Apply to ~�D =�(� 
 �D;  D)P0;v: set of disrete series represenations ofPGL2(Fv).(D�v) = �D(�1)�(�v;1=2)=�(�v
�D;1=2) 2 f�1gF �v = F+v [ F�v whereF�v (�v) = fD 2 F �v j (D�v) = �1gTheorem 4 (Waldspurger)When �v 62 P0;v, F+v = F �v and ~�Dv = �(�v;  v).When �v 2 P0;v, there are two representations~�+v and ~��v , suh that ~�D = ~�+v = �(�v;  v)when D 2 F+v , and ~�Dv = ~��v when D 2 F�v .~A00: uspidal representations of SL2(A) ex-luding the theta representations.



�A00: near equivalent lass in ~A00A0;i: uspidal representations on PGL2(A), suhthat there is D with L(� 
 �D;1=2) 6= 0.� = �(�): set of plaes v where �v 2 P0;v.�(D;�) = (Dv�v )v2�.F �(�): set of D 2 F � with �(D;�) = �Theorem 5 (Waldspurger)There is a bijetion between �A00 and A0;i: � =S (~�); the near equivalene lass of ~� onsistsof all the nonzero ~�D's.If Qv2� �v 6= �(�;1=2), then ~�D = 0 for all D 2F �(�).If Qv2� �v = �(�;1=2), then there is a unique~�� suh that for D 2 F �(�), ~�D = ~�� whenL(� 
 �D;1=2) 6= 0 and ~�D = 0 otherwise.



Let D be a square free integer: Dv a unit orprime (D2 ould be a square or ube of prime)Theorem 6 Fix ~�. Let � = S (~�) and ~� =~��0. If D 2 F �0(�) thenjd~�(S;  D)j2 = jd�(S;  )j2LS(�
�D;1=2) Yv2S jDj�1v :If D 62 F �0(�), d~�(S;  D) = 0.Fix �. For a given � and D 2 F �(�),jd~��(S;  D)j2 = jd�(S;  )j2LS(�
�D;1=2) Yv2S jDj�1v :
Appliation: De�ned~�(~'; S1;  D) = jWD~' (e)jk~'k Yv2S1 k~'vkjLDv (~'v)jConjeture 2 (Ramanujuan onjeture). Let~' be a vetor in ~� 2 ~A00. For D a square freeinteger in F �, as jDj 7! 1, for all � > 0jd~�(~'; S1;  D)j <<~�;~';� jDj��1=2S1



Lindel}of hypothesis: for D square free integer,as jDj 7! 1, for all � > 0jLS1(� 
 �D;1=2)j <<�;� jDj�S1Theorem 7 RC for � $ LH for � = 2�.Sketh of proof of Theorem 3:Let B(') = RF �nA� '(a)d�a be a linear form on�, de�ne a distributionI�(f) = (�(f)B;W); I�v(fv) = (�v(fv)Bv;Wv)Then I�(f) = jd�(S;  )j2LS(�;1=2)Qv2S I�v(fv).Similarly letI~�(f 0) = (~�(f 0)WD;WD); I~�v(f 0v) = (~�v(f 0v)WDv ;WDv )Then I~�(f 0) = jd~�(S;  D)j2Qv2S I~�v(f 0v)Relative trae formula: when f and f 0 math(with mathing orbital integrals)I�(f) = I~�(f 0)Loal analogue gives the theorem.



Generalization: with Lapid, RallisG and G0: a dual pair in M! : minima representation of MH be a losed subgroup of G, � its harater! (H;�): spae spanned by ! (h)v � �(h)v! [H;�℄ = ! =! (H;�) the Jaquet moduleN 0: the maximal unipotent subgroup of G0� : a nondegenerate harater of N 0.Assume:! [H;��1℄ �= indG0N 0� ; ! [N 0; ��1 ℄ �= indGH 0�0Then there should be a RTF giving: (~� of G0)(~�(f 0)W;W) = I~�(f 0) = I�(f) = (�(f)L1; L2):L1; L2 are (H;�) and (H 0; �0) equivariant linearforms on the spae of �.RTF heked in many ases (with Rallis).Sketh of proof:I~�(f 0) = I�(f) = L2 
W(�), � 2 ! Lapid: diret proof without going through RTF.


