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ABSTRACT. We give an explicit description of the action of the Wyel element on
smooth functions with compact support in the Kirillov model of complementary
series and non principal series irreducible representations of SL(2,C) and GL(2,C)
generalizing a result of Motohashi. An important ingredient in the proof of the
Kernel formula is a new “classical” formula for an integral involving Bessel functions.
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1. INTRODUCTION

The action of the Weyl element in the Kirillov model of representations of G'L(2)
over a local field was first studied by Gelfand, Graev and Piatetski Shapiro ([7]).
The case of GL(2,R) was further considered by Vilenkin, ([12]) Cogdell and Piatetski
Shapiro ([4]) and Baruch and Mao ([2]). The kernel formula in the Kirillov model
of GL(2,C) was first studied by Motohashi ([11]). He obtained a kernel formula
for K-finite vectors in the principal series representations. In this paper we extend
the results of Motohashi to compactly supported functions in the Kirillov model of
non-principal series representations. In certain applications of our formula, such as
a recent Voronoi summation formula for Gaussian integers ([1]), it is crucial to use
compactly supported functions. We believe that our technique will allow us to prove
the kernel formula for compactly supported functions in the Kirillov model of principal
series representations of GL(2,C) and we will come back to it in a future publication.

The Kirillov model is a SL(2,C) representation space of functions on C with a
prescribed action of the Borel elements. To describe the representation it is enough
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to understand the action of the Weyl element w. We will prove that w acts as an
integral trasform in the following way:

(w-)(b) = / 2, ()=

Here 9 is a smooth function with compact support in the Kirillov model, p is an
integer and p is a complex number with 2 < Re(u). p and p are the parameters of
the irreducible representation we are considering.

The technique of the proof of the kernel formula that we use is similar to the one in
[2]. However, since our integrals are over C and not over R we encounter difficulties
which are not present in the real case. One difference is that our integrals are not
given by integral tables but have to be computed using analytic methods. Another
difference is a convergence issue which allows us to first treat only a partial set of
representations and later use analytic continuation to extend the results.

The paper is organized in the following way. In section 2 we introduce our notations,
give a brief explanation of the representations of SL(2,C) that we use and state the
main results. In section 3 we prove the existence of a kernel formula for a partial set
of the representations and we obtain an expression of the kernel function in terms of
an integral of a K-Bessel function. Section 4 deals with calculating these integrals and
obtaining an explicit expression of the kernel function. In section 5, having already
obtained an explicit kernel formula for a certain set of representations, we use its
analytic properties in order to extend the formula for all the representations we are
interested in and we give a similar formula for GL(2, C).

2. PRELIMINARIES AND MAIN RESULTS.

We denote the group SL(2,C) by G and its Borel subgroup of upper triangular
matrices by B. (These notations will be slightly modified when we will consider the
case of GL(2,C)). The characters of B are denoted by ¥, , and are given by:

a b e
Xp,u 0 al :|a| m pneC , peZ.

The Weyl element ( (1) _01 ) is denoted by w.

The representation space of the induced representation Indgx,,, is denoted by V}, ,
and is given by:
(2.1)

Vou={F : G = C|Vb e B,Vg € G, F(bg) = xpu(b)F(g), Flsu@ € L*(SU(2))}

G acts on V},, by right translations. For g, ¢; € G and F € V,,, we define
(9F)(91) = Flg19) -

The invariant subspace of smooth vectors in V,, , is the set of smooth functions F' €
Vo and it is denoted by V. By restricting the functions in V*) to matrices of

1 . . . .
the form w ( 0 T > we get an isomorphic representation p, , whose representation

space is denoted by ‘Z"Z
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io-r(o(3 1)) rera).

The Bruhat decomposition of G implies that the mapping F' — f, is one to one.

V;Z:{fF:C%(C

If we take an element g = < CCL Z ) in G then the corresponding action of g on

fr € ‘7[)";1 is given by:

(22) (prat@) 7)) @) = ol (220 ) T (2240

a+ cx

It is easy to show that the functions in the space ‘A//;f/‘i can be characterized by their
behaviour at oo. In fact, the space is given by:

sec=© . (L) o(F) ecr@}.

]

(2.3) %ﬁz{¢:@—>@

For 1 with 2 < Re(u) we define a Whittaker functional L : V> — C by:

(2.4) L(F) = /C F(w ( o > >62“R6<$>dx

for F' € V. (The convergence of this integral follows from (2.3)). Using this
Whittaker functional, we get from any function F' € V> a new function Wr : G — C
in the following way:

Wr(g) = L(g- F) .
The space of all of these functions is the representation space of the Whittaker model
and we denote it by:

Wi = {WF Fe v;;j;;}.

From each function Wr € W, ,, we get a new function, ¢, : C* — C by restricting

WFtO(g a(zl )I
wF(a):Wp(g a(—)l)-

The representation space of the Kirillov model which we denote by U, , , is the set
of all such functions:

Uy = {zpF Fe vpﬁ}.

We have a simple connection between functions in U, , and functions in V> which is
given by:
~1

25 vel@ = (Y 0 ) lal'Tola?) .

It will be convenient to work also with a representation that is slightly different from
the Kirillov model. We denote by V' the following representation space:

(2.6) Ve = {fF Fe vg;}.
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The corresponding representation which we denote p, , is given by:

o @) (Fr) = For

The main results that we prove in this paper are the following. We give an explicit
description of the action of w on compactly supported smooth functions in VOZ as a
kernel formula. The kernel formula with the explicit kernel function (which is given
in terms of Bessel functions J,) is given by the following theorem:

Theorem 2.1. Let o € C be such that 2 < Re(u). Let fe YA/pol‘j be a smooth function
with compact support in C — {0}. Then the action of w on f 18 given by:

:AﬂmW@wZ

alf (z2,0) =15 .(2,0)
kp,,u(zu b) — 5 bR bR

where:

sin(2 — p)
and:

n—2 z

It (2,5) = dme'S {cos (g@—(u—Q)))} ‘% 7 (%) _gjkgﬁ(zwﬁm_?m(zm/%)

Remark 2.2. The Bessel function J,(z) can be defined by the power series J,(z) =
Yoo % Therefore it can be thought of as 2¥7,(z) where J,(z) is an
entire function. Moreover, all the powers in the power series that define J,(z) are

even and hence J,(1/2) has a natural extension to an entire function. It can easily
be verified this way that the function k, ,(z,b) in the theorem is naturally defined for
any z,b € C.

Using 2.5 this theorem immediately implies an analog theorem for the Kirrilov
model. The formula for the Kirrilov model is given by:

Theorem 2.3. Let i € C be such that 2 < Re(u). Let ¢ € U, be a smooth function
with compact support in C — {0}. Then the action of w on Y is given by:

(w - r)(D) :WF( ( 8 b91 )w> — /C"?p7u(z7b)WF< < S 291 ))é_;

where:
(—i)pJufgfp (2%%)(]”7?;7 (2mzb) — (i)pJf(Wz)fp (272D) J —(u-2)+» (272D)
sin(5(2 — u+p))

Note that , ,(2,b) is defined for any z,b € C in the way explained in remark 2.2.
A key step in the proof of these kernel formulas is a calculation of a classical integral
of Bessel functions. This is done in section 4 where we prove:

pu(2,5) = 277 2b?
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Theorem 2.4. For any p € C with 1 < Re(u) and for any p € Z we have the
following equality:

/O27r 2((219);}(5(2’3 —

o Lua(2(8(2,0))2 (7(b,0))2)db =
— are¥ [cos (T (u-2) )]

where z = z1 + 129 , b= by + 1by and
B(z,0) = 2mi(z cos @ + z5s8in )
(b, ) = 2mi(by cosf — by sin 6)

Remark 2.5. In the last theorem we define z* to be e#!°8# for z € C\ (—o0, 0] and
any u € C, where log z is defined by log z = log |z| + i arg(z) with |arg z| < 7.

S~—
S~—
|
‘:
S
(V)
IS
>

n—2

(@) JM—TQ—P (2%@) J”_TM (27V/ 2b)

]

b

The proof of these results is done in several steps which we begin in the next section.

3. EXISTENCE OF A KERNEL FORMULA FOR 2 < Re(u) < 3.

While our final goal is to obtain a kernel formula for all the representations p, ,
with 2 < Re(u), we do it first only for 2 < Re(u) < 3. The reason for working
only with such p’s is that this condition guarantees the convergence of some of the
integrals involved and thus allows us to do explicit calculations. Later on, we will use
analytic continuation to extend this kernel formula to any p with 2 < Re(u). In this
section we will prove:

Theorem 3.1. Let u € C be such that 2 < Re(u) < 3. Let fe ‘A/poft be a smooth

~

function with compact support in C — {0}. Then the action of w on f is given by

(- O = [ etz bz
¢
where ky, ,(z,b) is defined by:

%J%Mzéwﬂwyﬁm%@)z

M K, o(2(8(2,0))2(y(b, 0))2)dd
) 2(2(6(2,0))2 (7(0,0))2)
with
B(z,0) = 2mi(z1 cos O + z5sin0)
(b, ) = 2mi(by cos O — by sin 0)

and K, (z) is a modified Bessel function.

To prove theorem 3.1 we consider the following. Let f(z) € ‘7;2 be a smooth

~

function with compact support and let M/ C C — {0} denote the support of f(z).
Let f be the corresponding function in V. By 2.2 we get that (w . f) (y) =
|y|_“(‘—z|)_pf(_71). We will calculate (|y|_“(ﬁ)_pf(_71)) “(b). To do this, we first
observe that |y|*“(%)*pf(_71) is in L'(C). This is true since f € V> and hence
by 2.3 we know that |y|_“(i)_pf(’71) is smooth. When y — oo the absolute value

ly]
behaves like |y|™* (or smaller if f(0) = 0) so indeed this function is in L!'(C). We note
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that, in fact, we do not need to use 2.3 to see that (w . f) (y) € L(C). Tt is enough

to observe that f is a Schwartz function (since f is smooth with compact support
and hence a Schwartz function) in order to see that (w - f)(y) decays rapidly when
y — 0. Therefore we have:

(3.1)

= (o) 1 (5) - [ () ()

(We use here the notation b-y = Re(by)). We proceed by calculating f(— ) in terms

of f Using inverse Fourier transform of f (z) we get:

(32) (=1) = [ i

~

Here we have no problems of convergence since f(z) has compact support. Using
(3.2) in (3.1) we get:

33 Gw P = [y (L) [T

We would like to switch the order of integration in (3.3) To do that we insert a con-
vergence factor of the form e~ 0™ into our integral. By dominated convergence

we have:
P = [y (L) [ e )ay -

-p
4 — i —2mi(by)~8(|yl+yl ) | —n [ Y / omifa(—1) 7 |
(3:4) JAm e Tyl Tl g f(z)dz |dy

Now we can use Fubini’s theorem and switch the order of integration. We get:
-p
(w- F)(b) = lim (f(z) / i)~ (=D =8l (i) dy) Qs
=0+ Jc C Yl

Defining k,, ,, 5(z, ) to be:

—2mi((by)—(=(— 1)) - Dy 2
(3.5) kpus(2,0) :/e 2mi((by)= (= (= =3+l ™) M(E) dy
C

we can write the above equality as:

(- Do) = Jim [ Tkl )

6—0t

In order to obtain a kernel formula, it is now sufficient to show that there exists a
function k, ,(z,b) such that:

lim kpuo(z,0) =kp,(2,b)

6—07t
and that:

lim /f K s (2 bdz—/f (lim k.62, 0))d —/Cf(z)kw(z,b)dz.

6—0t
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We begin by showing the existence of k, ,(z,b). Writing: b = by +1iby , y = y1 + iy2 ,

z=2z +iz ,b-y= Re(by) and z - ’71 = RB(T) we can write (3.5) as

. vz p
kp“u,é(Z,b) _ / e—2wz((b1y1—b2y2)—(%))—5(\y|+|y\ | | #<|y|) dy '
C

Switching to polar coordinates by setting y = re® the integral becomes:

2 o)
(36) / ((61'0)—;7 / 6—r(27ri(b1 cos 0—bo sin 0)+6)—%(2m’(z1 cos 0425 sin 0)+6)T_‘u+1d7”) o .
0 0

Next, we use the following formula ([6] ch.3.47 p.340):

(3.7) /Ooox" ! de_Q(v) L, (24/57)

for Re(B) > 0 and Re(y) > 0. Here K, is a Bessel function of imaginary argument
called Macdonald’s function and defined by (see [10] p.108):

z[—u(z) B L,(Z)

K,(z) = 5 e larg(z)| <m, v #0,£1,£2,...
where [, is:
o 2/2)u+2k
|z| < o0, larg(z)| < .
kz [(k L(k+v+1)

Using (3.7) and (3.6) we get that:

B3 b = [ ”2(@9)-?(55(2’9))QKQ_H<2¢55<Z,6>V5<b, ) )do

75(b7 6)
Where:
Bs(z,0) = (2mi(z1cos0 + zp8inf) + 9)
(3.9) v5(b,0) = (2mi(by cosf — bysinf) +9) .

We now want to use dominated convergence to define k,, ,(z, b) as the limit of &, ,, 5(2, b)
when 0 — 0. In order to do this, we need to bound the integrand in 3.8 by some
function that is in L'([0,27]). For this purpose, it is useful to notice (as in remark
2.2) that by the definition of the function 1, (z) it can be written as I,(z) = (5)"Z,(z)
where Z,(z) is an entire function. Moreover Z, (/) is entire since all the powers in
the power series of Z,,(z) are even. Thus the integrand in (3.8) is:

(3.10) )
= | 8OO s (VB 0s(6.0) ) ~(5(2: 00)* T (2 Bs(z, 017508, 0))

Now, since Z,,_2(v/2), Zo—,.(1/z) are entire functions, there exists constants Cy, Cy such
that for any 0 € [0,27], § € [0,1] and z in M (the support of f) we have:

I Zu2(2v/Bs(2,0)75(b,0) )| < C1 and T, (2v/Bs(2,0)75(b,0) )| < Cy
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Denoting the integrand in (3.8) by hs(z, b, ) we can see that for any 6 € [0, 27| such
that fs(z,0) # 0 any 0 € [0,1] and any z in M we have:

™

|hs(z,0,0)] <

C
_— b, 0)| e =2 2 .
sin (2 — p)m [s(b, 9)] Cit |85 (2, 0) | Re(w) -2

Our choice of 2 < Re(p) implies that |v5(b, 8)|%¢") =2 is a continuous function of the
variables ¢ and 6 and since both are in compact sets, it is bounded there. Hence we
can change the constant C; to get that for 2 € M and ¢ € [0, 1] we have:

Cy
|85 (2, 0) e =2

[h5(2,0,0)] < C1 +

Cs ot Csy
|27 (21 cos 0 4 25 sin 0)[Fe=2 — 71T (27 sin (0 + ) ) Relw)—2
where @« =  —w and z = re™ (Notice that z € M implies that z # 0). Since

Re(u) < 3, (3.11) implies that the integrand hs(z, b, #) is dominated by an L'([0, 27])
function. Fixing z # 0 and 6 such that z; cos € 4 25 sin 6 # 0 we have:

(3.11) < Ci+

2@%”(%%%921@w@¢&mmwwﬂﬂ—%

oy (B(2.0)7" 1 1
2(e)y P2 K, L (2(B(2,0))2 (v(b, 0))>
(e”) .05 (2(6(2,0))2 (v(b,0))2 )

as 0 — 07 and thus we can use dominated convergence to obtain that :

i Fya(e0) = [ 2060 P D 00502, 0) 0,0 .

850t (v(b,6)) "
Defining :
T ioy—p (B(2,0) 7" . .
3.12 kpu(2,b) = 2(e?) P Ky, (2(B(2,0))2 ((b, 0))2)do
(3.12) (2,0) /0 () (1(6.0) 5 (2(8(z,6))2(7(0,6))?)

we have shown that for 2 < Re(u) < 3
lim &y, ,5(2,0) = kp,(2,b)

6—0+

Next, we need to show that:

lim /C F(2)ky (2, b)dz = /C F(2)kpp(z,b)dz .

5—0t

To justify this we want to use dominated convergence again. Remembering that f(z)

~

is continuous and supported on the compact set M it follows that |f(z)| is bounded.
Therefore we only need to deal with k, ,s(z,0). Since k,,5(2,b) = OQW hs(z,b,0)d0
it is enough to bound f()% |hs(z,b,0)|d6. Since fis supported away from zero we can
find 79 > 0 such that ry < |z| for every z in M. Hence by (3.11) we have:

&

2w 2m
1 k b)| < hs(z,b,0)|d0 < de.
(3 3) | P#ﬁ(zv )| = /0 | 5(27 ) )| = /0 Ci+ (271'7“0 sin (9 + a))Re(u)—2
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Since the last integral is independent of a we have that |k, , (2, 0)| is bounded by a
constant which is independent of § € [0, 1] and z € M hence we can use the dominated
convergence to obtain the limit above. This proves theorem 3.1.

4. AN EXPLICIT EXPRESSION FOR K, ,(z,b).

In theorem 3.1 the kernel function k,,(z,b) is expressed as an integral of a K-
Bessel function. In this part we will compute k, ,(z,b) explicitly. By the definition
of k,,(2,0) (3.12) and the definition of K, () it is enough to calculate the following
two integrals:

+ (o) = o R fp(ﬁ(zaQ))%T“ . 1 1
a0 = [ é e L5 ) ) e

and
2

_ . n eie —p (6(279))%
lm(z,b)—/o 2

It is clear that under the restriction 2 < Re(u) < 3 both of these integrals con-
verge. More accurately, [/ (z,b) converges for 1 < Re(u) and [ ,(2,b) converges for
Re(u) < 3. It is easy to see that when both integrals converge we have the following
connection between [ (z,b) and I, ,(2,0):

(4.1) Loy u(b,2) =17, (2,0)  for 1< Re(u)<3

pid—p
and thus it is enough to calculate [} (z,b) for 1 < Re(u) since if p' = 4 — p and
1 < Re(yt) then Re(y') = Re(4 — pu) < 3 and (4.1) gives us [ ,. Theorem 2.4 which
we will prove in this section, together with (4.1), clearly give us an explicit expression
for k, ,(2,b) (for 2 < Re(u) < 3).

The proof of theorem 2.4 will follow from a few lemmas that we will prove and
it will involve a definition of some entire function related to [ (z,b). We begin
with the first lemma which allows us to calculate [} ,(z,b) in points (2, b) that satisfy

arg(z) = —arg(b).

Lemma 4.1. Let z,b € C — {0} be such that arg(z) = —arg(b). For any p with
1 < Re(p) and any p € Z we have:

2p
l;u(z,b) = 4geP™ |:COS (g(p—(u—Z)))} (%) ’ JWTH(QW |z||b|)JWT2+p(27r 12|10
where a = § — arg(z).
Proof. We denote z = rie™ and b = rye™™. By definition we have:
B(z,0) = 2miry(cosw cos O + sin w sin )
(b, ) = 2miry(cos (—w) cos § — sin (—w) sin §) = 27wiry(cosw cos @ + sinw sin 0).
Substituting this into the definition of I} (z,b) we get:

2—p

27 ) 3
I (2,b) = / 2(e')P <E> I,,_o(4miy/r17r3(cosw cos § + sinwsin 0))db.
: . Ty
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Since:
(coswcosf + sinwsin @) = cos(w — ) = sin(0 + «)

T _

5 — w, we need to calculate:

where v =

(4.2) /0 - 2(e) P 1,y (Amin/riTz sin(0 + a))do

some simple changes of variables will now give us that (4.2) equals:

(—1)Petre {/ 2 cos(pf)1,_o(—4miy/ri725in 0)d6 +/ 2cos(pl)1,_o(4miy/Ti7r3sin6)d0
0 0

—i / 28in(ph)1,—o(—4mi/r17r3sin 0)d6 + i / 2sin(pb)1,_o(4miy/rir38in6)do
0 0
(4.3)
Using the following identities ([10]):

I,(z) = e%m(]“(iz) —m<arg(z) < g
pri . dd
I(z) =e2 J,(—iz) - < arg(z) <m

we get that this equals:
(—1)PePx
(p—2)mi

{6(”2%/ 2 cos(pl)J,—a(4my/rirasin0)do + e 2 / 2 cos(pb)J o (47 /173 sin 0)d6
0

0

(p—2)mi
2

_je / 2sin(pf)J,_o(4my/ri728in 0)db + ie
0
(4.4)

Finally, in order to finish the proof of the lemma, we use the following identities ([6]
ch.6.68 p.739):

/ 2sin(pf)J,,_o(4my/r1r9 sin 0)df

0

/ sin(2nz)Jox(2a sin x)dx = wsin(nm) Iy (a) Jriy(a) Re(X) > —1
0
T 1
/ cos(2nz) o (2a sin x)dx = 7 cos(nm) Jr_y(a) Jriy(a) Re()) > —3
0

(We can use them since we took 1 < Re(u)). By applying these identities to (4.4) and
some simple trigonometric identities, we get exactly what we stated in the lemma. [J

In the last lemma, our choice to calculate I (z,b) in 2z and b such that Arg(z) =
—Arg(b) allowed us to reduce the calculation to known integrals and thus to get an
explicit expression. From this reason, we want to think of z as r1e/** and of b as
roe~ 2. We can then write:

B(z,0) = 2mi(r cos(Q + w) cos O + 11 sin(Q2 + w) sin 0)
and
(b, ) = 2mi(ry cos(—) cos § — rysin(—) sin b)
and thus:
B(z,0) = 2mirycos((Q+w) —0)  and (b, 0) = 2mwiry cos(— + 0)
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Using these notations in [ (2,b), motivates us to define the function s; . . o(w) in

the following way:

Definition 4.2. For 0 < 7,79, Q € R, p € Z and pu € C with 1 < Re(u) we define a

. + . .
flinctlon S pr1.re.0(w) of complex variable by:

S/”ﬁpvrl T2 7Q w

/27r " (2miry cos(Q +w — 0))277H
0 (27iry cos(—Q + 9))277H

(2miry cos(— + 6))2)df.

N

I,,_5(2(2miry cos(Q +w — 6))

+

Notice that when w € R the integral defining s/ . . o

defining [ (z,b) and we have:

(4.5) S/tp,n,rz,ﬂ(M) = l;u(rleimw),me—m)

(w) is given by the integral

Our main trick in this section is to think of w as a complex variable. Notice that
for w ¢ R the integrand defining s:7p77,177,2,9(w) can not be realized as the integrand of
I7.(2,b). We are only interested in evaluating s} (w) for real w but it will be

1sP5T1,72,82
more convenient to evaluate s . o(w) for any w € C and thus to get our formula

for real w. Our first step is to show that s (w) is defined for any w € C.

Lemma 4.3. For 0 <ry,re, Q€ R, pe Z, up € C with 1 < Re(p) and any w € C

the integral defining S;pm,rzvﬂ(w) converges.

Proof. Since I,,(z) equals (£)"Z,(z) where Z,(z) is an entire function (as explained in
the previous section) the integrand in definition 4.2 is:

2¢~ " (2miry cos(—Q + 0)) 2L, o(2(2miry cos(Q + w — 6’))% (2miry cos(—€) + 0))%)

Since Z,,_2(1/z) is also entire and Re(u) > 1 the convergence of the integral is obvious.
0

Lemma 4.4. we have:

S;P:Tl 77‘2,9(0) - 47T€lp(5_9) |:COS <g (p_ (M—Q)))] (E> JM*S*P (27T\/7"17"2)Ju7§+p (27T\/ T1T2)

T2

Proof. This is immediate from lemma 4.1. 0

+

u,p,n,rz,ﬂ(w) is an entire func-

Lemma 4.5. For any p with 1 < Re(u) the function s
tion of w which satisfies:

(4.6) isJr

i(Q4w i(Q4w
dw ,LL,p,n,rg,Q( (Ot gh (gt ( )

CU) = —Trie 8u+1,p+1,r1,r2,ﬂ(w> +rrie Su+1,p71,r1,r2,ﬂ w

Proof. The lemma will follow from the differentiation theorem in ([3] p.224 theorem
17.9). In order to apply this theorem to s;p’rhmﬂ(w) we need to show that the
integrand in definition 4.2 of s . . o(w) is continuous with respect to ¢ and analytic

(entire) with respect to w. To do so, we write the integrand as in the proof of lemma
4.3:

(4.7) 2e7°(2iry cos(—Q+6))* 2T, _o(2(2miry cos(Q+w—8))2 (2miry cos(—Q2+6))?)

Since Z,,_2(1/z) is entire, it is obvious that the integrand in (4.7) is entire with respect
to w. If we consider p’s such that 2 < Re(u) then it is obvious that the integrand in
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(4.7) is continuous with respect to 6 and therefore, we can use the theorem to get that
85 pr1re.0(W) 18 an entire function of w for 2 < Re(y). In order to deal with 1 < Re(u)
we need to consider the continuity of the integrand. The problem is that there are
@’s in which (2miry cos(—Q +0)) = 0. Fixing the continuity problem of the integrand
in (4.7), is a matter of subtracting an expression of the form (2miry cos(—Q + 0))#~2.
More accurately, if we denote the integrand in (4.7) by hypr m.0(6,w) then we can

write (4.7) as:
sprrra, (0, w) = T2(0) (2miry cos(—Q + 0))" 7]+

(4.8) +Z,2(0)(27iry cos(— 2 + 0))* 2

Now it is clear that the first part of 4.8 is continuous with respect to 6 (when w is fixed)
and the integral of the second part converges. Hence, by the theorem, s;pm,rz,g(w)
is an analytic function of w for 1 < Re(u). Verifying the recursive formula (4.6)
for st (w), that is stated in the lemma is simply a matter of differentiating
under the integral sign. It is done using the following formulas for derivatives of

o S ppr1,m2,9
Bessel functions (see [10]):

d
4.9 —(z7"1,(2)) = 27" 1,41(%
(19) T L) = 2 e (2)
O
Having proved these lemmas, we are now ready to compute sj’pyrhm@(w).

Theorem 4.6. For any 0 < 11,79, Q € R, p € Z and p € C with 1 < Re(p), we
have:

S;—;p,m RORY (CU) =

e (2—p) " N
A {cos (g(p—(,u—Q)))] ( E) Ju2-p (27T\/7“17‘26_7)Ju—§+p(27r\/7“17°267)

)
Proof. If we denote the right hand side of the equation in theorem 4.6 by 'sj (w),

»p7T17T27Q
3+

then one can verify that s, . o(w) is an entire function of w (for any ). Using

the formulas ([10] p.103):

d d
(4.10) E(ZVJZ,(Z)) =z2"J,1(z) E(z’”J,,(z)) =—z"J11(2)
one can verify that the derivative %’v:’pﬂ,m@(w) satisfies a recursive formula that is
identical to the recursive formula (4.6) that we proved for %s:@’mm@(w). For w =0,

the equality in theorem 4.6 is an immediate result of lemma 4.4. It follows that for
any n € N we have (s;pmhm?Q)(”)(O) = (§:,p7rl7r279)(”)(0). This proves the theorem
since by lemma (4.5), we know that s (w) is entire for 1 < Re(u)). O
+

jopr1.re.0 (@) We can now easily prove Theorem 2.4 using equation 4.5.

Having computed s

Proof. (of theorem 2.4) To recover L7, (z,b) from s . (w) and get the expression

in theorem (2.4) we recall that by (4.5) we have for w € R:

S;p,ﬁﬂ“z,ﬂ (w) = l;M(T’lei(ﬂJﬂ"’) , 7«2671‘9)
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which gives us [ (z,b) by choosing appropriate 1,73, 2, w.

5. KERNEL FORMULA FOR 3 < Re(u).

So far we proved that for 2 < Re(u) < 3 and ]/”\ € ‘7;’2 with compact support we
have:

(5.1 (- 1)E) = [ Tyl 0z

Since: .

l ,b)—1- (z,b

SR ACU R L
’ 2 sinm(2—p)
where:
(5.2)
n=2 z
z

b (%) Ju—g—p (277'\/?) Ju—g-&-p (271'\/%)

]

I (2,0) = dme'F [cos (g(p—(u—Q))ﬂ

(and the connection between 7 ,(2,0) and [, (z,b) is given by (4.1)) we can extend
the definition of k,,(z,b) to 3 < Re(y) in a natural way.

In this part we will prove theorem 2.1, which extends the kernel formula (5.1) to
any p with 2 < Re(pu).

Proof. We would like to use analytic continuation to extend 5.1 to 3 < Re(u). To do
this we write equation 5.1 in the form:

(53) ((4) 7(5)) 0 = [Tt

This formula is valid for 2 < Re(u) < 3 for any smooth function f with compact sup-

port. Fix such annd b then both sides of (5.3) are analytic in p by the differentiation
lemma ([9] p.409). O

We recall that so far, we have been working in a representation that is slightly
different from the Kirillov model. However, it is now very easy to get a kernel formula
in the Kirillov model. This is Theorem 2.3 which we now prove.

Proof. Let 1 be as in theorem 2.3. By definition we have w-¢p(b) = 1,.r(b). Using
-1 N

(2.5) we get that 9, . (b) = X, ( bO 2 ) |b|*f,.»(b*). Now we can use the kernel

formula which we already proved to calculate ZH +(b%). Using (2.5) again and a simple

change of variables now gives us a kernel formula with a kernel function s, ,(z,b) that

equals:

50 et =200y ) (T D Pl

z

From (5.4) it is easy to get the explicit expression for «, ,(z,b) that is stated in the
theorem. O
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In order to get an analog formula for GL(2,C) we first introduce some notations.
We will now use G to denote GL(2,C) and B its Borel subgroup. We denote by
Xp1,pa.uie the following character of B:

a b a p1 d p2
(5.5) XL%LQ( )zmw(—) MW(—)

The induced space is now:
(5.6)
‘/171,172,#17#2 = {F G — C|Vb € B,Vg € G, F(bg) = Xpl,pz,m,m(b)F(g)a F|SU(2) S L2(5U<2))}

Clearly our method of proof, of the kernel formula for SL(2,C) is valid also for
GL(2,C) and we get the same kernel formula k, ,(z,b) with p = p; — p, and pu =
1 — pe2. In the Kirillov model we will have an analog formula to the one in theorem
2.3:

Theorem 5.1. Let F' be a smooth function in Vi, p, 1 4 Such that W ( ) has

compact support and assume that py, ps are such that 2 < Re(py — pz). Then:

b0 z 0 dz
WF< < 0 1 )w) - /(C’im,pz,mvm(zab)WF(( 01 ))W
mtup o P1EP2
(T) | 2b] %
(=i)P iz (27V/2) Tz (27V/28) = ()7 ety (27V/2) T uare (27V/2D)

sin(32 — i+ )

with:

b

z

Fopy pagin iz (2, 0) = T2

X
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