Rotation numbers for measure-valued circle maps

Gershon Wolansky!, 2

Abstract

The weak and strong topologies on the space of orbits from the unit interval to the
set of probability measures are considered. A particular interest is periodic orbits of
probability measures on the circle. It is shown that a real-valued rotation number can be
defined in a natural way for all smooth enough orbits whose range consists of probability
measures supported on the whole circle. Furthermore, this number is a continuous func-
tional with respect to an appropriately defined strong topology. The completion of this
space contains deterministic orbits as a special case, whose rotation number is an integer,
coinciding with the topological degree.

1 Introduction

The objects of this study are orbits of probability measures on a compact domain Q x [0, 1],
given by p = p¢(dx)dt. Here g is a probability (Borel) measure on 2 and ¢ € [0,1]. In
particular, we are interested in the case where Q x [0,1] is identified with the 2-torus, i.e. §2
is the unit circle S* := R/Z and p; is periodic in t (ug = p11).
Example 1 (classical orbits): Let X (¢) be a continuous, 1—periodic function from R to
S'. Then

Xt+1)=X(t)+d VteR

where d := Deg(X) is an integer. Define

pe(dz) = 0x ) -

We can naturally identify the orbit p = u.dt with the deterministic orbit X (¢). Since X is
continuous we may associate the degree d € Z to this orbit.

In general, however, the concept of a degree is not a natural one for measure-valued circle
maps. The periodicity of the measure g = p1 does not mean that any ”particle” returns to
its original position after one period. If, however, we can associate a continuous flow with
such a map, then we may talk about the rotation number of this flow. This rotation number
is a real number (not necessarily an integer).

Example 2 below shows that not any circle orbit can be associated with such a flow.
Example 2 (variable masses): Consider

pe = ma(t)dx, 1) + ma(t)dx, )

where both X;(t), i = 1,2 are circle homomorphisms, and m;(t) are nonnegative, 1—periodic
functions of ¢ satisfying my (t) +ma(t) = 1. Suppose that the orbits of X;(t) do not intersect.
Even though the latter condition implies that the degrees of X;, ¢ = 1,2 are identical, we
do not expect this circle orbit to have neither a degree nor a rotation number, unless m,; are
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constants. An observer of such a flow notices that particles move instantly from position
X1(t) to Xa(t) (or vice-versa), and must assume that the velocity of these particles is infinite.
Thus no flow, and no rotation number, is associated with such a measure valued circle map.
Example 3 (mixture):

N
Mt = ZﬁiéXi(t) (1.1)
1

where X; are deterministic orbits of corresponding degrees d; € Z and 3; > 0 are constants,
Ziv Bi = 1. If d; # d; for some i,j € {1,... N} then the orbits X; and X; must intersect.
An observer may assume that there is no definite velocity at the instant of intersection
X* = X;(t*) = X;(t*) mod Z, as one of the particle overtakes the second. However, the
observer may interpret it differently. Assume for the moment that 3; = 3;. Then he may claim
that the two particles ”exchange identity” at the moment of intersection. So, if By = 1/N
for 1 < k < N there is an interpretation for a deterministic flow transporting . On the
other hand, the particles may not return to their initial positions after one period in time
(necessarily, if d; — d; is an odd integer). So, the rotation number of this flow, if exists, is
not necessarily an integer! The same conclusion holds also if 3; # 3;. The only difference
is that our observer may need now to interpret the transporting flow as a stochastic one. In
any case, it is not surprising that the associated rotation number is nothing but the weighted
average (see section 6)

N N
r [Z 61-6Xidt] = BiDeg(X;) . (1.2)
1 1

Another natural generalization of example 3 is example 2 again, but this time we assume
that m; are sequentially constants, with possible discontinuity only at intersection times of
X1 and X5. In contrast to example 2, the ”transfer of mass” between particle 1 and 2 is made
only at time ¢ when X (t) = X2(t), so no transfer with infinite velocity is required in this case.
Again, there is a flow (and a rotation number) associated with the ”right” interpretation in
this case.

Example 4 (rigid orbits): Consider a continuous orbit of the form

pi(de) = g(x — X(t))dx (1.3)

where g(+) is 1-periodic density and X (¢) is a continuous, deterministic orbit of a given degree
Deg(X) € Z. An observer may attempt to assign the rotation number Deg(X) to this orbit.
However, we find out (see Proposition 6.1 below) that

rlg(e — X(1))di] = Deg(X) (1 - M) . (1.4)

In particular, the rotation number is zero if and only if the steady rotating orbit is Lebesgue
measure on the circle g = 1, since then no rotation is perceived at all.
There are several points we wish to stress:

1. The existence of a rotation number is related to the existence and the details of the
associated flow, and both existence and details depend upon the interpretation. In this



paper we shall adopt the principle that the flow must be driven by a velocity field which
is an L2 function with respect to the measure u. In the case of mixture, for example,
we shall consider only those orbits of the form (1.1) for which

N 1
Zﬁ@/ |X,L|2dt <0 .
1 0

In the case of less singular orbits y, e.g. those orbits for which there exists L' density
wt = p(z,t)dz, the condition for the driving velocity field to be in L2(1) may not be
sufficient to determine this field in a unique way. We shall, therefore, interpret the
driving velocity as the one with minimal L?(i) norm, among all consistent velocity
fields.

2. There is a natural topology on the set of measure-valued orbits which makes sense for
both classical orbits and mixture, on the one hand, and orbits with smooth density,
on the other. This topology is induced by C° ([0, 1]; C*(Sl)), namely, the uniform (in
t) convergence with respect to the weak, C* topology of measures. The latter can be
metrized using the Wasserstein metric W), for any 1 < p < oo. We refer to this as the
weak topology of measure-valued maps.

3. The rotation number cannot be a continuous function with respect to the weak topology.
In particular, (1.4) implies that a sequence of steadily rotating circle orbits determined
by gn(x — X (t)) subjected to [g,' = oo admit all the same rotation number r =
Deg(X), while the weak limit, determined by g(z — X(t)), if satisfies [g~ < oo,
admits a different rotation number via (1.4).

4. On the other hand, the degree of a classical orbit y = d,_x()dt is continuous (and
hence, a constant integer) with respect to the weak topology Thus, if we take (1.2) as a
definition of the rotation number for mixtures (1.1), we will not be able to extend this
definition in a continuous way to the weak closure of this set of mixtures. Indeed, this
weak closure contains, in particular, steadily rotating measures for which the rotation
number cannot be continuous with respect to the weak topology, as argued in point (3)
above.

There are, basically, two different approaches to define the rotation number. The first one
is to start with the set of mixtures (1.1) and define the rotation number for such mixture
as (1.2). In order to extend this definition to the weak closure of mixtures, find a strong
topology on this weak closure such that

a) The set of mixtures is dense with respect to this strong topology in the weak closure.

b) The rotation number defined by (1.2) is a continuous function with respect to the strong
topology.

In this paper we shall attempt a second approach: We start from measures H> of contin-
uous (even smooth) and positive densities u = p(z,t)dzdt. For each measure p € H* there
exists a unique, minimal driving velocity field which is smooth enough to generate a unique



flow. The rotation number is defined in terms of this flow. Then, the weak closure Hy of H*
is defined. At the next step, a strong topology is defined on Hy such that H* is dense in
H, with respect to this strong topology. Finally, the continuity of the rotation number with
respect to the strong topology is verified. In this way, (1.2) turns out to be a theorem rather
than a definition.

The relation between orbits of measures and velocity fields was discussed by several au-
thors. Ambrosio-Gigli and Savaré [AGS]| proved that if such an orbit is absolutely continuous
as a mapping from [0, 1] to the set of measures induced with the quadratic Wasserstein met-
ric (c.f section 2 and references cited therein), then there exists an associated velocity field
transporting this orbit, which is in IL?(y;) for a.e. t € [0, 1] (this result was also quoted it [V],
Exercise 8.5, p. 248). However, it is not at all evident that this field is sufficiently regular
to induce a continuous flow. One of the outcomes of this paper is that, at least in the case
of measure-valued circle maps, the induced field is sufficiently regular to define a rotation
number in a unique way.

There is another interesting question raised by this approach. It can be easily shown that
the rotation number, defined by (1.2), is continuous with respect to the weak topology on the
set of mixtures (1.1), provided the number N of classical orbits in the mixture is uniformly
bounded. Is there an analogous statement for orbits with L! density u = p(z,t)? Point (3)
above suggests the natural conjecture:

Conjecture: The rotation number is weakly continuous on the set of measure-valued circle
maps with LY density p = p(x,t), provided ||p~!||1 is uniformly bounded.

The rest of the paper is organized as follows:

In section 2 we study the weak and strong topologies on the set of measure valued orbits
on a compact metric space (not restricted to circles). Starting from the set H* of orbits
subjected to smooth, positive densities, we define its weak closure Hs and a strong topology
such that H* is dense in Hy with respect to this strong topology.

In section 3 we review the notion of rotation number on circle maps.

In section 4 we discuss the set H® within the realm of circle maps, and show that a
rotation number can be defined on H* in a unique way.

In section 5 we utilize the strong topology defined in section 2 to measure valued circle
maps and prove the strong continuity of the rotation number with respect to this topology.
We also prove a restricted version of the conjecture above, namely the weak continuity of
rotation numbers under the stronger condition of bounded L' norm of the spatial derivative
of p~ L.

In section 6 we revisit examples 1 and 3, and prove the explicit expressions (1.2) and
(1.4).

Finally, section 7 symmetrizes the results of this paper and suggests some ideas for further
study.



2 Measure valued orbits

Let © C R™ be a compact set and P(Q2) be the set of probability (Borel) measures on Q. A
measure-valued path is a functions from [0, 1] to P(£2). We shall denote such an orbit by

= p(drdt) = p(dx)dt

with x € Q, t € [0,1] and u; € P(Q2) for almost (Lebesgue) any ¢. A measure-valued path is
said to admit a velocity field v(z,t) : Q x [0,1] — R" if the continuity equation is satisfied in
the weak form:

/ 1 v Vadltdnat =0, vo e G x 0.1) (2.1)

Given p > 1, the set H,, is defined as the set of all orbits u for which a velocity field v exists

and satisfies )
/ / |V|P e (da)dt < oo
0 Q

The norm ||u||, of € H, is given by

lully =gt [ [ [ iveuutanya] " 22

where the infimum is taken over all vector fields satisfying (2.1).
Recall the definition of the p—Wasserstein metric on probability measures:

Definition 1. For any pair of probability measures p1, o on 2, the p— Wasserstein metric
(p > 1) is given by

1/p
Wytr. ) = [int [ o = yPA(dady)|
Q

where the infimum is taken on all probability measures X on € x Q whose marginals on 2
cotncide with py and pso.

This metric is strongly related to the Monge-Kantorovich problem (originated by Monge
[M] and relaxed by Kantorovich [K]. See [V], [R] for recent surveys).
We also recall the following proposition, whose proof can be found in [V]:

Proposition 2.1. Wi (j1, 12) = SUB e i (@) Joo () (tia(da) — pur (d))

where Lipi(QY) is the set of Lipschitz functions with on Q0 whose Lipschitz constant not ex-
ceeding one. If € is compact then W1 is a merization of the weak topology C* on the set of
probability Borel measures on €.

In fact, it follows that for compact €2, W), is a metrization of C* for any p > 1. Note,
however, that the metrics W, and W), are not equivalent unless p1 = p>. The proof of
Lemma 2.1 below is given in [W].



Lemma 2.1. If Q) is compact and p > 1, then any bounded set in H,, is uniformly
1—1/p-Holder as a function form [0, 1] into C*(S2), where C* is endowed with the 1— Wasserstein
metric:

Wi sty ey) < C ([Ipallp) b2 = 27

By the Arzela-Ascoli Theorem and some elementary arguments we obtain [W]:

Corollary 2.1. If p > 1 then for any bounded sequence ji, € Hy, there exists pio € Hyp and a
subsequence converging to i~ uniformly on [0, 1] with respect to the W1 metric. In addition,
|- |lp s lower-semi-continuous, namely

tim inf {1 > [|oolly -

Remark 2.1: 1In the case u = d,(,dt with z(t) € Q for t € [0,1] then [|ul[, is reduced to
the L norm of & := dz/dt.

Remark 2.2: Consider the path p = Zlf m;(t)0z,(+), Wwhere m;(t) are smooth, positive
functions satisfying S m;(t) = 1 and z; smooth orbits from [0,1] to Q. Then u ¢ H,, for
any p > 1, unless m; are constants. However, there exists a bounded sequence {u,} C Hy
which converges uniformly to p in the W7 metric. This example demonstrates the necessity
of p > 1 in Corollary 2.1.

Definition 2. A sequence {u,} C H, is said to be weakly converging to p € H,, whenever
it is uniformly bounded in the Hy, norm and converges to yu in C ([0,1]; C*(S')) where C* is
equipped with the Wy metric.

Since the metrics W and Wy metrize the same topology C*(2) for compact €2, we obtain
from Corollary 2.1:

Lemma 2.2. The set Ho is locally sequentially compact with respect to the weak topology.

The example in Remark 2.2 also demonstrates that not every measure path admits a
velocity field. Even if p € H,, the associated vector field may not be smooth enough to
generate a flow. However, by compactness we easily obtain ( [W]):

Lemma 2.3. For any u € Hy,, p > 1 there exists a vector field, defined p a.e, which realizes
the infimum in (2.2).

From now on, we shall consider only the case p = 2.

Definition 3. H* is the set of all paths p = p(x,t)dzdt, Jop(z,t)de =1 for any t € [0,1],
such that p is smooth and strictly positive on §2 x [0, 1].

Lemma 2.4 below is a special case of known results. See [BB, BBG] for informal introduc-
tion and [O] for closely related results on the Riemannian structure of Monge-Kantorovich
flows. The extension for non-smooth case is given in [AGS]. Chapter 8 of [V] contains an
illuminating review of these recent results.



Lemma 2.4. Assume that Q C R"™ is compact with smooth boundary and p € H®. Then
w € Ha. Moreover, there exists a unique, optimal vector field which minimize (2.2) in the
p = 2 case. This optimal vector field is a gradient, given by the unique (up to a constant)
solution of the elliptic PDE:

_Op

5 Vep-n=0 ondQ Vtel0,1]

Ve - (pla,)Ve) =

where n is the normal to a point on 9N).

The Regularization Theorem below is the p = 2 case of known results. See [Am]| in the
case p =1 and [AGS] for p > 1. See also [W].

Theorem 2.1. Regularization Theorem: The space Hy is the weak closure of H™.
That is, for any p € Hy there exists a sequence {p,} C H* where

1. {pn} is uniformly bounded in the Hy metric.
2. pn converges to p uniformly w.r to [0,1] in the Wi metric.

Moreover, for any p € Hy there exists such a sequence for which
lim [pall2 = [|pll2 - (2.3)
n—oo

The next object is to define an inner-product on H*. This will enable us to define a
strong topology on Has, alongside the weak one given by Definition 2. For this, we introduce
an additional characterization of the Wasserstein metric Wh:

Definition 4. Given a pair of Borel probability measures pi, o on a common probability
space ), the push-forward of pu1 to uo is a mapping T : Q — Q satisfying

p1 (T71A) = po (A) VBorel sets ACQ . (2.4)
We shall often use the common notation Ty = po.

Note that an equivalent definition for Ty p; = pe is

/ ST () (dz) / o) (dx) (2.5)

for any continuous ¢.
From [Am] we know that if the measure y; contains no atom then the Wasserstein-2 metric
Wy, given in Definition 1, is also given as

Wa(pr, p2) = \/mf/ & = T(2)[* 1 (d) (2.6)

where the infimum above is in the class of all maps satisfying (2.4). If, however, p; contains
an atom then the set of mappings T verifying Definition 4 can be empty.



We recall the fundamental result of Brenier ([B], see also [G-M]): If u; is absolutely
continuous with respect to Lebesgue measure, then there is a unique optimal Borel map T
satisfying (2.4) and realizing the minimum in (2.6). Moreover, this optimal transport T is
the gradient of a convex function W.

Choose now a reference probability measure y(dx) on €, absolutely continuous with re-
spect to Lebesgue (for simplicity, the normalized Lebesgue measure will do, since 2 is com-
pact). Given p = pydt € Hy define T : Q — Q and

TW (2, 1) == (T(“’t)(x),t) vt e [0,1] .

such that for ¢t € [0,1], T"+) is the Wa—optimal map transporting v to s, that is:

T#L’t)v:ut and W (g, y \// ‘xfT(“v ‘ ~v(dzx) .

Given p = p(z,t)dzdt € H*. By Lemma 2.4 we may associate the unique, smooth optimal
velocity field v, = V¢, (z,t) with this . Let

w,(2,1) = v, (T(“’t)(x),t> . (2.7)

/01 /Q (o] u(d)dt = / /Q [wul* (de)dt = ||ulf3 - (2.8)

Definition 5. Let p™), u) € H®, vy, vy the associated velocity fields and w1, wo the ~(dx)dt
measurable functions associated with vi, vy via (2.7). The induced inner product

(W00 = /0 1 /Q w1 (2, 1) - wow, 1)y (dz)dt (2.9)

defines a metric on H*® via:

D, ( ,,u(Q) \// /\wl (z,t) — wo(x,t)|* y(dr)dt + sup Wy <u§1),u§2)) . (2.10)

te(0,1]

Then

Let HS be the closure of H> with respect to the metric D, .
Theorem 2.2. HS=H, .
To prove Theorem 2.2 we need the following:

Lemma 2.5. Let {,u(")}io Cc H*® converges weakly to p € Hy. Let v, € L2 (,u(")) be the

transport velocity field corresponding to p(™ (deﬁned uniquely by Lemma 2.4), and w, €
L2 (y(dx)dt) the corresponding vector field via (2.7). Then there exists a subsequence for
which w, converges L2—weakly to some w € L2 (y(dx)dt) and

1
/ / fwol?y(d)dt > ||ul]3 -
0 9]



Proof. of Theorem 2.2:

Given p € Hy, by Theorem 2.1 there exists a sequence {u(”)}clxj C H® which converges
weakly to p and, moreover, satisfies (2.3). By definition of the weak convergence of (™ it is
a Cauchy sequence with respect to the metric C([0, 1], C*) where C* is equipped with the W,
metric. Hence the second part of the metric D,, is Cauchy. We have to show that there exists
a subsequence for which w,, is also Cauchy in the strong L?(ydt) metric. By Lemma 2.5 we
can extract such a subsequence for which w, converges L.2— weakly to w € L?(ydt) and,
moreover, ||w||s > ||p/|3. In addition, (2.3) and (2.8) imply that

lull3 = tim ()3 = tim a3 (2.11)

It follows that ||w||3 > lim, e ||wy|[3. Since w is a weak limit of w,, in L?(ydt) it follows

that in fact, ||w||3 = lim, o ||w,||3 and that the convergence is strong. O

Proof. of Lemma 2.5:
Since ||u(™]]s are uniformly bounded by assumption, then w, are uniformly bounded on
Q) x [0,1] with respect to the L?(ydt) norm. In particular, there exists a subsequence of wy,
which converge to w € L2(ydt) in the weak topology of 2.

Set m,, := v, ™. Since fo Jo lmn| < (fo Jo ]vn|2ut (d:v)dt) s is bounded by assump-
tion, there exists a subsequence for which m,, converges weak—x* to a vector valued Borel

measure m. We claim that |m| is absolutely continuous with respect to u. In fact, for each
continuous 0 <1 <1 on Q x [0,1] we have:

[ [mat< [ iama< ([ f o) o

which implies that, in the limit, fol Jovdm| < C (fol Jo wut(d:c)dt> i as well. Let v be
the Radon-Nikodym derivative of m with respect to p. In addition, the weak convergence of
both u(") and m, implies that d;u; + V. - m = 0 in the sense of distribution, so v is, indeed,
a transporting velocity field of u € Hy (possibly not a unique or optimal one), and

1
i< [ [ folmtas)ar. (2.12)

Define now T to be the optimal Wo— map transporting v to p;. Likewise, T ,(Lt) the

optimal Ws— map transporting v to u(n). For any test function ¢ € C°(€2 x |0, 1]) we have:
t

/ /M Yoz, t) g (dr)dt = / / T(t (T(t)( ), )fy(dx)dt. (2.13)

The Lh.s of (2.13) is the limit of

/ /qs 2, ) on(, )™ (dw)dt = / /qs Pwn(x, ¢)y(dz)dt (2.14)



We claim now that

lim/ /¢T(t twy, (2, t)y(dz)dt = //¢T(t w(z, t)y(de)dt . (2.15)

n—oo

Granted (2.15) we obtain from (2.13) that

/ / (T(t)(x),t) (dz)dt = /0 1 /Q (T (2), yw(z, t)y(de)dt  (2.16)

holds for any test function ¢.
Let now Wr be the closed subspace of L?(ydt) defined by

Wi = {67 = 6(T0(@),1) : &€ CQx[0.1)] 20, -

Then, (2.16) implies that
w=voTl+gq

where q € W:% Hence

|w

1
e =100 T+ 1B > oo Tl = [ [ foP(dori
which completes the proof via (2.12).
To prove (2.15) it is enough to show that the sequence ¢, := ¢(T7§t) (x),t) converges
L2 (ydt)—strongly to ¢uo := (T (z),t). By the assumed smoothness of ¢, the compactness
of © x [0, 1] and the dominated convergence theorem it is enough to show that

2
—TO(z)| y(dz) =0 (2.17)

n—oo 0

holds for any ¢ € [0, 1].
The proof of (2.17) follows by an adaptation of the proof of Lemma 5.1 in [EGH] (see
also Theorem 1.1.7 in [R]). O

3 Measure valued Circle maps

Here we are interested in periodic orbits of probability measures on the circle.

Definition 6. The set He consists of all orbits p = pudt where, for any t € [0,1], p is a
Borel probability measure on the circle St and po = 1.

Let us consider now a smooth velocity function v = v(x,t) on the 2-torus S' x S'. We may,
of course, identify it with a 1 x 1 periodic function on R?. This velocity function generates a
flow Y : R? — R, via
oy
ot
The time one mapping of this flow, denoted by H(z) =: Y (z, 1), is a circle homomorphism.
To see this, one has to observe that Y (x + 1,¢t) = Y (x,t) + 1, hence H(z + 1) = H(z) + 1.

v(Y,t) 5 Y(r,0)==x

10



We associate a rotation number for a circle map, defined by

(n)
= lim ()

n—o00 n

where H)(z) = H(z), H"tY)(z) = H™ (H(z)). It is known that 7 € [0,1) is independent
of the choice of x. In our case H is originated from a flow Y so we shall define the rotation
number of the flow as
Y,
r = lim .

t—o00 t

According to this definition, r can be any real number. Evidently, 7 is the fractional part of
r.

Can we associate Hgo with such a flow Y7 Let pg be any Borel probability measure on
the circle. We may define (see Definition 4)

pe =Yg (- t)po -

However, = p:dt € He, in general, unless uy = uo.
For a comprehensive text on circle maps see [Ar]. Let us recall the following fact con-
cerning circle maps: For any circle map H there is at least one invariant measure ¢, namely

Hy(¢) =¢.

Lemma 3.1. An orbit p; = Yu(-,t)po is in He if and only if po is an invariant measure of
the associated homomorphism H =Y (+,1).

So, how many choices do we have to determine a u € H¢, once a flow Y is given? It is
certainly the same as the number of invariant measures associated with the corresponding
circle homomorphism. Let us consider all possible cases:

1. If r is irrational, then there is a unique invariant measure. Moreover, this measure is
supported on the whole circle.

2. If the rotation number is rational » = p/q, then the homomorphism H (@ must have
fixed points. Each such fixed point xg represents a g—periodic orbit of H, given by
z; = H9(xg),i=0,...q—1. For each such periodic orbit, the measure ¢ = %Z;};& Oz,
is an invariant measure.

3. As a special case of (2), let us consider the case where H is the identity map. Then any
measure ( is invariant. In this case, the rotation number r is not only a rational but
an integer, given by the degree of the orbits.

A less familiar fact, whose proof is rather easy, is the following;:

Proposition 3.1. If an invariant measure ¢ of a circle map H is supported on the whole
circle, then either

(i) r is irrational, or

ii) 1 =p/q, and HD s the identity map.

11



Example: The canonical example of a circle map is the rigid rotation given by
R.(z)=z+7 mod 1

where 7# € [0,1). The associated rotation number is evidently 7. The invariant measure is
the uniform Lebesgue measure on S!. If r is irrational then it is the only invariant measure
associated with R,.. If r = p/q then any measure { = p(x)dz is an invariant measure, provided
p is 1/gq—periodic, namely p(z + 1/q) = p(x).

Notation: The cumulation function F associated with a probability measure ¢ on S is a
monotone non-decreasing, right continuous function on the line such that, for any 0 < z <
y < 1:

Fe(y) — Fe(x) = (9], (3.1)
and F¢(x+1) = F¢(x)+ 1. We shall also use the convention F(0-) = 0 which, together with
(3.1), determines Fy uniquely.

We may now introduce the function F' = F(z,t) as a representation of y € Ho. The
definition of HZ below is consistent with Definition 3 of section 2:

Definition 7. The set HE is composed of all orbits jn represented by F' = F(x,t) such that:
i) Fx+1,t) = F(z,t)+ 1 and F(z,t) = F(z,t + 1) for any x,t € R (namely, 1 € He ).
it) F is a smooth function of x,t, and Fy > 0 for any x,t € R.

Let now F' be a representation of ;1 € HF. For any arbitrary periodic function A = A(%),

let
A(t) — Fy

v(z,t) = T

(3.2)

that is, the velocity field satisfies
Ft + UFx = )\(t) .

Recall that u:(dz) = p(x,t)dx where p = Fy(x,t), so the velocity field v transports the orbit
u, that is the continuity equation

dp , 9(pv)
et =0 3.3
ot oz (3:3)
is satisfied pointwise. Let Y = Y (z,t) be the flow induced by wv:
Y
5 =V (Y(x,t),t) ; Y(z,00=2 VreR. (3.4)

From Definition 7 we obtain the following characterization of Hg:
Lemma 3.2. Let p € HY, Y the corresponding flow (3.4) and H =Y (,1) then
i) o is an invariant measure of H =Y (,1).

i) po has a smooth, (strictly) positive density po(z)dz on S'.

12



4 Rotation numbers on H»

In general, a vector field may not be smooth enough to generate a flow. If we restrict ourselves
to € H, then a smooth vector field exists by definition. The identity (3.2) yields all vector
fields associated with p € Hg¥ in terms of the cumulation function F' associated with p and
arbitrary, 1—periodic functions A. Hence, the norm ||u||2 as given by (2.2) is

|,u||2—\/mln// A Ft Fodxdt = \/mln// (A — 1) ~— dxdt . (4.1)

where the minimum is taken over all 1—periodic functions A\ = A(t).

Definition 8. The set He o is the weak closure of HY with respect to the norm || - ||2, where
weak convergence is understood as in Definition 2.

Now, the optimal velocity field v is the one minimizing the action in (4.1). This condition
determines A via

1 Fi(z,t)
fO F;(z t)

1
o Fz(az ) dr

Recalling F, = p and denoting the w average of a function f, where w > 0 on [0, 1] as

dx
A(t) =

fo z)f(z)dx
ho = fo w(x)dx
we may rewrite A(t) as
MO = (1), 10y (4.2

The optimal velocity field is given now, via (3.2), by
(@, t) = 7 (2.8) (B 1) sy — Fila, 1)

In particular, it follows that fol v(x,t)dx = 0 for any t, so

Lemma 4.1. If i = p(x,t)dxdt € HY, then the optimal velocity field is given by a potential
defined on the circle S', namely

B, 1) = du( 1) = o~ 1) (B )1y — Ft(x,t)} (4.3)
where ¢ is 1-periodic in x.

Note that ¢, is 1-periodic in t by definition and its integral with respect to = is zero on a
period. Hence ¢ can be defined as 1-periodic in both = and ¢, i.e a function on the 2—torus.
We shall now define the rotation number of u € HZ as follows

Definition 9. The rotation number of € Hg is the rotation number of the flow due to the
optimal velocity field ¢, associated with p.

13



Using Lemma 4.1 and (4.3) we can give an explicit expression for ||u||2. Moreover, the
rotation r can also be computed explicitly:

Lemma 4.2. If p € Hg, the rotation number is given by:

1
r= [ RC)a (14)

Il = [ [i#hpm - r-] (/ 1 P o) (15)

Proof. Let x(t) be one of the orbits of the associated flow. Then

and

d .
th( z(t),t) = Fp(x(t),t)d + Fy(z(t),t)

But & = v(x,t) so, by (4.3):

E@(®),8) = (B( 1)) g1 ()

Since F(x,t) — x is a periodic function (in both x and t), it follows that |F(x(t),t) — z(t)| is
uniformly bounded, hence
x(t)

r= lim —* = lim
t—o0 t—o0

" 1
F((t)’t):/o <Ft("t)>p_1(wt)dt

where the last equality follows from the 1— periodicity of (Fy(-,t)),-
Next, we use (4.3) and the definition of (-) -1 to obtain (4.5) via

1l 1l <F>71—Ft)2
2 = x,t v2dxdt—// ((Fidy dxdt .
it = [ [ a0 R

5 Rotation numbers on the extended circle maps

5.1 Strong continuity

Let Hc 2 the set of orbits obtained by the weak closure of HZ. Our first object is to show
that the rotation number 7 can be defined on H¢ 5 in a unique way. For this, we shall present
a different representation for || - ||2 and r on H as follows:

The cumulation function F' = F'(z,t) corresponding to p is defined only up to an additive
periodic function of t. Indeed, condition (i) of Definition 7 is still satisfied if we replace F(x,t)
by F(x,t) 4+ £(t) where £ is a periodic function &(t + 1) = &£(¢). In particular, F(z,t) and
F(z,t) + £(t) correspond to the same orbit p.

14



Let X = X (F,t) the inverse of F for given ¢. The gauge freedom in the definition of F
induces the corresponding freedom in the definition of its inverse, namely
X(F +&(t),t) and X (F,t) represent the same orbit . Note that X satisfies the conditions:

X(F+1L,t)=X(F,t)+1 ; X(F,t+1)=X(F). (5.1)
We shall take advantage of the gauge freedom to define:

Definition 10. Given u € He 2, the standard gauge for X is the one defined by
! 1
/ X(Fi)dF =7 VieR. (5.2)
0

Remark: Since X is monotone in F' for any ¢ there exists a unique standard gauge for any
such pu.
Remark: The W,— distance between a pair of Borel measures ;1 and ps on S! is obtained
via

1 1/p
[igf / X1(F +w) — Xo(F)PdF|
0

where X; are the inverse of the cumulative functions corresponding to p;. In particular, for
any pair of orbits (M), 12, the second part of the metric D, as defined in Definition 5, is
given by

1
sup \/inf/ | X1(F +w,t) — Xo(F,t)|* dF (5.3)
t w Jo
where, again, X;(F,t) is the inverse cumulation function of ,ugi). Note that the distance given
by (5.3) is independent of the chosen gauge.

Lemma 5.1. Let | be the Lebesgue measure on S', p € HY and X = X(F,t) be the corre-
sponding inverse of the cumulation function associated with p. Then, for any fized t € R, the
function X = X(-,t) : St — S! is the optimal Wo—map transporting | to p; iff X is taken
with the standard gauge (5.2).

Proof. Let b € C*°(R) be a 1—periodic function. First, note that by an elementary change
of variables and (5.1):

1 1 1
/0 $(@)dz) = /0 o) Fy (z, ) = /0 (X (F +w, 1))dF

holds for any w € R. Hence X (¢, )4l = p; holds for any gauge.

So, let us fix a special gauge for which X (0,¢) = 0 for both the Lebesgue measure [ and
ue for all ¢ € [0,1]. In this gauge, the Lebesgue measure [ is identified with X;(F) = F.
Let Fy and Xy be the cumulation function of 4 and its inverse in this special gauge, namely
Fy(0,t) = X(0,t) = 0 for any ¢. The optimal Wao—map is given by minimizing

1
=(w,4) ::/ Xo(F +w, ) — F*dF
0

15



for any ¢. The condition Z,_(w,t) = 0 implies

1 14w
0 :/ (Xo(F +w,t) — F) XO,F(F—i—w,t)dF:/ (Xo(F,t) — F +w) X p(F+,t)dF
0 w

Xo(w)+1 1 Xo(w)+1
:/ [x — Fo(z,t) + w]dx = +w—|—X0(w)—/ Fo(x,t)dx
Xo(w) 2 Xo(w)
A direct computation, based on Definition 7-(i), yields
Xo(w)+1 1
/ Fo(a, t)da = / Fola, t)de + Xo(w) |
Xo(w) 0

which, together with the former line, yields

1
1
/ Fy(z,t)de = = +w .
0 2

Next, note that, since Xy and Fj are inverse pair in the special gauge, the equality fol Fo(x, t)dz+
fol Xo(F,t)dF = 1 holds. Hence
/ Xo(E,t)d

Finally, the gauge Xo(F,t) — X (F,t) = Xo(F +w t) yields, via (5.1):
1
/ X(F,t)dF :/ Xo(F, t)dF + w :>/ X(F,t)dF =3 .
0 0 0

O

Definition 11. Let a = a(t) a periodic function on R and A = A(t) its primitive. For any
function Y (F,t) which is periodic in both F and t, the shifted function SAY is defined as
SAY (F,t) =Y (F + A(t),t).

Next, since X (F(z,t),t) =z so

dX
- (F(t).1) = XpFi + X, = 0 (5.4)

and Xp = Fx_l‘x:X. Then, using (5.4) and Definition 11

S_A<85 X> alt) ~

ot F, = v (X(F1),t) . (5.5)

=X (Ft)

From (3.2) we observe that v(x,t) is a transporting velocity associated with the orbit p =
F,dzdt. In particular, if A(t) is the primitive function of \(¢) defined as in (4.2), and

X(F,t) = SAX(F1)

Then
S A Xy =9 (X(Ft),t) , (5.6)

where U is the optimal velocity field transporting p (see (4.2), (4.3)).
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Lemma 5.2. Let p € HY and X the inverse of the corresponding cumulation function. Then

1 1 1 1
H,lLH%:/O /0 |Xt]2dth:igf/0 /0 ((SaX),|* dFdt . (5.7)

Proof. From (2.2) with p = 2, (5.5) and (5.6) it follows that

1 1 1 1
il = [ [ JsaXif arae =g [ [ 15 (sa00, P drar.
o Jo A Jo Jo

The shift operator S4 leaves invariant the integral over one period of F', so (5.7) follows. [
Remarks:

i) The function A(t) depends, of course, on the gauge. A different gauge corresponds to a
change of A — A + & where £ is a periodic function.

ii) Even with a fixed gauge, the function A, defined by (5.7), is determined only up
to a constant. We make the convention that fol A(t)dt = 0 in order to determine it
completely.

The rotation number r can be written as

1 1 1 1
r:A(l)A(O):/O /0 A(t)dmdt:/o /0 M}?&%dm. (5.8)

1 1 1 1Ft
/ / Fi(, t)dwdt / / B par— o (5.9)
o Jo o Jo Fz

since F' is 1—periodic in ¢. Subtracting (5.9) from (5.8), using (5.6) and the 1— periodicity
of X w.r. to F' we obtain:

1 1 1 1
r= / / S_AX(F,t)dFdt = / / X(F,t)dFd . (5.10)
0 JO 0 JO

while

Now, let p(@ Hg, @ = 1,2, the corresponding shifted inverse of the cumulation functions
x (F,t) and shifts A;. Let the inner product

s = [ [ 5on, (K)o, () v )

and the metric

DV, 4y = \//1 /1 ‘s_Al (YE”) — 5., (Y?))dedH sup W (uil),uf)) :
0 0

te[0,1]
(5.12)
It follows from Lemma 5.1 that (5.11) and (5.12) are consistent with the inner product and
metric defined in Definition 5 where ~ is replaced by the Lebesgue measure, provided X ®)
are chosen in the standard gauge.
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On the other hand, if we apply (5.10) to X () in the standard gauge we obtain

‘7’1 — 7’2’ =

X(1 x”) dth‘ D (uV,u®)

hence

Lemma 5.3. The rotation number defined on H is 1—Lipschitz with respect to the D
topology.

We now use Theorem 2.2 to close HZ in the strong topology:

Theorem 5.1. The rotation number v is defined, continuous and 1— Lipschitz on the whole
of Heo o with respect to the strong topology induced by D.

Let us consider again the cumulation inverse X corresponding to u € HY. Since Z(F,t) :=
X(F,t) — F is a periodic function of F'; we can expand it into a Fourier series:

— F t § :CL 2m'jF
JEZ

It follows that, for X in the standard gauge

SAX(Fit)=F+ A(t) + > aj(t)e?™/FHAW) (5.13)
JEL
also . . ‘
Xu(Fot) = (SaX), (Ft) = A(t) + Y [ak + 2mkAa4 e2mik(F+A®) (5.14)
keZ
and . _ '
S_AX(F ) = Aty + Y [ak + 2m‘kAak} (2mikF (5.15)
keZ

We obtain the following:

Proposition 5.1. Let ) e H converges weakly to p € Hy . Then the corresponding
inverse cumulations X; in the standard gauge converges strongly in L2([0,1]?) to the inverse
cumulation X of p. If, in addition, the convergence on p(j) 18 strong, then

i) If Aj(t) is the corresponding shifts, then there exists A = A(t) such that
limj oo [ |A;(t) — A(t)[2dt = 0.

ii) The sequence 0, X; converges in strong L*([0,1]%) to Z := 8;SanX. In particular, Z €
L2([0,1]%).

Remark: Note that Proposition 5.1 does not guarantee, in general, that A is the optimal
shift corresponding to the limit X in the sense of Lemma 5.2, nor that such an optimal shift
exists at all.
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Proof. From Definition 2 and (5.3) we obtain the {,u(j)} is a Cauchy sequence in C([0, 1], C*)
where C* is equipped with the W5 metric. In particular there exists a subsequence for which

ZWQ( J'H ()><oo.

This implies that there exists a sequence o; = «;(t) on [0, 1] such that
o0
Z/ X1 (F + aga (8), £) = X;(F, )2 dFdt < oo
where X are the inverse cumulations of ). Let A;(t) = 327 a;(t). Then
oo
Z/ 1S4, X1 — Sa,X;| dFdt < oo

so the subsequence Sy, X; converges L? strongly to some Y € L2([0, 1]?).
From (5.13) it follows that

15,00 X541 = Sa, X515 =

1 A ) 2
/ ‘Aj+1(t> ’ dt + Z/ ‘ J+1) 2mkAJ+1( ) ai(t)eQ”ZkAf(t) dt
0

keZ

where a(] ) is a Fourier coefficient of X; — F. In particular, A; is also a Cauchy sequence in
L2 and converges strongly to some A € ([0, 1]).

It implies, in particular, that for any ¢ € C1([0,1]?), the sequence ¢; := S A;¢ converges
L2 strongly to Ss¢.

Now, we can further restrict the subsequence so that X; converges in distribution to some
X € L%([0,1)?). It follows that

1 1 1 1
//qubdth—»/ / XodFdt . (5.16)
0o Jo 0o Jo
On the other hand

//qudth //SA ¢]dth—>//YSA ¢)dFdt = //SA )pdFdt

(5.17)
since both subsequences S4, X; and ¢; converge strongly to Y and Sa¢, respectively.
From (5.16) and (5.17) we obtain that X = S_4Y. In particular:

X[l = 1V l2 = Jim (1S4, Xally = lim [ X

where the second equality follows from the strong convergence of Sy, X; to Y. This, together
with the assumed weak convergence of X; to X, implies the strong convergence of this
sequence.

Now, if another subsequence admits another limit X , then, by the same argument as
before, X is a shift of X, namely 3C' = C(t) such that X = ScX. But since both X and X
admit the standard gauge (which is preserved in the weak limit), it follows that C' = 0.
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i) From (5.14) and (5.12) it follows that the sequence S_,;8,X; is Cauchy in the strong L2
sense, and that

15-0,0X; — S—p, i X5 = /‘A A (t) dt+Z/ ‘ﬂk Igm)‘2dt

where ﬁ,gj = a,(j ) 27rz'/~z/\jal(€j Je=2mik; () Tp particular, Aj is a Cauchy sequence in
L2([0,1]) as well.

ii) The proof of (ii) is the same as the proof of the first part of the Proposition, using the
strong L2 convergence of A;, implied by (i).

O]

5.2 Weak continuity

In section 6 we demonstrate the existence of a weakly converging sequence i/ ) € H such
that the rotation number of its limit does not coincide with the limit of the rotation numbers.
In the case under consideration, the densities p; associated with p9) satisfy fol fol pj_ldxdt =

oo while the density of the weak limit satisfies fol fol p~! < 0.

Note that, in terms of the inverse cumulation X:

1 1 1 1 1 1
le\h:/ / plda;dt:/ / Fxld:cdt:/ / | Xp|2dFdt . (5.18)
0 JO 0 JO 0 JO

Lemma 5.4. Let u € He o such that the corresponding density p satisfies p~t € L'. Then
the following are equivalent

. : Y X pXidF
i) A@) = _7§ S

i) A=A is the minimizer of fol fol |0; (SAX) ‘2 dFdt.

iii) For any continuous, periodic function b = b(t),
I3 Jo b(t)dy (SAX) 9 (SMX) dFdt = 0.

The rotation number r = r(u) is determined by r = A(1) — A(0).

Proof. First note that, by (5.18), (5.7) and the Cauchy-Schwartz inequality that A € L'([0, 1]).
Let B be any differentiable functions whose derivatives b = B' is continuous and periodic.
The equivalence of (i,ii,iii) follows immediately from

1 1
/ / |0, (SA+€BX)|2dth:/ / 10 (SMX(F + B(1),1))|” dFdt
0 JO
1 1
:/ / ’gaF (SAX) (F +eB(t),t)b(t) + 0, (S"X(F +eB,1)) | 5_ B(t ‘ dFdt
0 JO
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1 1 1 1
= / / |0, (S*X) (F,¢)|” dFdt + 2¢ / / 0 (SAX) 0 (S“X) bdFdt
0 JO 0 JO

+&2 / 1 / 1 |0F (SAX)}sz(t)dth. (5.19)
0 0

Finally, let p, € HZ converge strongly to p. Let A, be the shift associated with p,. Then
Proposition 5.1 guarantees that the strong L2 convergence of A, to A. The last statement
follows from (5.8) which implies r(u,) = Ap(1) — Ay (0), from Ay, (1) — Ap(0) — A(1) — A(0)
and from the continuity of r in the strong topology. O

The main result of this section is

Theorem 5.2. Let K >0 and K C HY such that 9,p~' € L}(S! x St) and

%

<K | (5.20)
1

for any density of p € K. Let K the weak closure of K. Then, the rotation number is
continuous with respect to the weak topology on K.

Before proceeding, we interpret the condition (5.20) in terms of the inverse cumulation

X as follows: . e Lo
Hap :/ / |p§|dxdt:/ / Xpp| dFdt . (5.21)
1 o Jo P 0o Jo

Indeed, if we differentiate the identity F,Xr = 1 by the variable ' we obtain

E | XrP+EXpp=0 - F, =_—-% = _
| X vaEE o | Xr|? | X 5|3

and (5.21) follows from |p,|p~2dx = |Fy|F, 2dx = |Fypa| X3 dF.
From (5.21) and (5.2) we obtain

Lemma 5.5. Assume p € HY with the associated density p satisfying (5.20). Let X be
the associated inverse cumulation in standard gauge. Then the Fourier coefficients a; of
==X — F satisfy

1
< N = — .
/ lag(t)|dt < ) 22 Vk#0 ; ap(t) 5 vt

Next, from o
X(F,t) =2(F+ A(t),t) + F + A(t)

we obtain the Fourier expansion of X; and X g (both periodic in F)) via

X;=A+ Z {C’Lk + 2m’kak/.\} e2mik(F+A(2)) , Xp=1+2mi Z kay,e2™h(F+AD) (5.22)
0£keZ kez

where we used ag = 1/2, hence o = 0 in the standard gauge. It follows from Lemma 5.4-(iii)
that
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Lemma 5.6. Given ,u(") € H, X, the corresponding inverse cumulation in standard gauge
and A, the corresponding shift, then

/ A2t + Y / 0™ + 2mikAnal™ Pt = ||l (5.23)
04keEZ
as well as
/ A+ kaMal” + 20 > Kl PA, | dt =0 (5.24)
kEZ keZ

for any continuous, periodic b = b(t).

Proof. of Theorem 5.2:

We know by Proposition 5.1 the strong L2 convergence of X,, — X. In addition, OpX,, are
bounded uniformly in IL,Q([O 1] ) since p,,} are bounded uniformly in L'([0,1]?), so Xp €
L2([0,1]?) as well. Since ||u(™ |y are uniformly bounded, it follows from (5. 23) that A, are
uniformly bounded in L2([0,1]), so there exists a subsequence along which A, — A in the
weak L2 sense, and A, — A uniformly. Since r(u(™) = A, (1) — A,(0), it is enough to
show that A is the optimal shift associated with the limit X, hence » = A(1) — A(0). By
Lemma 5.4-(iii) it is enough to show that A + ¥ = 0 as an L? function, where

V.= Zkakdk + 27TiZk|ak|2A ,
keZ kEZ

ap are the Fourier coefficients of X.
For any k € Z, the strong L2([0, 1]?) convergence of X,, to X implies the strong L2([0, 1])

convergence of the Fourier coefficient ag"”) of X, to aj. Since A, converges weakly to A

. . 2
as well, then QWikAna,(cn) converges L2 weakly to 2mwikAay, a,(:)‘ converges L2

weakly to 2mikA |ag|®. In addition, we have by (5.23) the weak L2([0,1]) convergence (along

a subsequence) of dén) + 27rik/\na,(€n). This implies that dén) converges L2 weakly as well, and

(n) - (n)

its limit must be ag. In particular, @, ’a; ~ converges L2 weakly to aay for any k.
We obtain from the above that, for any N € N, the weak L.? convergence, as n — 0o, of

v = N kaVal” +omi Y Klaf” A,

|k|<N |k|<N
to '
Uy = Y kapag +2mi Y klag*A .
|kI<N |k|<N
Let
Zk‘ () 4 +2mZk¢|akn)\2A
kezZ keZ

From Lemma 5.5 and (5.23) we obtain

o

< O(N—I/Q)
2
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so U™ — ¥ in the weak L2 norm. Then, (5.24) implies that A + ¥ = 0 (as an L2([0, 1))
function), and the weak limit A is an optimal shift.

Finally, the uniqueness of the optimal shift function A, implied by Lemma 5.4, guarantees
that the limit A is independent of the subsequence, and the weak convergence of A,, follows.

O
6 Examples revisited
We shall first consider Example 4 of the introduction:
Rigid rotation p: A rigid rotation is characterized by
piro = [Rx@+o)-x(t)] y e Vt0 ER (6.1)

where R,(z) =: x4+ 0 mod 1 and X (¢) is a deterministic, continuous orbit with a prescribed
topological degree d. If, in addition, ¢ € HY then (6.1) corresponds to a density of the form
p(z,t) = g(x — X(t)) with g a positive, smooth probability density on R! mod Z and X a
smooth orbit. Let us compute the rotation number associated with such p. In the special
gauge F'(0,t) = 0 the cumulation function F' is given by

F =Gz —X(t) - G(—X(t))

where G is the primitive of g. Thus

(Fi, ) o1y = X (1) = — 2220

i SO gle=x (00,
fog (x — X (t))dz

Recall

= /OIX(t)dt

Since G(-) is also a cumulation function, then:

d:/ol‘f(X(t))dt:—/o Cﬁg ))dt = /X X(t))dt

! 1
r = /0 <Ft( )> —1(,,t)dt =d (1 - folgl) . (63)

Since g is a normalized density, fol g~ ! > 1 always, where equality holds only if g = 1 (the
uniform Lebesgue measure). We thus proved

hence

Proposition 6.1. For any rigid rotation p; € HE, the rotation number r is in the interval
[0,d) if d > 0, (d,0] if d < 0, where d is the degree of the deterministic orbitt — X(t) . In
addition, r = 0 iff either d=0 or g = 1.
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We shall now prove that the rotation number is not continuous with respect to weak
convergence. Let g be a strictly positive and smooth density on S!, identified with a 1-
periodic density function on R. Let {g;} a sequence of smooth and positive densities such
that

gj(x) = g(z) for 2 € R/(0,1/j) mod Z

and

lim —(z)dx = 00 .

J=eJo G5
Let pj(z,t) = gj(x—X(t)), p(x,t) = g(x — X (t)) and p;, p the corresponding orbits, where X
is a smooth, deterministic circle orbit with a topological degree d € Z. A direct computation,
similar to (6.2), yields

F2) = X | 2 x (1)) — 22X ) 1 ] 6.4
(Fy)pr = IX] [g( (1) folgfl(x)derfOlg’l(x)d:c (o4

and correspondingly for p;. Using (6.2), (6.4) and (4.5) we obtain

1 1
||u||2=\/1—W R ||uj|rz=\/1—W R
0 075
(6.5)

It follows that
1
i llle = [ 1K @R >

In particular {y;} are uniformly bounded in H¢ 2. The convergence of p1; to pin C ([0, 1], C*(SY))
is evident, hence the weak convergence of y; to p is established via Definition 2.

On the other hand, by (6.3), limj_.o 7(1t;) = d, while r(u) # d. Since d can be either
positive or negative integer it follows that the rotation number is neither upper nor lower
semi-continuous with respect to weak convergence.

We shall now revisit Example 1 of the introduction, and ask whether the rotation number
so defined contains the topological degree of a deterministic, continuous circle orbit X : St —
S'? It turns out that it is, indeed, the case, provided X e L2(S!).

Proposition 6.2. Assume fol | X (t)|2dt < co. Let py = Op—x(t)- Then p = dt € Heo and
the rotation number of i is an integer, coinciding with the topological degree of the continuous
orbit X.

Proof. Let g; be a sequence of smooth, strictly positive 1-periodic densities on R such that

Jlim g; = iz_:oo Oq—i (6.6)

as distributions. Let X; be a sequence of smooth orbits which converges strongly to X,

namely
1
lim [ |X;(t) - X(t)|*dt=0.
0

J—00
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Let G the cumulation functions corresponding to g;, and Gj(x — X;(t)) the cumulation
functions of the sequence of rigid rotations. Evidently, u; =: g;(z — X;(t))dzdt € HY
converges to j1 = x(y)—dt uniformly in C ([O, 1]; C* (Sl)). Since
lim; oo fol gj_l(:z:)dx = oo we obtain from (6.5) that lim;j_, | |3 = fol | X |2dt. In particular,
|/11j||2 are uniformly bounded and p; — p in the weak topology.

Moreover from (2.1) and (2.2) we obtain that ||u||3 = fol | X |2dt. Lemma 2.5 implies that
pj — p in the strong topology as well. By Theorem 5.1 we obtain the convergence of r(u;)

to 7(p). Since p; are rigid rotations and fol gj*l(a:)dm = oo we obtain, as in the proof of
Proposition 6.1, that r(u;) converges to the degree of X. O

We now proceed to a special case of Example 3:

Proposition 6.3. Let
N
= Z Bid(x,(t)—x)

where X; are C orbits of degree d; € 7 and Ziv Bi =1, B; > 0. Then p € Hpopo and
r(p) =3 Bid;.

Proof. As in Proposition 6.2 we can show that ¢ € He o and

N 1
2 _ .
||u||2—;@/0

Let G, = g; be as in the proof of Proposition 6.2, so, in the special gauge F'(0,t) = 0,

2
| at (6.7)

N
t) =Y 68 [Gi(x — Xi(t)) — G;(=X;(t))]
i=1
be a sequence of cumulation functions and

N
0= Bigila - Xi(t)

the corresponding densities. Proceeding similarly to (6.2) we obtain

fl gj(—Xi(t))_gj(m_Xi(t))d

X

'(Z‘,t)
<th ﬁz fj
Z folp '
[ uG=Xiw) g,
—Z@ i(t) [g5(~Xi(t)) - 2D . (6.8)
0 P; (x,t)dx

Next we note that fo gj(x — X;(t))/pj(x, t)dz is uniformly bounded in ¢ and
fol p]-_l(:v,t)d:n — oo uniformly as j — oo. Then, as j — oo:

1 1
) = [ Fayae =35 [ Koy (-Xi(0)de o) = g o) (09)
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as in (6.3). Next, we prove that p; converges in the strong D topology. For this we estimate

(F2) =" BiBuXi(t) Xp(t) {gj(—Xi(t))gj(Xk(t)) + %
— o P; (z,t)dz

[/1 9i(z = Xi(1))gj(w — X (1)) 9;(=Xi) /1 de} }
0 0

pi(a,) PRy
hence, by (4.5) and (6.8)

1 Ly (e — X o
I —/0 Zﬁi,@kXi(t>Xk(t){/0 g;(z — Xi(t))g;(x — Xu(t)) |
i,k

pj(.%',t)

1 T m 1
B 10y P gile = Xi(t) , [ gile = Xp(¥)) .

Now, the estimates we got, preceding (6.9), on fol gj(x — Xi(t))/pj(x,t)dx and fol pj_l(m, t)dx
kill the second term in (6.10) in the limit j — oco. As for the first term, we observe that
pjfl(y:,t)gj (r — X;(t)) is, on the one hand, uniformly bounded with respect to j and ¢ as a
function of x and for some d; > ¢;, both converging to 0:

lim sup
I a—Xi(t)|<e;

o5 M, g5 = Xa(t) = ;7 =0

and

lim  sup pj_l(a:, t)gj(z — X;(t)) =0
I8 |z =X (1) |29,

uniformly in ¢. From these and (6.6) we obtain

/1 /1 95(x — Xi(t)gj(x — Xi(t)) , . _ 515 .
0 Jo pj(x,1) P

so (6.10) yields
L. 2
Jm (=38 [ [ %o| ar.

From (6.7) and Lemma 2.5 it follows that p; — p in the strong D topology. Hence, Theo-
rem 5.1 implies that r(u;) — r(p). Finally, (6.9) completes the proof. O

7 Conclusions and open problems

We attempted a generalization of topological degree for (probabilistic) measure valued circle
mappings p. It was done by restriction to those mappings for which we could associate
some weak notion of flow. Our treatment, however, is not complete because the associated
velocity field is assumed to be an L.? function with respect to the measure p. Since there are
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continuous mappings X : S! — S! for which fSl \X |2dt is not defined, we cannot extend our
definitions to measures like 6, _x(;)dt of the above form. The first question is:

Qi1  Can the rotation number be extended to include all orbits p € C (Sl;C’*(Sl)) ? Can
it be extended further beyond this class to include, say, the measure valued VMO (see, e.g.,
[BN])?

The second question is related to the actual existence of a flow for the space Hpo. We
know that a velocity field v exists in L2 [iz] by definition. In which sense the flow & = v(x,t)
can be defined, such that lim; ..t 'z(t) is consistent with the rotation number? Can it
always be defined as a deterministic flow?

To demonstrate this point, let us reconsider Example (3) of the introduction. Assume

that all intersections are binary, that is, if ¢* is the intersection time of orbits ¢ and j, i.e.
Xi(t*) = X;(t¥), then X (t*) # X;(t*) for any k # 4,j. We may associate a stochastic flow
Z(t) on the support of this measure as follows:
Let Z(tp) = X;(to) at to which is not an intersection time of the orbit X; with any other orbit,
and X is the first orbit intersection X; after tg. Let t* > ¢y be the time of this intersection.
Then Z(t) = X;(t) for tg < t < ¢* while Z(t) = X;(t) for a right neighborhood of t* with
probability p = min{1, 8;/3;}, Z(t) = X;(t) otherwise.

With the above definition we obtain Z(¢) as a parameterized family of random variables.
The question we address is:

Q2 Islimy_,oo t71Z(t) = 3 B;d; with probability 17

Notice that, in the special case 3; = 1/N for all i = 1,2,...n, the above process is a
deterministic one. It can easily be proved by elementary arguments that, in this case, the
answer to Qg is positive.

The next question concerns generalizations of the results of this paper to higher dimension.
Here we may think about several possible directions.
One possibility is to consider orbits of periodic measures supported on the n— torus T".
Hence p = pedt with pg = pg and, for each t, y; is a probability measure on T™. Note that
for a deterministic orbit X : S! — T", a degree d € Z" is defined.

Qs Is it possible to extend this definition to a rotation vector r € R™ for p € Heo (T™)?
Finally, we mention again the conjecture suggested at the introduction:

Qy Can the condition of Theorem 5.2 be relazed to ||p~ |1 < K ?
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